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PREFACE  TO  THE  SECOND  EDITION. 


In  the  interval  which  has  elapsed  since  the  publi- 
cation of  the  first  edition  of  this  work,  considerable 
progress  has  been  made  in  the  Integral  Calculus; 
and  much  matter  of  the  science  which  was  at  that 
time  beyond  the  range  and  scope  of  a  didactic  trea- 
tise has  been  brought  within  its  limits.  I  thought 
fit  in  that  edition  to  omit  the  whole  theory  of  De- 
finite Integrals  except  the  barest  outline  of  some 
of  its  elementary  theorems  which  were  required  for 
subsequent  applications ;  and  the  Gamma-function 
and  its  allied  transcendants  did  not  seem  to  me  to 
be  within  the  scope  of  an  elementary  work.  Now,  on 
the  contrary,  no  treatise  of  that  character  would  be 
complete  unless  these  subjects  were  discussed  at  con- 
siderable length,  and  the  useful  theorems  arising  out 
of  them,  and  due  to  Dirichlet  and  LiouviUe,  were 
explained  and  applied.  At  that  time  also  it  was 
unnecessary  to  give  any  general  process  for  evaluat- 
ing Definite  Integrals;  now  Cauchy^s  theory  has  been 
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received  by  mathematicians,  and  it  has  become  ne- 
cessary to  insert  it  as  the  nearest  approach  to  a 
general  method  of  evaluation  of  these  transcendants. 
The  process  of  evaluating  Definite  Integrals  has  been 
treated  much  more  fully  than  heretofore;  and  the 
application  of  the  Integral  Calculus  to  the  Theory 
of  Series,  to  the  peculiarities  of  Periodic  Series,  and 
to  the  Calculus  of  Probabilities  has  been  discussed 
at  considerable  length,  although  the  higher  parts  of 
these  subjects  are  omitted  because  they  are  not 
suited  to  a  treatise  intended  mainly  for  educational 
use.  The  several  parts  of  the  treatise  have  been 
enlarged ;  of  the  more  difficult  portions  fuller  ex- 
planations have  been  given,  and  many  illustrative 
examples  have  been  added.  The  symbols  of  Deter- 
minants have  been  employed  freely  in  many  places ; 
and  light  is  cast  by  a  symmetrical  notation  on  the- 
orems which  would  be  made  obscure  by  a  cumbrous 
symbolism.  I  have  not  ventured  on  the  theory  of 
doubly  Periodic  Functions;  for  they  are  too  im- 
portant for  cursory  and  superficial  treatment;  and 
a  full  discussion  of  their  properties  would  require 
more  space  than  could  be  given  to  it,  in  a  volume 
which  has  already  exceeded  the  usual  limits  of 
similar  works.  The  latest  treatises  in  which  these 
important  transcendants  are  discussed  are  mentioned 
in  page  204 ;  and  the  student  will  in  them  find 
much  of  the  information  he  is  in  quest  o^  although 
for  complete  information  he  must  have  recourse  to 
the  original  Memoirs  of  Abel  and  Jacobi,  and  other 
writers  of  their  School. 
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PREFACE.  ix 

I  hare  even  more  consistently  than  in  the  first 
edition  constructed  the  Calculus  on  its  own  basis. 
It  has  been  hitherto  for  the  most  part  established 
on  an  inversion  of  the  rules  of  the  Differential  Cal- 
culus ;  it  has  had  scarcely  any  principles  of  its  own, 
and  of  these  none  independent  of  those  of  the  DiflFer- 
ential  Calculus;  the  student  has  been  obliged  to 
burden  his  memory  with  certain  rules  which  he  me- 
chanically applies ;  he  has  not  been  taught  to  deduce 
them  from  first  principles,  because  he  has  had  no 
principles  pregnant  with  such  rules;  and  of  them, 
at  least  in  the  early  stages  of  his  knowledge,  he 
can  give  neither  intelligible  account  nor  interpreta- 
tion ;  and  it  is  only  when  he  arrives  at  the  first  geo- 
metrical application  that  he  gets  an  insight  into  the 
meaning  of  the  processes ;  and  his  view  is  even  then 
obscured  by  an  expansion  into  a  series,  which  he 
no  sooner  obtains  than  he  omits  all  terms,  save  one, 
of  it 

Now  in  a  science  replete  with  applications  so  large 
and  so  important  as  those  of  the  Integral  Calculus, 
such  a  method  is  unsatisfactory,  not  to  say  unphilo-* 
Bophical ;  and  it  is  neither  desirable  nor  necessary  to 
leave  it  in  this  state.  Most  foreign  mathematicians 
have  been  alive  to  the  defects,  and  have  succeeded 
in  remedying  them :  why  then  should  Englishmen  be 
behind?  Professor  De  Morgan  is,  as  far  as  I  know, 
the  first  English  author  who  constructed  the  science 
on  a  more  philosophical  basis ;  and  in  his  large  Trea- 
tise on  the  Differential  and  Integral  Calculus,  the 
integral  Calculus  is  established  on  soimd  principles, 
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and  placed  early  in  the  course.  For  purely  scientific 
reasons  such  an  arrangement  may  be  the  best,  but  it 
may  fairly  be  questioned  whether  it  is  convenient  for 
didactic  purposes :  I  have  chosen  to  place  it  after  the 
Differential  Calculus. 

In  the  following  treatise  the  Integral  Calculus  is 
considered  a  part  of  Infinitesimal  Calculus^  and  as 
such,  is  founded  on  an  intelligible  conception  of  Infi- 
nitesimals ;  it  is  thus  a  branch  of  the  science  of  con- 
tinuous number ;  its  principles  are  involved  in,  and 
effluent  from,  that  fundamental  idea ;  it  assumes  the 
existence  of  an  infinitesimal  element-function,  formed 
according  to  an  assigned  law,  the  law  being  involved 
in  the  symbolical  form  of  the  infinitesimal ;  and  the 
primary  problem  is,  to  determine  the  finite  number 
or  function  of  number  of  which  the  given  infinitesi- 
mal is  the  constituent  elemental  part ;  that  is.  Given 
the  infinitesimal  element,  to  find  the  finite  quantity 
of  which  it  is  the  infinitesimal  element.  The  required 
result  can  evidently  only  be  definite,  when  the  sum 
of  the  infinitesimal  elements  is  to  be  taken  between 
•certain  fixed  limits,  which  are  at  a  finite  distance 
apart.  Thus  the  primary  problem  is  one  of  summa- 
tion of  a  series,  of  which  the  law  is  given,  (for  the 
symbolical  form  of  the  element-function,  or  type-term, 
determines  that,)  and  the  first  and  the  last  terms  are 
given,  and  the  sum  of  these  infinitesimal  element- 
functions  or  differentials  is  called  the  Definite  Inte- 
gral. The  notion  of  a  Definite  Integral  is  therefore 
the  fundamental  one  of  the  Integral  Calculus;  and 
the  work  of  the  Calculus  is,  to  discover  rules  for  the 
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formation  of  these,  to  construct  the  code  of  laws 
which  they  are  subject  to,  and  to  investigate  the  con- 
ditions necessary  for  their  application  to  other  sub- 
ject-matter. Hence  it  is  that  the  Definite  Integrals 
of  simple  element-functions  are  investigated  in  the 
early  part  of  the  treatise  from  first  principles,  and 
it  is  only  when  I  have  rigorously  proved  in  the 
most  general  case  that  the  Definite  Integral  may  be 
fbund  by  an  inversion  of  the  process  of  Differentia- 
tion that  I  have  considered  myself  free  to  make  use 
of  the  knowledge  of  the  Diflferential  Calculus,  which 
has  been  (usually)  previously  acquired.  By  these 
means  our  labour  is  diminished,  and  nothing  of  prin- 
ciple is  lost,  because  the  rules  thus  found  might  have 
been  discovered  directly  from  the  peculiar  principles 
of  the  Integral  Calculus. 

In  support  of  the  view  of  the  subject  here  taken, 
I  allege  that  on  this  conception  of  Infinitesimal  ele- 
ments, and  on  this  conception  only,  is  the  Integral 
Calculus  applied  to  the  problems  of  Rectification, 
Quadrature  and  Cubature,  and  in  proof  of  this  al- 
legation I  appeal  to  the  processes  of  Chaps.  VI,  IX 
and  X;  in  them  the  infinitesimal  element-function 
exists  previous  to  the  finite  function,  and  the  latter 
is  found  by  the  summation  of  an  infinite  number  of 
the  former.  And  this  is  undoubtedly  the  process, 
and  the  only  intelligible  process,  of  determining  the 
finite  results  of  an  ever-varying  law:  it  is,  I  assert; 
on  the  notion  of  Infinitesimals  only,  that  the  pro- 
blems of  varying  velocity  can  be  intelligibly  treated 
by  the  Integral  Calculus. 

62 
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The  following  is  consequently  the  outline  of  the 
treatise.  It  consists  of  three  parts;  viz.  Integral 
Calculus,  commonly  so  called;  the  Calculus  of  Va- 
riations; and  Differential  Equations.  The  notion  of 
a  Definite  Integral  is  stated  in  its  fundamental  and 
most  comprehensive  form ;  and  the  first  four  chapters 
are  occupied  with  theorems,  evaluations^  and  other 
properties  of  these  Integrals.  In  the  Vlth  and  Vllth 
chapters,  the  Theory  of  Single  Integration  is  applied 
to  certain  geometrical  problems  and  to  the  theory  of 
series.  In  the  Vlllth  chapter  a  large  extension  is 
given  to  the  subject  by  means  of  Multiple  Integra- 
tion, the  Elementary  Theorems  and  the  Theory  of 
Transformation  of  Multiple  Integrals  occupying  that 
chapter.  In  the  three  following  chapters  important 
applications  of  this  theory  to  Geometry  and  to  the? 
Calculus  of  Probabilities  are  explained;  and  in  the 
Xllth  chapter  various  methods  are  discussed  which 
mathematicians  have  devised  for  the  Reduction  of 
the  Order  of  Integration. 

In  the  course  of  the  Calculus  of  Variations  I  have 
taken  the  opportunity  of  expounding  at  some  length 
the  properties  of  geodesic  lines,  and  in  an  especial 
manner  those  of  geodesies  on  an  ellipsoid. 

The  third  part  in  which  Diffferential  Equations^ 
that  is  element-functions  involving  two  or  more  dcr 
pendent  variables,  are  discussed  is  necessarily  imper- 
fect; the  subject  is  surrounded  with  difficulties  and 
is  close  on  the  present  boundaries  of  our  knowledge; 
I  can  do  little  else  than  exhibit  Buch  detached  por- 
tions of  it  as  have  yielded  to  the  powers  of  Analysis, 
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I  am,  as  in  the  first  Volume,  under  obligation  to 
many  fiiends  for  assistance  and  advice ;  to  Professor 
Stokes  of  Pembroke  College,  Cambridge,  to  Mr.  W. 
Spottiswoode,  M.  A.,  of  Oxford,  to  Mr.  H.  J.  S.  Smith, 
Savilian  Professor  of  Geometry,  Oxford  ;  to  Professor 
De  Morgan,  to  M.  Moigno,  to  M.  Duhamel ;  and  to 
many  others  whose  contributions  are  acknowledged  in 
various  parts  of  the  Treatise.  And  I  am  also  bound 
to  express  my  sense  of  obligation  to  M.  Liouville, 
and  M.  Crelle,  on  account  of  their  valuable  Journals. 

The  Chapters  mark  the  salient  divisions  of  the 
matter ;  the  Articles  are  numbered  continuously 
throughout  the  Volume,  and  their  numerals  are  placed 
in  the  inner  comers  on  the  top  of  the  pages.  Brack- 
eted numerals  are  also  attached  to  the  more  impor- 
tant equations  and  are  separate  for  each  Chapter ; 
and  reference  is  for  the  most  part  made  to  the  num- 
bers of  the  Article  and  of  the  equation. 

The  references  throughout  are  made  to  the  second 
edition  of  Vol.  L 


11,  St.  QnjEs',  Oxfobd. 
July  Ist,  1865. 
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CHAPTER  I. 

THE  THEORY  OP  DEFINITE  AND  INDEFINITE  INTEGRATION. 

AfiTiCLB  I.]  The  primaiy  problem  of  the  Integral  Calculus  is 
the  sammation  of  a  series  of  which  each  term  is  an  infinitesimal^ 
and  the  number  of  terms  is  infinite ;  all  the  terms  being  infini* 
teeimals  of  the  same  order^  and  the  difTerence  between  two  con- 
secatiTe  terms  being  an  infinitesimal  of  an  order  higher  than  that 
of  each  term.  Thus^  according  to  the  doctrine  of  infinitesimals 
and  infinities^  which  has  been  established  in  Vol.  I^  if  relatively 
to  a  g^ven  base  the  orders  of  infinity  and  of  infinitesimal  are  the 
same^  the  sum  will  be  finite ;  and  as  the  order  of  infinity  is  higher 
or  lower  than  that  of  the  infinitesimal^  so  will  the  sum  be  infinite 
or  infinitesimal.  In  most  of  the  cases  which  will  hereafter  come 
under  discussion^  the  sum  will  be  finite;  yet  not  in  all :  and  the 
quality  and  the  circumstances  of  those  infinitesimals^  the  sum  of 
an  infinite  niunber  of  which  is  not  finite,  will  require  most  cautious 
and  carefbl  consideration. 

The  infinitesimal  term  of  the  series  will  be  expressed  as  a 
function  of  one  or  more  variables;  and  the  variation  of  the 
variables  will  give  the  several  and  successive  terms  of  the  series. 

Thus,  /{x)dx,  f(Sjy)dady, may  be  general  terms  of  such 

a  series ;  and  the  successive  terms  will  be  given  by  means  of  the 
eontinoous  variations  of  the  variables.  These  are  the  most  general 
forms  of  the  infinitesimal  terms;  x^dx,  co^xdw,  e^'^^dxdy 
are  particular  forms.      Such  infinitesimal  terms  are  called  infinu 

PRICK,  VOL.  II.  B 
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tesimal  elements,  being  the  elements  or  infinitesimal  parts  of  the 
whole  sum ;  and  the  finite  factor  in  each  is  called  the  elemeni- 
Junction.  The  form  of  these  latter  factors  evidently  assigns 
the  law  of  the  series.  In  this  respect  these  series  are  analogous 
to  those  ordinary  series  each  of  whose  terms  is  a  finite  quantity, 
and  in  which  the  general  term  is  a  type-term^  and  assigns  the 
law  of  the  series. 

The  problem  of  the  summation  of  a  series  is  generally  inde- 
finite ;  but  becomes  definite  when  two  terms  are  assigned^  the  sum 
of  the  terms  within  which,  either  inclusively  or  exclusively,  is  to 
be  found.  These  assigned  terms  are  called  the  limiting  terms,  or 
the  limits  of  the  series;  the  first  and  last  terms  being  called 
respectively  the  inferior  and  the  superior  limit.  The  excess  of  the 
superior  over  the  inferior  limit  is  called  the  range  of  summation. 
Although  the  sums  of  some  series  can  be  found  for  any  general 
limits,  say  the  mth  and  the  nth  terms,  yet  the  sums  of  others  can 
be  found  only  for  certain  specified  limits.  These  peculiarities 
depend  on  the  law  of  the  series,  and  many  instances  of  them  will 
occur  hereafter. 

Although  the  number  of  terms  in  the  series,  the  sum  of  which 
is  required  to  be  found  in  the  problem  of  the  Integral  CalculuB, 
is  infinite ;  yet  as  they  are  infinitesimal,  and  vary  by  infinitesimal 
variations  of  the  subject  variables  which  express  their  general 
terms,  the  difference  between  the  values  of  the  variables  at  the 
limits  will  be  a  finite  quantity ;  so  that  the  problem  is  definite  as 
to  its  limits,  and  the  distance  between  the  limits  is  finite. 

The  process  by  which  such  sums  are  found  is  termed  Integrum 
tion,  being,  as  it  is,  the  putting  together  the  parts  of  which  a 
whole  is  composed ;  and  the  sum  of  the  series  of  infinitesimal 
elements  between  given  terms  is  called  a  Definite  Integral,  the 
values  of  the  variable  which  assign  the  first  and  last  terms  being 
called  the  limits  of  Integration  ;  and  the  excess  of  the  superior 
limit  over  the  inferior  is  called  the  range  of  integration.  As  the 
form  of  each  term  of  the  series  ia  the  same,  if  a  general  term  is 
given,  the  general  form  of  the  sum  of  a  series  of  terms  can  in 
many  cases  be  found,  although  the  first  and  last  terms  may  not 
be  given ;  this  general  sum  is  called  the  Indefinite  Integral. 

The  Integral  Oalctdus  is  the  aggregate  of  the  rules  by  which 
Integrals  are  determined,  and  the  code  of  laws  subject  to  which 
Differentials  and  Int^prals  in  their  mutual  relations  may  be 
applied  to  questions  of  Geometry  and  Physics. 
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Z.]  A   SUMMATION-PROCESS.  3 

In  the  early  port  of  the  treatise  I  shall  oooBider  tunctions  of 
one  variable ;  and  I  shall  assume  the  infinitesimal  element  to  be 
of  the  form  f{x)dx,  and  the  superior  and  inferior  limits  to  be 
respectively  j?,  and  Xq  ;  so  that  ^n—^o  is  the  range  of  integra- 
tion. I  shall  also  assume  f(w)  to  be  finite  and  continuous  for 
aU  valaes  of  ^  between  ar^  and  x^ :  we  shall  hereby  avoid  difiicul- 
ties  as  to  discontinuity  and  infinite  values  of  Amotions.  Thus 
the  simple  problem  of  the  Integral  Calculus  is  to  find  the  sum  of 
an  infinite  number  of  infinitesimal  elements  as  x  increases  by 
infinitesimal  increments  from  x^  to  a\ ;  and  it  takes  the  following 
form; 

Let  t^^Xq  be  divided  into  n  infinitesimal  parts^  and  let  x^, 
't9  -  •  'a-i  ^  the  values  of  x  corresponding  to  the  points  of 
partition.  Let  s  be  the  definite  integ^ ;  then  observing  that /(^) 
is  multiplied  by  the  increment  immediately  succeeding  x,  we  have 

S  =/(^o){J?i-*o)+/(^i)(^«-^i)  +  -+/(^i.-i)(^»-^n-i);  (1) 

and  we  have  to  find  the  value  of  S  in  terms  of  Xq  and  Xn- 

2.]  Let  us  look  at  the  theory  from  another  point  of  view,  and 
consider  the  genesis  or  origin  of  element-ftinotions  as  it  is  pre* 
tented  to  us  in  the  Difierential  Calculus. 

Let  us  take  the  following  problem ;  let  ^  be  the  length  of  a 
line  OP  (see  Pig.  1)  which  varies  continuously  from  op^  =  Xq  up 
to  OP»  =  Jf»;  on  o^Q,  op,  op,,  let  squares  be  described,  viz.  oBq, 
OB,  0Bm>  so  that  OR  =  jr* ;  let  op  be  increased  by  an  infinitesimal 
p<|  =  dx,  and  on  oq  let  a  square  be  described ;  then  the  increase 
of  4?*  due  to  the  infinitesimal  increase  of  x  is  ixdxi  suppose  a 
similar  process  of  augmentation  to  be  performed  on  all  values  of 
m  from  Xq  up  to  ^Tm  ;  the  effect  of  this  will  be  that  the  square  Xq* 
will  grow  into  the  square  x^*  by  infinitesimal  augments,  each  of 
wUch  is  of  the  form  2xdx,  wherein  x  receives  the  successively- 
inereased  values.  From  another  point  of  view  however  the  effect 
of  soch  a  process  is,  to  resolve  the  finite  gnomonie  area  oSn— oi,, 
into  infinitesimal  elements,  which  are  infinitesimal  gnomons,  each 
being  of  the  form  pa's,  which  is  expressed  by  2xdx ;  thus  a^ 
win  be  resolved  into  elements  ixdx,  corresponding  to  values  of 
xfrom  M  ss  x^xxptox^  Xn'y  and  if  ^^  =  0,  the  wholc  squarc  OB» 
will  be  reeolved  into  its  gnomonie  infinitesimal  elements. 

Or  consider  the  following  more  general  problem :  Let  f  (d?)  be  a 
fimetion  of  x  finite  and  continuous  for  all  values  of  x  between  x^ 
and  x^;  and  let  the  difference  Xn—x^  be  divided  into  n  equal  and 

B  2 
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4  THE  DIFFERENTIAL  CALCULUS  [3. 

finite  parts  each  of  which  is  equal  to  A4?,  so  that  ^«— a?^  =  hasp; 
then  by  equation  (21),  Art.  116,  of  Vol.  I, 

F(j?o  +  Aa?)— p(a:'o)  =  a(V¥\xq'\-6ax) 


H2) 


Let  Ao?  become  infinitesimal,  that  is,  become  dx;  then  adding^ 
the  members  of  (2),  and  bearing  in  mind  that  a?„  =  a^Q  +  ndcp, 

...  +  p'(^„-£te)(ir;  (3) 
that  is,  the  process  of  growth  by  infinitesimal  increase,  on  which 
principle  equations  (2)  are  constructed,  is  equivalent  to  the  reso- 
lution of  p(a?n)— *'(^o)  ^^  infinitesimal  elements,  as  exhibited  in 
the  right-hand  member  of  equation  (3). 

Thus  the  Difierential  Calculus  is  a  method  by  which  a  g^ven 
finite  ftmction  is  resolved  into  its  infinitesimal  component  elements; 
these  being  of  such  a  nature,  that  the  aggregate  of  an  infinity  of 
them  is  required  to  constitute  the  finite  quantity.  Or  if  the 
original  function  is  an  infinitesimal  ftmction,  the  elements  into 
which  it  is  resolved  are  infinitesimals  of  a  higher  order.  The 
general  form  of  all  the  elements  is  the  same,  as  appears  fix>m  the 
above  examples,  and  therefore  any  one  is  a  type  of  all,  and 
expresses  all :  but  the  form  of  the  typical  element  varies,  as  the 
Amotion  varies,  the  law  of  connexion  depending  on  the  process  of 
Difierentiation.  The  subject  then  on  which  Difierentiation  is 
performed  is  the  function,  and  the  result  is  the  resolution  of  that 
function  into  its  elements.  The  process  of  Difierentiation  is 
therefore  one  of  Disintegration. 

3.]  In  the  Integral  Calculus  the  data  are  changed ;  an  infini- 
tesimal element  is  given,  which  is  the  type  of  all ;  and  the  sum  of 
these  between  certain  given  limits  is  to  be  determined.  The 
process  then  is  the  reverse  of  differentiation,  and  is  that  of  sum- 
mation, as  before  observed :  I  propose  to  illustrate  it  at  first  by 
two  or  three  simple  examples. 

Let  us  suppose  the  element  to  be  2xdx ;  and  the  sum  of  all 
such  to  be  required,  as  s  continuously  increases  from  j?^  to  a7„ ; 
for  the  sake  of  simplicity,  let  ^»~^o  ^  divided  into  n  eqtial 
infinitesimal  parts,  each  of  which  =  t ;  so  that 
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3-]  A   DISINTEGRATING-PROCESS.  5 

m  the  result^  n  =  oo  ;  then  the  sum 

=  2  JxotXa?o  +  i)»  +  (cro  +  2i)i4-...  +  {aro-f(/i-l)i}»| 

=  «?«•— Xq*,  when  »  =  oo  ; 
80  that  the  definite  integral  o{2xdwiB  x^^-^x^. 

The  prohlem  g^ven  in  the  preceding  Article  exhibits  the  meaning 
of  the  process  from  a  geometrical  point  of  view.  2xdx  expresses 
the  infinitesimal  gnomon  contained  between  the  squares  described 
on  OP  and  on  OQ^  and  is  consequently  the  infinitesimal  element 
of  s^ :  and  the  sum  of  all  such  gnomons  between  the  limits 
x^  and  Xq  is  evidently  x^—x^.  If  the  inferior  limit  =  0,  then 
the  sum  =  w^.  This  latter  result  is  also  true,  whatever  is  the 
value  of  Xn ;  consequently  if  x^  has  the  general  value  x,  x^  is  the 
indefinite  integral  of  2xdx.  As  this  mode  of  interpretation  is 
important  in  giving  body  to  our  thoughts,  let  us  take  another 
example ;  in  fig.  16,  b  is  a  point  (a?,  y)  in  the  plane  of  xy  referred 
to  the  rectangular  axes,  ox  and  oy,  h  is  a  point  {x-^dxyy-^dy) 
infinitesimally  near  to  E,  so  that  eg  =  dx,  ef  =  oh  =  ^^ ;  conse- 
quently the  infinitesimal  rectangular  area  eh  =  dxdy.  Now 
this  rectangle  is  an  infinitesimal  element  of  the  plane  superficies ; 
and  is  an  element  of  a  plane  area  bounded  by  any  lines  in  the 
plane  of  xy.  Thus  the  whole  area  will  be  the  integral  of  these 
infinitesimal  area^-elements.  If  no  limits  of  the  area  are  given, 
the  problem  is  evidently  indefinite.  Suppose  however  the  area 
to  be  limited;  and  that  it  is  required  to  express,  say,  the  area 
m^^PqP.Mm  in  terms  otxn  and  Xq,  where  om^  =  Xq,  oiCn  =  Xn,  and 
the  equation  to  the  bounding  curve  is  y  =  /(^)«  We  must  find 
the  sum  of  all  the  elements,  similar  to  eh,  contained  between  the 
two  ordinates  mp  and  nq.    Now  as  mp  =  /(a?),  nq  =  f{x  +  dx), 

dx 
MH  =  dx;  consequently  mpqn  =  -^  {/(x)+/(d?-f  do?)}, which 

s=/(jf)  dx,  since  dx  is  infinitesimal ;  and  the  whole  area  is  the  sum 
of  all  the  similar  elemental  slices  which  are  contained  between  the 
two  ordinates  MoP^and  M^Pn.  And  to  find  the  sum  o(  f{x)dx 
between  these  given  limitci  is  a  problem  of  the  Integral  Calculiis. 
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6      THE  SYMBOLS  OP  THE  INTEGRAL  CALCULUS.     [4. 

Thus  the  problem  requires  two  processes  of  integration ;  (1)  we 
must  integfrate  dy^  or,  as  we  say,  find  the  jf-integral  between  the 
limits  0  and  f{x),  the  former  value  being  the  inferior,  and  the 
latter  the  superior  limit  of  y ;  the  result  of  this  integration  is 
evidently /(a?) ;  (2)  we  must  integrate /(a?)  clr,  or,  as  we  say,  find 
the  a?-integral,  from  d?  =  ^^  to  a?  =  d?n ;  the  result  of  this  double 
definite  integration  will  give  the  area  m^  Pq  Pn  m^  in  terms  of  w^ 
and  Xt^• 

It  will  be  observed  that  in  the  last  example  the  infinitesimal 
element  is  an  infinitesimal  of  the  second  order ;  that  after  the 
^-integration  it  is  an  infinitesimal  of  the  first  order;  and  that 
the  final  integral,  which  expresses  the  area,  is  finite.  This  is  in 
exact  accordance  with  the  geometrical  quantities  expressed  by  the 
several  symbols. 

4.^  I  return  now  to  the  general  problem  of  integration  of 
(unctions  of  one  variable  as  expressed  in  equation  (1) ;  and  to  the 
creation  of  a  convenient  system  of  symbols. 

Let  8  as  heretofore  represent  the  definite  integral  oif{x)  dx 
between  the  limits  x^  and  a7„';  and  let  x^—Xq  be  divided  into  n 
infinitesimal  parts ;  and  let  x^ ,  x^, . . .  x^_^  correspond  to  the  (n — 1 ) 
points  of  partition;  then  by  (1), 

Now  on  referring  to  Vol.  I,  Art.  8,  and  the  mathematical  defi- 
nition of  a  derived  function  there  given,  it  appears  that  if  p  (a;)  is 
a  function  of  x  whose  derived  function  is  f{x),  and  Xi  and  Xq  are 
two  values  of  x  differing  by  an  infinitesimal,  v(x)  and  f(x)  being 
finite  and  continuous  for  all  the  employed  values  of  their  subject- 
variables,        p  (^^)  .p(^^)  =  /(^^)  (^^  _^^).  (5) 

Similarly,  if  t(x)  and  f(x)  are  finite  and  continuous  for  all  the 
values  of  their  subject-variables  employed  in  the  following  equa- 
tions, F(^,)-P(^i)  ^f(x,){x^-x,),         -] 

[  (6) 

Let  all  the  right-hand  members  and  all  the  left-hand  members  of 
these  several  equations  be  added;  then  by  (4)  we  have 

S  =  P(^,)-p(a?o).  (7) 

We  require  a  symbol  to  express  the  relation  of  f  to  /;  bs  d  or  ry 
expresses  the  differential  or  infinitesimal  element  of  a  variable  or 

of  a  function  ;  so  we  employ  /  (a  long  S)  to  denote  the  general 
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6.]  THE  UTTEGRAL  INDEPEKDBNT  OF  THE  MODE  OF  DIVISION.  7 


/. 


of  an  infinite  number  of  terms^  each  of  which  is  an  infini- 
terimal.  ThoB  iffix)  dx  is  the  type-element^  the  sum  of  an  infinite 
number  of  which  is  to  be  determined^  that  sum  is  represented  by 

/  (M)dx,     Also  as  thus  tar  the  limits  of  integration  are  not  in- 

trodaced^  this  symbol  is  used  to  represent  the  indefinite  integral. 

And  thus  as  c?  or  d  is  the  symbol  of  difierentiation,  so  is  /  the 
symbol  of  integration. 

The  definite  integral  is  conveniently  expressed  as  follows :  If 
X.  and  Xq  are  the  limits  of  the  Integ^^  x^  being  the  last  or  the 
juperfoTj  and  x^  the  first  or  the  inferior  limit,  then  these  symbols 

may  be  placed  at  the  top  and  the  bottom  of  /  respectively ;  so  that 
the  definite  intend  thus  determined  is  expressed  by  the  symbol 

f'y(x)dx. 

Also  since  v{x)  is  that  function  whose  derived  function  is  f(x), 
let  us  represent,  as  in  the  Difierential  Calculus, /(.r)  by  r'(x) ;  so 
that  in  equation  (4),  S  is  equal  to  the  sum  of  infinitesimal  ele- 
ments of  which  V{x)dx  is  the  type ;  and  therefore  (7)  becomes 

/'"  Y\x)dx  =  P(a?J-P(a?o).  (8) 

5.]  If  the  superior  limit  hs  x,  x  being  a  general  value  of  the 
variable,  subject  to  the  condition  that  V{x)  is  finite  and  continuous 
for  all  values  of  x  between  Xq  and  Xy  then 

f'  ^{x)dx=  P(^)-F(a?o);  (9) 

and  omitting  f  (x^),  which  is  constant,  the  indefinite  Integral  of 
V{x)dx  is  F  (^) ;  and  we  have 

V{x)dx  ^Y{x).  (10) 


/■ 


Henoe  it  follows  that  the  definite  integral  of  v^(x)dx  between 
the  limits  x^  and  x^  is  the  value  of  the  indefinite  integral  when 
X  s  dr.,  less  its  value  when  x  =  x^;  on  this  account  it  is  fre- 
quently and  conveniently  expressed  as  follows 

/'"  Ax)dx  =  \f(x)V  =  F(;pj-P(aro).  (11) 

&J  Perhaps  it  may  be  supposed  that  the  value  of  the  definite 
integral  depends  on  the  number  and  magnitude  of  the  elements 
.  ^„— *„_,,  or  on  the  mode  of  partition  of 
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x^—Xsy  into  it43  parts;  if  the  elements  however  are  infinitesimal^ 
and  their  number  consequently  infinite,  whatever  is  the  mode  of 
partition,  the  value  of  the  indefinite  integral  is  the  same,  as  may 
thus  be  shewn  : 

Whatever  another  mode  is,  we  may  consider  it  to  be  a  subdi- 
vision of  the  first,  and  thus  its  elements  to  be  parts  of  the  former 
elements.  Suppose  then  a?i— a-Q  to  be  divided  into  n  parts,  and 
fi>  fa*  fa*  •••  f«-i  ^  ^  ^'^^  values  of  x  corresponding  to  the 
points  of  partition,  and  V{x)dx  to  be  the  infinitesimal  element: 
then  the  sum  of  all  the  infinitesimal  elements  corresponding  to 
the  successive  values  of  x  between  x^  and  x^^  is 

the  value  of  which  is,  by  (4)  and  (7),  f(^i)— p(a7o).  And  as 
analogous  results  are  true  for  each  of  the  other  elements  x^—x^, 
...  0?^— ^»_i,sowillthe8umbetrue;  and  therefore  equation  (11)  is 
true,  independently  of  the  particular  mode  of  partition  by  which 
the  elements  are  formed. 

Hence  we  have  finally,  subject  to  the  condition  that  i^\x)  is 
finite  and  continuous  within  the  limits  x^  and  Xq, 


L 


p'(^)  dx  =  v\xq)  {x^  — 5'o)  -f  v\xj)  (x^  -a^i)  + . . . 

...  +  F>^,)(^,-a?,_,)(12) 
=  F(cri)-F(aro)-hF(<r2)-F(a?i)+...  +F(a?J-F(a?^_,) 

the  sum  given  in  the  right-hand  member  of  (12)  being  expressed 
by  either  the  left-hand  member  of  (12)  or  by  the  right-hand 
member  of  (13).  It  will  be  observed  that  in  the  series  (12),  the 
terms  do  not  go  as  fur  as  t\xJ  ;  in  the  definite  integral  therefore 
expressed  by  (13)  the  value  of  the  element-function  at  the  inferior 
limit  is  included,  and  that  at  the  superior  limit  is  excluded. 

7.^  To  return  to  the  consideration  of  the  indefinite  integral : 

by  equation  (10)        r 

J  fix)  dx  =  ¥  (X) ; 

that  is,  the  operation  symbolized  by  /  dx,  performed  on  r'(x), 
changes  it  into  f  (.r) ;  but  by  the  Differential  Calculus  -z-  is  the 
symbol  of  an  operation  which  being  performed  on  F  (x)  changes  it 
into  ¥(a:) ;  therefore  j  dx  and  -r  are  so  related  that  one  represents 
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a  procesa  the  reverse  of  that  represented  by  the  other ;  that  is, 
according  to  the  index  law  which  the  symbol  -j-  is  subject  to, 

.-.  /=rf-';  (15) 

and  /  represents  an  operation  which  is  the  reverse  of  differen- 
tiation *. 

Hence  also  /  and  d  are  symbols  of  operations  which  destroy 
each  other ;  and  consequently 

nnity  being  used  as  a  symbol  of  an  operation  which  operating  on 
a  fanction  leaves  it  unaltered. 

Hence  according  to  the  notation  of  derived  functions, 

J /(w)dx  =z  v{x), 
JY'\x)dx  =  y\x), 

jt^{x)dx  =  p«-H«a?); 

and  in  this  mode  of  viewing  the  subject,  the  symbol  /  dx  must  be 

considered  as  a  complex  character,  indicative  of  a  certain  analy- 
tical process  to  be  performed  on  a  certain  fanction ;  the  analytical 
process  being  the  reverse  of  Derivation.  • 

Hence  the  problem  of  Integration  resolves  itself  into  this ;  viz. 
to  determine  the  function  which,  when  differentiated,  produces 
the  infinitesimal  element  expressing  the  general  term  of  the 
series ;  and  therefore  as  this  is  a  process  the  reverse  of  Differen- 
tiation, we  may  make  use  of  our  knowledge  of  the  Differential 
Calculus,  and  as  far  as  possible  invert  its  rules;  for  these  will 
thereby  become  those  of  the  Integral  Calculus ;  such  processes 
we  shall  enter  on  in  the  next  Chapter,  and  thereby  obtain  in- 
definite integrals,  from  which  definite  integrals  may  be  deduced 
by  means  of  equation  (11). 

In  this  aspect  of  the  Calculus  another  point  requires  explana- 

♦  S«eVoLI.  Art.420. 
PEICB,   VOL.  II.  C 
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10  FUNDAMENTAL  THE0BEM8.  [8. 

tion.  Since  an  arbitrary  oonfitant  connected  witjli  a  function  of 
X  by  addition  or  subtraction  disappears  in  Differentiation^  so  in 
the  reverse  process  such  a  constant  may  be  introduced;  and 
thereby  we  have       ^ 

jj\x)dx  =  F(a?)  +  c. 

The  same  result  also  follows  from  equation  (9),  wherein  —  F  (af^) 
being  independent  of  a?  is  constant  with  respect  to  it.  But  as 
the  Integral  Calculus  might  exist  previously  to  the  Differential^ 
for  the  infinitesimal  element  may  exist  previously  to  and  inde- 
pendently of  the  finite  function^  so  its  principles  ought  to  have  an 
independent  basis.  We  shall  therefore  in  the  first  place  investi- 
gate certain  properties  of  definite  integrals^  which  will  be  required 
in  the  sequel^  and  also  integrate  from  first  principles  some  infini- 
tesimal elements. 

8.]  Theobem  I. — If  an  infinitesimal  element  has  a  constant 
quantity  as  a  factor^  the  definite  integral  will  also  have  the  same 
constant  factor. 

Let  the  infinitesimal  element  be  a  ¥'(x)  dx,  wherein  a  is  a  con- 
stant quantity ;  then 

y ' " a  ^\x)dx  =  av {x^)-a p (Xq), 
=  a{p(^J-p(a?o)}, 

=  a  I     ¥\x)dx.  (16) 

A  constant  factor  therefore  may  be  taken  outside  the  sign  of 
integration;  and  similarly  may^  if  required^  be  removed  from 
witjiout  to  within  the  sign  of  Integration. 
The  following  are  particular  cases  : 

f'"^V{x)dx  =  '-'f''v\x)dx.  (17) 

f-!M^^   l/*'",»*r.  (18) 

The  same  theorem  is  of  course  true  of  an  indefinite  integral. 

Theorem  II. — ^The  integral  of  the  algebraic  sum  of  any  number 
of  infinitesimal  elements  is  equal  to  the  algebraic  sum  of  the  in- 
tegrals of  the  same  elements. 

Let  P'(j?)  dXff\x)  dXf  <l/ix)dxy ...  be  any  infinitesimal  elements 
finite  and  continuous  between  the  limits  x^  and  Xq',  then 
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r^{*'(«)±/'(»)±*'(*)±...}«te  =  [»(»)±/(*)±*(*)±...]'" 

=  »(*J-»(«o)±{/(«J-/(«o)}±{*(*J-*(«o)}  ±... 

=jW(x)dx±f''f'(x)dx  ±J''4>'(x)dx  ±  ...    (19) 
•o  1b  'o 

The  same  theorem  is  also  true  of  indefinite  integrals. 
Hence^  and  by  means  of  the  former  theorem, 

f'\^{x)  +  \/^fix)}dx  =  f\(x)dx  +  v/:=l  ry{w)dx.  (20) 

Tesobsm  m. — ^If  the  infinitesimal  element  is  of  the  form 
f{x)  X  if{x)  dx,  then 

pf{x)xif{m)dx  =  \f{x)  X  Hx)Y^f\(x)xf{x)dx. 

For  convenience  of  notation,  let  f(x)  =  ti,  p  (x)  =s  v,  p'(j?)  d!ar 
=  dv,  and  let  ti^,  tt^, »,. . .ti^^  v^^  v^^  v^^ . . .  v,  be  the  several  values 
of  u  and  v  corresponding  to  x^,  x^^  x^,...  x^  respectively ;  then 

=  Wnt'i.-t^Vo-  K(«i-^))  +  «^2(«a-<^)  +  •  •  +t^ii(«»-«i.-i)} ; 
and  since  the  differences  between  Vq,  v^yV^, ...  v,  are  infinitesimal, 
as  are  also  the  differences  between  u^,Ui,,.,  ti,,  if  we  take  i  to  be 
the  general  symbol  of  an  infinitesimal,  we  have 


so  that 

the  last  term  of  which  equality  must  be  neglected,  because  it 
contains  infinitesimals  of  a  higher  order  than  those  of  the  pre- 
ceding term,  and  the  preceding  term  is  /     vdu;  therefore 

/  *«*  s  u^p^—u^v^^l  *vdu  (21) 

=  fucT" -/%*!.  (22) 


C  2 
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And  therefore  resubstituting 
Jf(^)  X  F'(^)<fa?  =  [/(ar)  X  F (a?)]'"  -  r"p (;f)  xf\x)dx.   (28) 

This  theorem  is  known  by  the  name  of  integration  by  parts^  and 
is  of  very  frequent  use ;  the  form  which  it  assumes  in  the  case  of 
an  indefinite  integral  is 

//(^)  xF»(te  =  /(a?)  xF(a?)-^F(a?)  x/'(^)dr;  (24) 

or  if  t(  and  v  are  two  functions  of  Xy  then 

f  I  udv  =s^  uv-- 1  vdu.  (25) 

Thboeem  rV. — If,  in  order  to  determine  the  Integral  of  p'(jp)  dx, 
it  i&  convenient  to  introduce  another  variable  z,  related  to  ^  by 
the  equation  z  =  <t>  (x),  so  that 

X  =  f{z),  dx  ^f\z)dz,  Y\x)  =  F'(/(2r)) ; 
and  if  z^  and  Zq  are  the  values  of  z  corresponding  to  x^  and  x^^ 

**'*''  f'\{,x)dx  =  ("  i^{f{z))f\z)dz; 

that  is,  for  the  definite  integral  determined  by  means  of  x,  we 
may  take  as  its  equivalent  the  other  definit>e  integral  determined 
by  means  of  z. 

Let  z^,  z^, ...  z„_i  be  the  values  of  z  corresponding  to  x^,  x^, 
. . .  a?^_i ;  then,  the  elements  of  x  being  infinitesimal,  we  have 

^2-^1= =/'(^i)(^2-'2ri), 

j'*if\x)dx  =  (a?i-;Fo)FVo)  +  (^2-^i)^(^i)  +  .-+(a?,-^«.x)^(^i.-i) 
=  F^(/(2ro))/(2ro)(;?i-;?o)  +J^(/(^i))/'('8^i)(^.-'2r,)  + . .  . 

+  F'(/(2r,.i))/'(^-l)(^«-^n-l) 

=  r  ^{fi^))f\^)dz;  (26) 

that  is,  the  two  definite  integrals  are  equal ;  and  the  latter  there^ 
fore  may  be  used  for  the  former;  and  vice  vend. 

This  method  is  called  Integration  by  substitution,  and  is  of 
course  true  for  the  indefinite  integrals  as  far  as  variable  quantities 
enter  into  the  functions ;  the  arbitrary  constants  will  however 
frequently  assume  different  although  equivalent  forms. 
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Other  Theorems  on  definite  integrals  we  shall  reserve  to 
Chapter  IV. 

9.]  The  determination  of  definite  integrals  from  first  principles. 
Ex.  1.        To  determine  f      da. 

Let^  as  in  Art.  4i,  ^»— ^o  ^  divided  into  n  infinitesimal  parts^ 
and  letxi,x^,..,  j?^.^  be  the  values  of  ^  corresponding  to  the  points 
of  partition;  then 


'^ 

Ex.  2.        To  determine  /  '^  dr. 

Let,  as  heretofore,  x^,  x^,  Xj, . . .  x^^  be  the  values  of  x  corre- 
sponding to  the  (n— 1)  points  of  partition  of  x^—Xq  ;  and  as  the 
mode  of  partition  does  not  affect  the  result  provided  that  the  ele- 
ments are  infinitesimal,  let  us  suppose  that  Xq,  x^, ,,.  x^  form  a 
geometrical  progression  whose  common  ratio  differs  infinitesimally 
from  unity :  that  is,  let 

x^  =  Xo(l+i),  .-.     Xi-Xq       =  a^oij 


wherein  t  is  infinitesimal ;  then  we  have 
(l-hf)-=5^;  thus 

for  if  f  is  infinitesimal,  (l-f  f)«+i— 1  =  (a  +  l>». 
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Ex.  8.         Determine  /  "  — . 

Let  ^«— ^0  ^®  divided  into  infinitesimal  elements^  as  in  the 
last  example;  then 

r*«  dx  __  0^1  — J?o      a^g  — ar^  ^i»— 'g^it-i 

=  i+f  +  ...+f 
=  nt; 
and  since  -^  =  (l+«)*,  nlog(l+i)  =  loga?,— loga?^; 


ar, 


0 


.-.    £-^=(log...-log^o)i^^^ 
=  loga?«-logXo; 
since  log(l  +t)  s  {^  when  i  is  infinitesimal. 

Ex.  4.       Detennine  fa'dx. 

Let  ^«— ^0  ^  divided  into  n  equal  parts^  each  of  which  is 
equal  to  « ;  so  that 

x^—Xq  s=  nil  then 

=  a«bf  {l+o<-ha"  +  ...  +  a<*-i)<} 

.  a"^  —  1 
=1  a"«* 


=  a«i»(a«»-«i>- 1)  -ji- 


"    loga 
since  a^— 1  =  tloga^  when  i  is  infinitesimal. 
Hence  we  have         - 

Ex.  5.       Determine  /     coBxdx. 

Let  ^»— ^0  ^  divided  into  n  equal  elements,  each  of  which  is 
equal  tot;  so  that  ^^.^^  ==  ^f. 

/  *co9xdx  =  fcosa?oH-tcos(a?QH-f)  +  ,..+fco8{a;Q+(n— l)f} 

=  f  |cosa?o  +  cos(^o+«)  +  ••  +cos{a?^  +  (»i  —  l)f}> 
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n-1 


/        n— 1  .\  .    nt 

I      COSXOflP  =s   t  i— 


008 
=   f  — i 


.     f 

sing 

n  — 1  fl?-  — ^n\   .    ar,  — tf^n 


and  therefore^  if  n  =  oo  ^  and  t  is  infinitesimal^ 

/     cofl^dip  =s  2cos--=-_£bui -.^— -S 

=  sina?|| — sina^Q. 

The  preceding  examples  have  given  us  the  following  indefinite 
Int^^xals  ;  c  being  an  arbitrary  constant  in  each  case ; 


I  dx  =  x-^e; 
y  — =  log«+c; 

J  coBxdx  =  8ina?+c. 


Digitized  by  VjOOQ IC 


16  RULES   FOR   INTEGRATION.  [lO. 


CHAPTER  11. 

CONSTRUCTION   OF   RULES   FOR   INTEGRATION   OF 
ALGEBRAICAL   FUNCTIONS. 

10.]  Wb  propose  in  the  present  and  next  Chapters  to  construct 
the  rules  of  the  Integral  by  inverting  those  of  the  Differential 
Calculus  :  and  first  we  shall  from  this  point  of  view  exhibit  the 
forms  of  indefinite  integ^s  which  correspond  to  those  theorems 
on  definite  integrals  which  have  been  proved  in  Article  8. 

Theorem  I. — Since  rf.*aF(a?)  =  av\x)dx; 


h 


=  ajV(w)dxi  (1) 

that  is^  in  the  integration  of  an  infinitesimal  element  one  of 
whose  factors  is  a  constant^  the  constant  may  be  placed  outside 
the  sign  of  integration. 

Theorem  II. — Since 

d.{if{x)  ±f(x)  ±  ...}  =  d.^{x)  ±  d.f(x)  ±  ... 

=  Y\x)dx  ±  f\x)dx  ±  . . . ; 

]{^{x)dx±f{x)dai±  ...}  =  F(4?)  ±f{x)  ±  ...  (2) 


/< 


that  isj  the  integral  of  an  algebraic  sum  of  infinitesimal  elements 
is  equal  to  the  sum  of  the  integrals  of  the  several  infinitesimal 
elements. 

.-.     /  {aV{x)dx  ±  cf{x)dx}  =  a¥(x)  ±ef(x). 

Theorem  III. — Since 
'd.v(x)  xf(x)  =fix)  X  v\x)dX'\-v(x)  xf'(x)dx; 
f{x)x^{x)dx  =  d.{Y{x)xf{x))-^{x)xf{x)dxi 

.-.  //(^)  X  if{x)dx  =  p(a?)  X  fix)--  Jy(x)  x  f\x)dx;  (3) 
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and  therefore  if  f{x)  =  «,  p(a?)  =  v, 

judv  =:  uv^  Ivdu;  (4) 

Theorem  IV.— Since  rf.p{/(^)}  =  1/ {f(af)}f\x)da;; 

^J^'{/(^)}/»^  =  F{/(^)};  (5) 


/' 


which  is  the  theorem  in  the  Integral  Calculus  corresponding  to 
that  of  the  differentiation  of  compound  functions  as  explained  in 
Art.  31  of  Vol.  I,  and  which  may  also  thus  be  proved  : 

Let  /(ar)  =  z;      .'.  f\x)dx  =  dz; 

.-.     f^'{f{x)}f\x)dx=:  JY\z)dz, 

=  F(2r), 

=  F{/(^)}.  (6) 

Integration  by  this  last  process  is  evidently  equivalent  to  the 
integration  of  a  compound  function,  and  is  of  great  importance ; 
for  hence  it  follows  that  those  formulae  of  integration  which  are 
true  for  x  and  simple  functions  of  x,  are  also  true  for  compound 
fimctions. 


Section  I. — Integration  of  Fundamental  Algebraical  Functions. 

11.]  Integration  of  a?"  dtr. 

Since  rf.a?'*  =  mx'^'^dx; 

jmx'^'^^dx  =  a?*"; 


a'^-^dx  = 

m 


I' 


Let  n  be  substituted  for  m  — 1 ;  then  w  =  n  +  1 ;  and 

4,-rfa?  =  ^  .  (7) 

w  +  1 

Therefore  to  integrate  x'^dx,  add  unity  to  the  index,  divide  by 

the  index  so  increased,  and  by  dx. 

Of  this  result  the  following  are  particular  cases : 
(1.)  Let  n  be  negative ;  that  is,  for  n  substitute  —n; 

JX       a^-J    ^n     -  „_1      -  („_1)«-X 

PBICEj  VOL.  H.  D 
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(2.)  Let  n  be  fractional^  n  =  -; 
^  9 


/ 


therefore 


f 


P  q       P±S 

p  +  q 

J  a^  ~       x' 
fdx 1_ . 


/: 


-  =  2ar*. 

4?* 


12.]  The  formula  (7)  is  trae  for  all  integral  and  fractional^ 
positive  and  negative,  values  of  n,  with  the  exception  of,  «=  —  1 ; 
in  which  case  the  right-hand  member  becomes  00 ,  and  the  for- 
mula ceases  to  give  an  intelligible  result:  we  must  therefore 
return  to  the  principles  of  definite  integration,  for  they  are  exact, 
and  by  means  of  them  obtain  the  correct  integral. 

/    af*daf  =     —-rr-       = f —  =  jr,  when  «  =  — 1 ; 

evaluating  therefore  the  indeterminate  fraction  by  the  rules  of 
Chapter  V,  Vol.  I ;  and  observing  that  n  is  the  variable, 

[*  dx  ^  loga?.a?*+i— loga?^.Xo*"*"* 


i 


^  *  1 


/ 


=  loga?— loga?Q,  when  «  =  —1, 

=  log(^)i  (8) 

a  result  identical  with  that  of  Ex.  3,  Art.  9 ;  and  therefore 

~  =  logar.  (9) 

13.]  Extending  the  results  of  Art.  11  and  12  to  Compound 
Functions,  as  we  ^are  authorized  to  do  by  Theorem  IV,  Art.  10, 
we  have        r  /  f f'rU*+* 

j  {n»)Yf\«>)dx  =  ^-^Ifl^     ;  (10) 

'f^  =  lag  {/(x)}.  (11) 

Hence  the  integral  of  a  fraction,  whose  numerator  is  the  dif- 
ferential of  the  denominator,  is  the  Napierian  logarithm  of  the 
denominator. 


/ 
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Ex.  1 .     /(a + &»)"«fo  =  ^  J  (a + *«)•  rf(o + bx) 

~     *(»+!) 

Ex.  2.    j{a+lM^)*xda  =  ^J{a+ba!*)''d(a  +  ba!*) 

_{a+bx')*+^ 
~   26(n+l)  ' 

Ex.  8.     Ao"-«*)"«"-><fa  =  -  -^  f(a''-ar)'d(cr-ar) 

""         m(»+l) 
Ex.  4.    Jia+bx+ea^)'{b+2ex)dx 

—Jia  +  bx+afl)*d{a+b»+ae^) 
{a+iar+c«*)»+i 

-,     ^       r  dx         1  /"(/(a  +  to)       1 ,     ,       .  . 

Ex.7.      AMjff)^  ^  fdCa^bx+c^  ^  log^a+bx+cx^, 
J  a  +  bx+cx^     J    a+bx+ex'  *^ 

Ex.  9.    f}^dx  =J{l+x+x'+...+x^^}dx 

=  *+-2  + +  T' 

14.]  Integration  of  -^ — -j^ ,  and  of  similar  formB. 

Since       rf.tan~^-  =  -5 ', 

adx 


tan-i-=  A 
a     J  a 


f^       li^^-it  (12) 


D  a 
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And  therefore  by  Theorem  IV,  Art.  10, 

The  following  is  a  general  form,  which  admits  of  being  re- 
duced to  (12),  when  the  roots  of  the  denominator  are  impossible  : 

dx 


r     dx      _\  r 

J  a-i-bxA-cx^  "^  c  J  a 


a-^-bx-^ca^       c  J  a     b 
c     c 


=i/'_liiiiL_ 

c  J  4iac  —  b^       /  ^  \* 

-4^+  (^  +  2-c) 


2c        ^       ,    2ca?  +  ft 


tan 


2         .       ,     2cx+b  ,,.^ 

=  r*an  ^ -,  (14) 

(4ac-i»)*  (4ac-ft*)* 

since  4ac— i*  is  positive,  when  the  roots  of  the  denominator  are 
impossible. 

Ex.  1.       f  ^^  .    =  tSLH-^X. 
J    1  +^ 


4  +  3,r2       ^  .  -       . 


= rtan  ^  — -^. 

2.3^  2 

=  tan-i(a?-l). 

«,      ,       fm-^fix.         f  mdx  f  xdx 

Ja^^^  J  a^  ^  ai^  ^    J  a^  ^  gfl' 

=  —  tan-i-H--log(a»  +  a?2). 

dx  dx 

15.]  Integration  of -3 =-,   -5 =-,  and  of  similar  forms. 

or — a"       ar — ar 

Since         1       =^i-.5-l-__L_l; 
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J  sfl  —  a*       2aiJa  —  a     J»-^a) 

2a  \J     X  — fl        J     a?  +  a    ) 

=  2^  |log{a?-a)-.log(a?+a)  ^ 

=:llogiZ?.  (15) 

Hence^  by  virtue  of  Theorem  IV,  Art.  10, 

...            1             1^1             1     ) 
Again,  since  -= — -^  =  ^r—  ■< 1 >  ; 

r    rfg     ^  J[^  (  r  rfg         C  dx   ) 
J  a^—as^  "~  2a  \J  o+a?      •/  a—x) 

2a\j     a  +  x       J    a  —  x    } 
"  2a  (  log(«+a?)-log(a-.a?)  | 

=  2^1og^.  (16) 

za        a'^x 

Also  when  the  roots  of  the  denominators  of  the  following  form 
are  real  and  unequal  it  admits  of  being  reduced  to  one  or  other 
of  the  above  forms : 

(       da:         ^  1  f  ^(^-^2^) 

('+2^)-- 4?- 

1  i„g2£^±*z:(^zW.  (17) 


(«»-4ac)*        2ca!+ft+(4»-4ac)* 


4    *^ 


1      ,     a*  +  «i* 
log- 


gia*)*   ''a^-xb^ 
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=/ 


<?(«!  + 1) 

2-(a;+l)» 


1         2*+a!+l 

A  comparison  of  (15)  and  (16)  leads  to  a  result  which  requires 
a  few  words  of  explanation.     For  since  o*— «*  =  —{a?—a*); 


f    dx C    dx 


whereas  the  value  of  the  left-hand  member^  which  is  given  by 

(16),  is  ^  log  — —  •   Thus  the  subjects  of  the  Logarithm  in  the 

two  cases  are  the  same  quantity  affected  with  different  signs ; 
consequently  the  two  integrab  differ  by  only  log  ( — 1),  which,  by 
Art.  67,  Vol.  I,  =  7r\/  — 1,  and  is  a  constant;  and  either  form 
of  the  indefinite  integral  may  be  taken.  If  however  the  in- 
tegral is  definite,  both  expressions  give  the  same  result;  for 
suppose  the  limits  to  be  a^«  and  j?^ ;  then  either  form  gives 

and  the  results  are  identical.  In  the  exact  process  of  definite 
integration  then  the  apparent  inconsistency  disappears. 

16.]  Integration  of  - — ,  .  ,_  ,  and  of  —7 =— -  ,  m  and  n 

^  (a  +  te)"*  ^"  (a  +  io?)"* 

being  integers. 

To  mtegrate ^--^r  • 

Leta-fio;  =  z;     .*.     w  = 


bdx  =  dz;         dx  =i-Y- 


•  '   J  {a-^bxr      J  ^    b    ^ 


b 
b 


dz^ 

bz"^ 

z-aY 


dz.  (18) 
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to  int^^te  which,  (^— o)*  must  be  expanded  by  the  Binomial 
Theorem,  and  each  term  of  the  expansion,  having  been  divided 
by  r**,  must  be  int^^rated  separately ;  and  the  substitution  of 
0+  &r  for  jsr  made  subsequently. 
_    .  dx 

Let  a?  =  -;         .•.     rfa:  = j;  whereby  we  have 

Jx''{a  +  bxr  ^      J  {b-{-  azy ' 
which  is  of  the  form  (18),  and  may  be  integrated  accordingly. 

Ex.l.     f/^ 

J  0 


\a-\-bx)^ 

Let    a-k-bx  =  z;  .*.    x  =  ■— =- 

o 

bdx  =  dz;  dx  =  ■-=-' 

0 


'  '   J(a  +  te)^  ""7       A*       bz^ 
\z''a)^dz 


rf;^ 


Ex.  2. 


Letar  =  -;  .'.     aa?  =  — -«•. 

J x^(a+bx)^  "  ""jT 


jg*d[2r 


a?»(a+te)*  J  (4+08?)* 

Let  i-f-o;?  =  y;  ,-.;?  =  ^ — ; 
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-I 


a^     ^      a;  a^(v{a-\-bx) 

17.]  Examples  of  the  preceding  methods  of  integration. 

^•^-  /(''-:^+'^^*)'^  =  ''^+2^  +  ¥^*- 

Ex.  2.   /(I  +x)(i  -x^)xdx  =  :^  +  ^-f!_£!. 

Ex.4.  (^n±.^_zi ^_. 

^     ^      C      dx              2   .       ,2^+1 
Ex.  7.     /  .i ^  =  -r  tan"i ^ 

Ex.8.     ri^+^  =  ^log(a  +  i^  +  c^) 

»  r        rf.r 


2mc  — nft 


2c       J  a-f  i^-f  cr* 


Section  2. — Inteffration  of  Rational  Fractions  by  decomposition 
into  partiai  Fractions y  and  byformuUe  of  reduction, 

18.]  A  rational  fraction  is  of  the  form 

a?*-j9ij?«-i  4- ±1^1.-1^  +;^» 

the  numerator  and  denominator  being  algebraical  expressions 
involving  only  positive  and  integral  powers  of  a?,  and  g^,  g^,  ... 
9mi  PifP29--  P%  ^ii^g  constants. 
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19.]  INTEGRATION  OF  RATIONAL  FRACTIONS.  25 

When  m  is  greater  than,  or  equal  to  n,  (19)  may  by  common 
division  be  reduced  to  the  sum  of  an  integral  algebraical  ex- 
pression, and  of  a  fraction  whose  denominator  will  be  the  same 
as  that  of  (19),  and  whose  numerator  will  be  of  dimensions  lower 
by  at  least  unity  than  the  denominator :  the  integral  part  may  be 
integrated  by  the  methods  of  the  preceding  section;  and  the 
fractional  part  by  the  method  which  we  now  proceed  to  explain. 

The  most  general  form  therefore  of  such  a  fraction  is 

which,  for  convenience  of  reference,  we  shall  symbolize  by 

Suppose  the  n  roots  ot  f{x)  to  be  aj,  fl^j  •••  ^«>  which  may  be 
either  real  or  impossible ;  and  all  may  be  unequal,  or  there  may 
be  one  or  more  systems  of  equal  roots.  With  a  view  to  sub- 
sequent integration  it  is  necessary  to  explain  a  method  of  resolv- 
ing a  fraction  such  as  (20)  into  other  and  more  simple  fractions 
capable  of  immediate  integration;  and  as  different  processes 
must  l)e  applied,  according  as  all  the  roots  are  unequal,  or  as 
some  (not  all)  are  equal  to  each  other,  we  shall  divide  our  inquiry 
into  two  parts.  It  will  appear  that  the  processes  are  equally 
applicable,  whether  the  roots  are  real  or  impossible ;  and  if  there 
are  systems  of  equal  roots,  a  process  similar  to  that  which  is  applied 
to  one  set  must  be  applied  to  each  of  the  others. 
19.]  Let  all  the  roots  of /(a?)  be  unequal,  so  that 

/(a?)  =  (a?-«,)  {x^a^) (a?-aj.  (22) 

fix) 
Then    .    '  may  be  lesolved  into  a  series  of  fractions  of  the  form 

IM=  J^  +  _^+   +_25_;  (28) 

f(X)  a?  — «!  ^— ^2  ^  — ^» 

where  Nj,  n„  . . .  n^  are  constants,  and  to  be  determined. 

The  possibility  and  legitimacy  of  such  an  identity  as  (23)  may 
thus  be  shown : 

Let  the  right-hand  member  of  (28)  be  reduced  to  a  common 
denominator ;  this  will  be/(j?) ;  then  as  the  identity  (not  equality 
only)  of  the  two  members  of  the  equation  is  to  be  perfect,  the 
two  numeratfj^must  be  identical ;  and  by  the  hypothesis  they 
may  be  sol^Has  y{z)  is  a  Ainction  of  not  more  than  (n— 1) 
dimensions,  i^imay  have  n  terms,  but  cannot  have  more :  and 

PSICGB,  VOL.  Uv  B 
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26  INTEGRATION  OF  RATIONAL  FRACTIONS.  [19. 

therefore  involves  n  coefficients,  some  of  which  however  may  in 
certain  cases  have  zero  values  :  and  the  numerator  of  the  right- 
hand  member  will  be  also  of  (n^l)  dimensions  and  will  have  n 
coefficients,  involving  n  undetermined  constants  n^,  Nj,  . . .  n,  ;  by 
equating,  therefore,  the  coefficients  of  the  same  powers  of  x  on 
both  sides  of  the  equation,  there  will  be  n  diiferent  equations, 
whereby  Nj,  Nj, . . . n^  may  be  determined ;  and  this  of  course  it 
is  possible  to  do. 

Multiplying  both  sides  of  (23)  hyf{x)  we  have 

As  the  two  sides  are  identical,  they  are  the  same  for  all  values  of 
x;  let  therefore  a?  =  o^ ;  and  since  a?— flj  is  a  factor  of/(ar),  all 
the  terms  of  the  right-hand  side  vanish  except  the  first;  and 

that  becomes  ^,  and  must  therefore  be  evaluated  by  the  method 

of  Chapter  V.  Vol.  I;  whence  we  have,  when  .r  =  0^, 

Similarly  if        x  =  a^,  n^  =  ^-^  ; 


X  =  a^,  N^  =  ^^ — -  ■ 

Whence  we  have 

F(^)  ^  P(ai)       1  F(fla)      i  Han)      1 

and  therefore 

dx 


(26) 


(27) 


-a. 


+  .. 


2 


...-f^!/-^-     (28) 

Thus  we  have  determined  in  definite  forms  the  values  of  the  n 
numerators  N^,  Nj, ...  n„,  and  the  decomposition  of  the  rational 
fraction  is  complete  *. 

f  dx 
Now  for  any  integral  of  the  form  / ,  we  have,  by  equa- 

J  X-^Oft 

*  Further  remarks  on  the  theory  of  this  subject  will  be  found  in  Lemons 
5, 6,  7,  "Cours  d'Algibre  Sup^rieure,"  by  J.  A.  Serret,  2nde  ed.  Paris,  1854. 
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which  form  is^  when  an  is  real^  as  convenient  as  the  result  admits 
of:  but  if  £ijk  is  impossible,  then,  to  avoid  the  Logarithms  of 
impossible  quantities,  we  reduce  as  follows : 

Let  a+)8v^— 1,  a— j3  V  — 1  be  a  pair  of  conjugate  roots,  and 
let  the  coefficients  of  the  partial  fractions  corresponding  to  these 
roots,  and  found  as  above,  be  p  +  Q>/  — 1,  p— qv/  — 1;  so  that 
the  two  partial  fractions  are 

P+Qv/^  ^^     p-qv/::n[    . 


let  these  be  compounded  into  a  single  fraction  with  a  quadratic 
denominator ;  whence  we  have 

2p(;p— o)— 2Qi9, 


/ 


and 

20.]  Examples  of  the  preceding  method : 

X  F  (x\ 

To  decompose  into  its  partial  fractions  -r — = =  ~^-— ; 

the  roots  of  f{x)  are  2  and  3 ;  and  since  jrr^  =   »    __g  *  ^J^® 

coefficients  of jr  and  of 5  are  respectively  —2,  and  3; 

x-^Z  X — o 


f_xdx__  _  f{  -2dx      Zdx^  ) 


=  -21og(j;-2)+31og(iP-8) 


In  this  example  the  roots  of  the  denominator  are  —1,  —2, 
-8;  and  since  I^  =  3^j^^±I^j.the  coefficients  of^. 


^ ,  and 5  are  respectively  1,  —5,  and  5 ; 

^  2 
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28  INTEQBATION  OF  RATIONAL  FRACTIONS.  [20, 

•     r       (ie'  +  l)<to        _  C  dx         f  da         f  da 


^+8 
=  Iog(a?  +  l)-.51og{j?+2)  +  51og(a?  +  3) 


(^+2)5 


The  roots  of  the  denominator  are  0^  —2^   ~4;  and  since 

777~T  =  Q   a  .  in 5 ,  the  Coefficients  of  - ,  ^r ,  and  j 

are  respectively     —  -r ,   8,    — j-; 

4  4 


.     /'(5af~2)<to    _       1  Cdx        Cdx        11  f 


d!27 


^+4 


=  -  -  log^ + 81og(a? + 2)  -  —  log  (a? + 4) 


a?i(a?4-4)"y" 


'^•*/?=i"' 


-a:*+2ar-2 

The  roots  of  the  denominator  are  1^  4-v/— 2^  —  \/— 2;  and 

»u^ce  -^"4  =  5-5 — o n >  *te  coefficients  of =^^ 7= , 

fix)      8j?»— 2a?+2  or— 1    x—yf^ 

,1                         ^.    1    1         2->/:i2         24-^/^ 
"^^^77=1"^'^^*'''''^  8' 12—' 12—' 


/d!ir  1  f  dx 

x^-x'+2x-2~sJx^ 

-lay  1^37^  +  ^77=2$*' 


_l,og(^+2)-^tan-.^ 


(«»+2)*      8^2  -v/2 


Digitized  by  VjOOQ  IC 


20.]  INTEGRATION  OF  RATIONAL  FRACTIONS.  29 

f         dx 

The  roots  of  the  denominator  are   0,    +  >/— 1,    —  v/— 1, 
+  V/34,    _Vi:4;and«nce^=5^— L__j;    the 

coefficients  of  —  j  . —  >  . —  >  , ■  3  

X    x—-/—!    x+v—1    iT— V— 4    af+v-4 

are  respectively  -,  -g,  -g,    g^,    ^} 

r        dx  1  fdx     1  fi        1  1        } 

' 'Jx^+5x^+4x~  4iJ  X      eJ  ix—V^      x+V^^ 

=  ^logj?-glog(a?»+l)+25log(a^+4). 

The  roots  of  the  denominator  are  1, 5 ,  *"   ~ — ^  ; 

and  since  -pr-\  =  ois  =  "o"  >  hecaase  ar*  =  1 ;    therefore  the 

coefficients  of  =-,   ai^-^— i^^^— ,  and  .  m  . 

x-1  _i+v^_3'  _l_yZ8 

* 2 

are  respectively  -^,  ^^ ,  g 


X  — 


f  dx     _  1  fdx 


=  glog(*-l)-gj- ^r^rf. 

('+2) +4 
=  glog(»-l)-  glog(*»+*+l)-  -^*»«"'  -^;;^- 
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30  INTEGRATION  OF  RATIONAL  FRACTIONS.  [2 1. 

It  will  be  observed  that  the  coefficient  of  the  second  fraction 
corresponding  to  a  pair  of  conjugate  roots  is  deduced  from  that 
of  the  first  by  changing  the  sign  of  the  impossible  part. 

21.]  Let  two  or  more  of  the  roots  oi  f{x)  be  equal;  then  the 
preceding  process  of  resolution  does  not  admit  of  being  applied 
directly,  because  in  the  right-hand  member  of  (23)  there  will  not 
be  n  undetermined  constants ;  and  consequently  the  number  of 
unknown  constants  is  not  sufficient  to  render  the  two  numerators 
identical ;  in  this  case  we  proceed  as  follows : 

Suppose  m  roots  oi  f{x)  to  be  equal  to  aj,  and  the  other  roots 
to  ^  «m+i^  «m+a> .     «»;  80  that 

/(a?)  =  (^-Oir(a?-fl^+i)(a?-fl^+j)...(^-fln);         (31) 

then  if  -yr —  is  resolved  into  a  series  of  fractions  of  the  form 

/(«) 
(23),  the  numerator  of  that  which  has  {x  —  a{f^  in  the  denomi- 
nator must  be  of  (m— 1)  dimensions,  and  involve  m  undetermined 
constants;   otherwise  the  equation  cannot  be  an  identity;    we 
must  therefore  suppose 


fix)  {x--a{r  ^-flm+i 

N„ 


(32) 


But,  for  the  purposes  of  integration,  it  is  more  convenient,  and 
it  is  allowable,  to  assume  the  numerator  of  the  first  partial  frac- 
tion in  the  form 

Mi  +  Ma(j7-ai)4-M3(^-ai)*4-  ...  +M^(ar -«!)•*-!;  (33) 

so  that 

fix)       (Jy-Oi)"*  "^  (a?-£ii)~-i  "^     •  "^  ar-ai  "^  ar-a,        "^  " 


m+l 

N. 


As  to  the  numerators  of  these  partial  fractions,  those  corre- 
sponding to  simple  factors  in  the  denominators  may  be  deter- 
mined by  the  method  of  the  preceding  articles;  and  for  the 
determination  of  m^,  m„  . . .  Mf,^,  let 

(^-««+i)(^-««+a) ...  {^-«J  =  <^(«?); 
and  let  (33),  which  is  the  numerator  of  the  fraction  which  has 
(«—«!)**  in  the  denominator,  be  symbolized  by  ^  (a?),  so  that 

'i^^     ^W     +-g-;  (86) 


fix)       (x-a^r^  i>{x) 
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21.]  INTBGBATION  OF  RATIONAL  FRACTIONS.  31 

q  being  a  function  of  a;  of  n — m — 1  dimensions^  which  however  it 
will  not  be  requisite  to  determine ;  and  ^  (x)  being  the  product 
of  all  the  fiictors  in  the  denominator  short  of  the  set  of  equal 
factors;  so  that      /(^)  =  (a?-ai)«»<^(^).  (36) 

By  the  Theorem  in  Vol.  I,  Art.  74,  Equation  (84), 


(87) 


observing  that,  as  ^^  (x)  is  rational  and  involves  only  positive 
powers  of  the  variable  and  is  of  (m— 1)  dimensions,  all  derived 
functions  of  it  after  the  (m~l)th  vanish,  and  that  therefore  the 
series  (37)  has  only  m  terms.  Hence,  dividing  both  sides  of  (37) 
by  (a?-ai)", 
yjfix)      _     ylfja,)     ^  ylf'{a{)  1  ^  ^"(«i)  1 


\m-2 


(j?-ai)~       (ar-Oi)"*  1      (x-a^)"^"^  ^    1.2    (a?-Oi) 

.  .  J-I'K) L_    (38) 


1.2.3...(m-l)^— flj 

As  to  ^(x)  let  it  be  observed  that,  equating  the  numerators  in 
equation  (35),  we  have 

v(x)  =  f(x)x  4>(x)  +  q(j?-  a^r ;  (39) 

...     ^(^)=.lM,<^(^-^i)\  (40) 

But  as  (38)  involves  yjr  {x)  and  its  derived  functions  up  to  the 
(m— l)th  order,  and  these  when  x  =  a^,  the  latter  term  in  the 
right-hand  member  of  (40)  will  vanish  for  all  values  for  which 
Vr  (x)  is  used ;  we  may  therefore,  for  all  purposes  for  which  we 
shall  have  to  use  V^  (x),  employ  the  equation, 

^^^>  =  l^V  (^^) 

<p{x) 

that  is  yjf  (x)  is  equal  to  the  numerator  of  the  original  fraction, 

divided  by  its  denominator  short  of  the  set  of  equal  factors. 

Substituting  therefore  in  (34), 

£(f)  ^(«i)      .   V^^(«i)  1  ,  ^k'\ai)  1  , 

f(x)  *"  (a?-fli)"^      1      (a?-ai)"-^  "*■    1.2   (^-Oi)— 2  "*"•'• 

••  "^1.2.8... (m-l)a?-ai"*"/(a«+i)^-fli«+i 

.    y(0        1      .   /.ox 
••■•  +  "TTTT  - — — ;  (42) 
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and  therefore 


+. 


V^"-'(ai)        f  dx         P(a^^i)  /•     <to 
1.2.3...(»»-l)Jaf-ai      /(a^+,y«-a„+i 


f{a^Jx 


Bat 


/•     dg       ^ 1_ 

J  (ar— Oi)'  ~        (r— ] 


Oi)--  (r-1)   (ar-Oi)'-'' 

"   J  fi")  (TO-1)  (af-ai)"-i      (f»-2)  (»-Oi)— »  ^ 

K  the  denominator  contains  other  sets  of  equal  factors,  the 
series  of  partial  fractions  corresponding  to  them  most  be  deter- 
mined in  a  manner  precisely  analogous  to  that  applied  above. 

The  method  also  is  applicable  to  sets  of  equal  factors  involv- 
ing impossible  roots,  in  which  case  we  may  combine  terms  of 
the  series  (44)  corresponding  to  conjugate  factors :  for  suppose 
a  +  ^v/ZIl^  a— )3v/  — 1  to  be  a  pair  of  conjugate  roots;  and  let 
m  equal  factors  corresponding  to  each  enter  into  the  denominator 
of  the  original  fraction ;  then  the  first  terms  of  the  series  (44) 
will  be 

1  V.(a+ffx/3I)       ^^ 1  ^(a-ffx/3l) 

m  - 1  (j._a-)3\/-l)"'-^  »»  - 1  (a?-a+)3\/-l)*-i' 

the  sum  of  which  two  fractions,  short  of  the  common  coefficient 


(-f^)'^ 


tfr(a+^N/^)(j?-a+/3\/^r-^  +  ar(a-j3\/^)(a?-tt-i8v/3l)— 1 

"*  {(a?-a)»+/i^)— »  '  ^* 

and  similarly  may  the  other  results  be  combined;  but  in  order 
to  avoid  the  logarithms  of  impossible  quantities,  the  last  terms 
of  the  series  corresponding  to  a  pair  of  conjugate  roots  are 

"1.2.8  ...(m-1)    x-a-^V-l  1.2.3  ...(m-1)    x-a+pV -I 

which  may  be  combined  into  a  single  fraction ;  and  of  which  the 
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numerator  is   {Vr*-^(a  +  /3\/^)  +  Vr"*~Ma  — i3N/^)}(a?  — a) 

+  {Vr— i(o+/3\/iri)«Vr— i(a-/3N/^)}/3\/^,  and  whose 
denominator  is  (a?^a)'+/9',  and  of  which  the  coefficient  is 

1 
1.2. ..(m-1)' 
and  thus  the  integral  of  the  corresponding  element  will  be  of  the 
form 

1^.8  ...'(«,-!)  |plog{(a.-a).  +  ^.}  +  <itan-£=^[.     (47)' 
22.]  Examples  illustrative  of  the  preceding. 

Ex.  1.      / ; — .  iv«/         txu     ^* 

To  determine  the  coefficient  of  -; 

X 

fix)  ^4-«p*+2  1 . 

-^rrr  =  wn. — ^-5 — ri  • '  •    ^^o  coefficient  of  -  is  2. 

f{x)       5a?*— oar +1  a? 

To  determine  the  terms  of  the  series  (42)  corresponding  to 
^<*>  =  ^(^+1)5-'      •••^<^>=       ^(^+1)»      > 

.-.    *(1)  =  1;  ^'(1)  =  -|. 

To  detennine  the  terms  of  the  series  (42)  corresponding  to 
(*+!)■  5 

'^     '         «(«—!)•  ^     '  «*(«— 1)* 

.•.^(-1)  =  _1;  V'(-l)=-|- 

therefore  by  series  (48), 

/•(^+^+2)&  _    /-^    n_i 8_!_) 

^*(4r-l)»(a?+l)»  ^    J  x^J  ((«-!)»      4«-l> 

y  {2(i+I)5'''ii+lJ*' 

=  21og*  -  ^  -  |log(.r-l)  +  ^^  -  |log(*+l) 

__       _3+£_  ,  1  a?» 

-  "2(^-1)"^  ''*^(«r-l)*(ar  +  l)4' 

Ex.2 


/dx 
(»-!)»(«»+ 1)' 


mci,  TOL.  n. 
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To  determine  the  coefficients  of and  -z ; 

since*  :^rr-T  =  ;^ -i^/a^ — a — To;  i  the  coefficients  of 7= 

and  7=  are  respectively  t  *  t  • 

To  determine  the  terms  of  the  series  (42)  corresponding  to 

(^-1)'; 
,      f         dx 1  f    dx         1  r  dx 


^'^•/(..y-  --^ 


2(«-l)  ^    «  (^_i)4 
1 


To  detenmne  the  coefficients  of ;=  and  of 


■nice  -jf^  =  r ■■  3  -  . — 3 J- ;  the  coefficients  of 


and 7=  are  respeotiyelr  ^+^  —^    Lz^Llll. 

To  determine  the  terma  of  the  series  (43)  corresponding  to 

^^*>  =  F+I'  ^^^>=      (^+1)'     - 

— 2a?8+6a?>-f6a?— 2 


r(^)  = 


(^+iy 


,s 


.,,„  ,  /    6a?*— 24a?»— 36a;>+24x+6 

^^*>=^ (^n? ' 

.♦.  ,^(1)  =  1;  ^'(1)  =  li  ^"(1)  =  1;   ^'"(1)  *  -  ?; 
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•  •  J  (4f-i)*(j?>+i)'"-/ («?-!)*  "^  2  y(^-.i)«"*"  1.27  (;p^ii^ 
•  2.1.2.8  Ji:=i  ^  sJ  t  ^37^  ■*■  JT7^  i 

1  1  11  ll         ,  IV 

■"       8(ar-l)«  ■"  4(a?-l)» ""  2  i=I  "  4^''^^^"'^^ 

+  glog(^+l)-|tlin-^». 

As  tiie  pfrocogg  of  decomposition  and  subsequent  integration 
is  the  same  in  all  oases^  it  is  unnecessary  here  to  work  out  other 
examples :  the  student  however  must  exercise  himself  in  them ; 
and  the  ordinary  collections  will  yield  a  copious  supply. 

There  are  however  two  particular  cases  of  similar  decomposi- 
tion which  exhibit  remarkable  peculiarities ;  viz.  those  in  which 
the  denominators  are  of  the  forms  x^—l,  and  d7*  +  l;  and  first 
we  will  take  the  simplest  forms  wherein  the  numerators  are  unity. 

28.]  To  determine  the  integral  of  - 


•-1 

First  let  n  be  odd;  then,  in  Art.  64^  Vol.  I.  it  is  proved  that 
the  roots  of  jt*—  1  =  0  are, 

1          2w   ,     / — =-  .    27r           4w    ,     / — =-   .     4ir 
1,  cos +  V  — Ism ,  cos -f  v— Isin , ... 

n— 1  y «— 1 

...  cos-jj- ^  +  v/-l  sin -^  w; 

Now  ^jtV-t  =  — i-T  =  — :::  =  ->  because  ^*=1  for  all  the  roots 
J  {sp)      nx    *      mar       n 

<>f  d:*— 1,  and  these  are  the  only  values  of  x  for  which  we  have 

to  consider  the  ftmction. 

Therefore  the  coefficient  of =-  is  - ; 

57—1      n 

o*  o  o      ^  -  1<»8—  +  V  — Ism—  h 

2ir        /— =-  .   2ir        n  (        n  n  ) 

4r— cos V  — Ism — 

n  n 

^  '  o     Jfl  -  i«» V-lsm-— h 

2ir        / — =■  .   2ir       n  (        n  «  > 

dr— cos  —  +  V  — Ism  — 
n  n 


V  7, 
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36.  INTEGRATION  OF  RATIONAL  FRACTIONS.  [23. 

Combining  the  pairs  of  conjugate  partial  fractions  according 
to  equation  (29),  the  first  pair  becomes 

2a?  cos 2 

n 


n\a^^2xcos h  1  f 

and  similarly  will  the  other  pairs  of  conjugate  partial  fractions  be 
compounded;  so  that  the  following  series  will  be  formed^ 

-  -    r    ,  2^cos— -2  2a?cos— -2 

1      _  1   \     1  n  n  . 

a?*  — 1  ^  n  ;  a?— 1         .    «         2w      -  ,    «         4w      - 

f  or— 2a?oos 1-  1       a?*— 2a?cos —  4-  1 

V  n  n 


2^7  cos w— 2 

n 


+ TT! — y-^^y 

0?*  — 2a?cos w-h  1 


2Tr      /^       ^       27 


1 


\     JO?*  — 1       nJ  x^l  n     J     ^    ^         2ir      - 


0?*— 2a?cos h  1 

n 


2(rin^  d(a?-cos^) 

n        J 


1  liirv*     /  .   Sttx* ■*"•••  ^*^^ 

(^^cos-j-h(sm-) 


2^ 
cos 


=  -log(j?  — 1)  -h  log  (ar*  —  2ay cos  —  4-  l\ 


«  .    2ir  2w 

2  sin 47  —  008  — 

•.««..  tan  *         ^ 
n  .   2w 


sm  — 
n 


1       «-l    ,      /  •    «         »-l 


,  +  -cos wlogfa?'— 2a?cos ir+l  ) 

n  n  ^  ^  n  ' 

«  -  a?— cos w 

Sin ytan^  a  (50) 


sm IT 
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230  INTEGRATION  OP  RATIONAL  PRACTIONB-  37- 

If  n  is  even,  then  equation  (48),  by  means  of  Art.  64,  Vol.  I^ 
becomes 


1 ifj_     ^' 


2*008— -2 
n 

57^  + 


2^008 —  -f  1 

ft 

2^006     "" 


a?*— 2  J?  cos 

n 


»-2    ^,       »+l\ 


(51) 


f  dx     _  1  t  dx  _  1  r  <te 


1,     «-l 

=  »i««^Ti+ 

...  +  -cos w log  I ar  — 2a? cos ir  +  lj 

ft  W  ^  II  ' 

n-2 

^  rt  0?— cos IT 

2   .   n— 2    ^       ,  n 


— -sin— -^^Tftan-^  ^  (52) 


n         n 

sm V 

n 


The  roots  of  ;r^—l  are,     1,    cos -^  ±\/— -Isin-g-; 

p(a?) 1 *    _  ?. 

7>)  "  3^~  8^""  8' 

therefore  the  coefficient  of =•  is  = , 

•T— 1         O 

- 1 .    1  (       2ir  .     /-^  .    2ir) 

/      2w        /— =.  ,   2ir\        8  t        8  8  > 

f 1 .15       2ir       /— T  .   2w) 

of —  18  ^  ^008  -5-  -V-lem-jT  \;- 

I      2»       / — 7  .   2«\       8(8  5  » 

,_(008-g--v/-l8in-g.) 

.   t  dx     ifdx    irj!!!!xi!_^ 

07*— 2a?cos-^  +1 
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38  lOTBOBATION  OF  BATIONAL  FRACTKnTB.  [24. 


2-  »-^.j!zZ!zl 


=  s  loff  -; -^ -=tan  *  — ;=- . 

24.]  To  determine  /"-r^  • 

Let  n  be  even;  then^  Id  Art.  66^  Vol.  I^  it  is  proved  that  the 

roots  of  ^*-fl  are  cos- +\/3lBin-,  cos —  f  \/— Isin — , 
n  —  n  «  "■  n 

n— 1  / — =-  .    «— 1 

cos IT  +  V  — Isin TT. 

n       —  n 


Now  -3J-4. 5=  — --rr  =  -^  =  —  -,  since  a?"  =  —1  for  all  the 
roots  of  ^*+ 1  =  0 ;  therefore  the  coefficient 

of  — — — — ^— -  is <cos-  +  \/— Isin-j; 


TT  /— ^     .     IT 

a?— COS V— Isin- 

n  A 


of  is ^cos ^/— .Isin-f; 

IT  ^—     .     IT  «    C  ft  ») 


0?— cos-  -h  V— Isin- 
n  n 


and  combining  the  pairs  of  conjugate  partial  fractions^  accord- 
ing to  equation  (29),  the  first  pair  is 

,r      cos- 4- >/irTsin-  cos-  — \/^sin-       ^ 

(  df— (cos-  +  \/— Isin-)       df — (cos-  —  \/— 1  sin -)  J 

J     2^008^-2 
which  becomes i^— ^— i^ ; 


d?*— 2jroos-  + 1 
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24-]         mraGouTioH  of  rational  FSAcnonB.  39 

and  the  other  pairs  give  siinilar  results;  so  that 


4?*— 2d?C0S-  4-  1  0?*— 2i?00B —  + 1 

«  n 


-1/. 

nJ 


-    ^{2d?coB v^ijdx 

\-i  -'     (58) 

0^— 2j?C08 »  +  l 

n 

each  of  which  most  be  integrated  according  to  the  prooees  in* 
dicated  in  the  preceding  article. 
Again^  let  n  be  odd:  then  the  roots  of  d?"+l  a:  Q  are 

»  .     / — T  .    w            Sir  .     /— =•  .    Sir 
cos- +  V— lain-,    ooa hv— lam — ,    

11—2     ,     /— 7  .   »— 2  - 

cos w  + V  — Isin^— w,    — .1; 

n       *•  II 

80  that  if  the  conjugate  partial  fractions  are  combined  by  a  process 

similar  to  that  employed  when  n  is  even^  the  last  pair  becomes 

-      2«cos IT— 2 

1 n 

0?*— 2^cos  — ^^  »+ 1 
n 


and  th^iefore,  when  n  is  odd^ 

.  ,    .(2a?cos--.2)d:r 

/'  d» 1  j^  n        ' 


a;*— 2afCos--f  1 
n 


,    -(2a?cos^ w  — 2)dljr      ,    -    . 

or — 2;rcos ir  +  1 

The  roots  of  dr^<fl  sOare 

If        <     ■■      ^  oir        t        •   ow 

oos-T-f  V— Ism-r,     cos-r-  + V— Ism-r; 
4 ""  4  4  ""  4  ' 

F(^)  _.    1     _    ^    _       ^. 
7^  "  4^  "  5?  "       4' 
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40  INTBGBATION  OF  BATIONAL  FBA0TION9.  [24. 

therefore  the  coefficient 


of 


1 


a?— cos  2;  —  V  — 1  Bin^- 


"^  -4(^«i  +  ^^-^«^^i)' 


of 


1  .         1  /       w         / — =■   .    ir\ 

— — »—  IB  ^-r  (cos-r  —  V— Isin-r); 
. IT  4^4  4' 


IT  / r     .     tT 


and  the  pairs  of  conjugate  partial  fractions  compound  into 

-      2a?co8-r  — 2  -      2^006-: — 2 

14  J        1  4 

—  T  i-«i— ^i— — -^—  J,  and  —  2  JL  ; 

a?*— 2a?cos-r  +  i  0?*— 2a?cos-7-  +  1 

4  4 

.   /-^  1   .(2^cos|-2)<to  (2^cos«J^--2)dr 

1      /  1        r^~®®'*z") 

=  -4COs|log(«»-2xco8|  +  l)  +  ^Bin|tan-0 C 

-4«>8^1oe(*'-2^coe-j-+l)  +  2em^  tan-' j  — ^-- t 

4>/5    *«»-*^/2+l     2^/2  !-«»' 

Jafi  +  1 
f  dx  1  ^(2^ooBf-2)<to  (2^co8j-2)dr 

"^  5 

1  r  dx 

5  J<r+1 


5 

+ 
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26.]  INTEGRATION  OP  RATIONAL  FRACTIONS.  41 

C  dw         1, 

— ^cos|log(iP*— 2^cos-  +  l)  +  ^sin^tan-^ 

— pC08-r-  log (^ a?*— 2a? COS—  4-  Ij  -I-  _sm  —  tan""^-< 

25.1  To  determine  the  integfrals  of  — - — =•  and  of  -- — =- ,  where 
"■  °  a?*— 1  a?*  +  l 

m  is  less  than  n. 


To  determine 


C  x^dx 


The  roots  of  the  denominator  are  those  given  in  Art.  23 ;  and 
since  y{x)  ^     ^^     ^  ^**"^^  _  ^"*^^ 

f{x)  ""  wo?""^  ""   no?"    ""     n 
we  may  determine  without  difficulty  the  coefficients  of  the  several 
partial  fractions,  and  the  form  which  a  pair  of  conjugate  partial 
fraction.  8  assumes  when  they  are  combined. 

x^  dx  p (x\  dx 

By  &  similar  process  may  we  integrate  —^ — =- ,  and     ^  , 

37    T  X  fl?     "T"   A 

when  F(a?)  is  integral  and  rational  and  of  not  more  than  (n— 1) 
dimensions. 

To  the  general  forms  of  Arts.  23  and  24  may  also  be  reduced 
x'^dx 


k 


for  if  we  replace  bx^  by  az^,  the  integral  becomes 


m-n  +  l 


b  " 
26.]  The  process  however  for  obtaining  the  integrals  of  many 
iniinitesimal-elements  of  the  preceding  forms  may  oftentimes 
be  much  simplified  by  a  judicious  substitution ;  the  selection  of 
which  must  be  left  to  the  ingenuity  of  the  student^  because  no 
general  rules  can  be  gpiven.  A  careftd  study  of  the  following 
cases  will  probably  indicate  the  course  whereby  he  may  be  led  to 
such  a  simplification. 

PRICE,  VOL.  II.  G 
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42  INTEGRATION  OP  RATIONAL  FUNCTIONS.  [27. 

P.   1        [       ^         _f      a^dx  1   C      d.cfi       ^ 

which,  if  0?^  =  2r,  becomes  ^  /  -j-^ ;  and  the  integral  may 

be  determined  by  the  method  of  Art.  19. 

by  means  of  equation  (13),  Art.  14. 

p,  «      f       ^         -  1  f     ^^         if-  -  * 

~  36*  j«»(A+^3)* 
_  _1_  /•     dxr         . 

and  which  last  integral  may  be  found  by  the  method  of  Art.  21. 

*^"        y  a^-a*   ~  %J  (a:«)»-(o*)«  ~  4oa    ^^  a^+a«  ' 
by  means  of  equation  (15),  Art.  16. 


1  _,         1,      x-\ 
=  K  tan  '  J?  +  -r  log 5^  • 

2  4    ^  x-\-\ 


^-'-  im-Il'-r^l'' 


^2 

=  y-log(l+^«)*. 

27.]  The  following  integrals  might  be  determined  by  one  or 
other  of  the  preceding  methods  :  but  the  process  of  integration 
by  parts  leads  to  a  result  more  convenient^  and  better  suited  in 
most  cases  for  finding  the  definite  integral. 

Integration  of  7-^;^ 5-r . 
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27.]  INTBORATION  OF  BATIONAL  FUNOTIONS.  43 

In  the  fonnola^  judv  ^  uv^  Ivduj 

let  u  =  (d?»+a»)—,  dv  =  dx; 

,  2nxdx 

/dx X  _     y     j?*<fa 

(««  +  o»)»  ~  (a^  +  o»)-  '^       J  (a;»+o»)«+» 

=  ■  -  -  +W(FT^Pi*' 
for  n  write  n—1^ 

Now^  as  the  integral  in  the  last  term  of  the  right-hand  member 
of  the  equation  is  of  the  same  form  as  the  original  integral,  but 
has  the  index  of  its  denominator  less  by  unity,  so  may  the  same 
process  be  repeated  successively  imtil  finally  n  =  1,  in  which 
case  the  formula  fails  to  give  a  determinate  result :   but  the 

/'   dx 
-jj -J ,  and  we  haye^  see  Art.  14, 

/"^^=ltan-^?.  (56) 

The  method  is  known  by  the  name  of  Integration  by  Successive 
Redaction. 

Ex.1.     Integration  of  ^^-p^. 
f     dx X  8    f     dx 

-  A  \  ^  1     f    dx     ) 

X  3x  8    ^       ,  ar 

+  oZirtan-»-. 


4a»(a?»+a2)»      Sa\x^  +  a^)      8a»  a 

G  2 


Digitized  by  CjOOQ IC 


44  INTEGRATION  OF  RATIONAL  FUjJ^CTIONS.  [28, 

28.]  Integration  of  ^^^—^- 

A  process  exactly  parallel  to  that  of  the  last  article  gives  the 
following  formula, 
r    dx x_ 1  2n— 3  C      dx 

and  by  successive  reduction  the  last  integral  becomes 

r    dx  1  ,      a+x  f,^ 


a* —  a?*  ""  2a    ^  a—x 
the  formula  failing  to  give  a  definite  result,  when  n  =  1 

dx 


^^'  ^-    y  (a2-^2)a  "■  2a2(a2-j7«)  **"  2a^J a^^A 


29.]  Integration  of  ~-^,. 

C  x^dx     _  r    xdx       „,_j 

And  in  the  formula  \udv  =  wr  —  /r  rfw, 

X  dx 
Jet     rft;  =  7-3-^— 2^'  "  =  •^'"'*^' 


1 

2(n~l)(^  H-a2)« 


«^  =  —  nTZ — -iv/^  .    2xn^i>     ^^  =  (wi— l)^'""*Ar; 


y*  x^dx  _  ^*"~^ m  — 1  r  x^'^dx 
(^4-aV  "  ""2(»-l)(^  +  a2)»-i  2^^J(a^+a«)-i  *  ^  ^ 
By  which  means  the  integration  of  the  original  element  is 
made  to  depend  on  that  of  another  element  of  precisely  the 
same  form,  but  whose  numerator  and  denominator  are  of  lower 
dimensions ;  and  thus,  by  successive  and  similar  reductions,  the 
integral  will  be  brought  either  into  a  ftindamental  form  or  to 
that  of  Art.  27 ;  the  formula,  it  will  be  observed,  failing  when 
w  =  1. 

C    30^  dx 

/x^dx X  \   C      dx 

(0^2  +  0*)*  -  ""  6(.r2  +  c?f  ^  ej  (^  +  aV' 
and  the  latter  integral  has  been  determined  in  Art.  27,  so  that  it 
is  unnecessary  to  repeat  it. 
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3 1 .]  INTEGRATION  OP  IRRATIONAL  FUNCTIONS.  46 

80.]  Integration  of  j^rz^. ' 

A  process  exactly  parallel  to  that  of  the  last  article  gives 

By  which  means  the  indices  in  hoth  numerator  and  denominator 
are  diminished^  though  the  form  is  unchanged  :  and  by  a  similar 
reduction  we  shall  arrive  at  an  integral  either  of  a  fimdamental 
fbrm^  or  of  that  of  Art.  28 ;  the  formula  fails,  when  n  =  1. 


/s^dx 
T-j — -j-j :  here  m  =  5,  n  =  2 ;  therefore 

/'    afidx X*  ^  r  x^dx 


2(aa-^) 


H-a?*H-a«log(a*— ^2). 


Section  8. — Integration  of  Irrational  Algebraical  Functions. 
81.1  Integration  of : . 

Smce      rf.sm  *-  = ; 

a       (a2  _  ^)i 

.-.     /l-^^sin-i?.  (61) 

•P           —  dx 
And  aerain.  since   rf.cos"*-  = rj 

,•.        I =:   cos""*-. 


(62) 
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46  ll^TBQBATION  OF  [32. 

Now  here  is  an  apparent  inconsistency;  for  it  would  appear 
from  (61)  and  (62)  that 

sin-i-  4-  cos"^-  =  / T-  -  / r  =  0;     (68) 

<p  jp       If 

which  result  is  not  correct ;  because  sin"^  -  4-  cos""^  -  =  jr  :  we 

a  a       2 

must  therefore  have  recourse  to  the  accurate  process  of  definite 

integration;  and  let  us  take  both  integrals  between  the  same 

limits;  say,  between  the  limits  0  and  a?;  then  by  (11),  Art.  5, 

f ^        =  [sin-i  -1'  =  sin-i  - ;  (64) 

''0    (a*-ar^)*       L  aJo  a' 

^f'_dx        ^  V^^.tY^  cos-^- J;  (65) 

therefore  by  addition 

sin-i^  +  C08-»-  =  ^,  (66) 

a  ax, 

which  is  a  correct  result;  (61)  and  (62)  therefore  are  not  simul- 
taneously true  in  the  forms  of  indefinite  integrals. 

dx 


82.]  Integration  of 


(2aa?-a;«)* 


o-           J         •  -1^              dx        ^ 
Smce      a.versm  *-  =  ', 

«       (2aa?-a^)* 


Or  thus, 


•  •     / ;  =  versm^  - .  (67) 

J  (2ax-x^^^  a 


/dx              C     —dia—x)                  .a—x  ,x 
r  =  / =  cos"^ =  versm"*-. 
(2ap-a?»)*      ^  {a«-(fl-.r)»}*                   «  « 


88,]  The  integration  of 


x{x^—a^)^ 

r     dx         r      dx  \  r  ^U 


,2  A 


'"*-'^'  '^(1-5)'       (i-S) 


=  -  cos""^  -  ,  by  reason  of  equation  (62), 
=  Isec-i-.  (68) 
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34.1  The  integrration  of . 

Let     a"+^  =  2r";  .-.     xdx  =  zcfe; 

rfr  __  rfr  _^  dx^-dz ^ 

Z   "   X   "^    x-^z 

^dx-hdz 


f      dx        _  Trfr  _  rctr 


+2r 
=  log  (^4-^) 

=  log{^  +  (a*  +  ^)*}-  (69) 


Similarly    f^^^^,^^  =  log{x-^{a^±a^)^}, 
85.]  Integration  of ,  and  of 


(70) 


(2ar+5?*)*  a?(a»-^)*' 

r      ite  r      d(x-^a) 

h2ax^a-j^  =A(^  +  «)*-a^}*  =lo&{^-^«+(2«^+^)*}>(71) 
by  reason  of  (70). 

Again,  /av 

r     dx      ^  r      cto       ^  _  1  /-     U 

1        a  +  (a«-^)* 
a    *  a? 

1,  a? 

=  -log 


o        a  +  (o»-««)4 
1,      o-(o»-«»)* 

86.]  The  relations  existing  between  some  of  these  last  integrals 
deserve  consideration ;  for  taking  the  definite  integral  of  (69)  be- 
tween the  limits  x  and  0,  we  have 

bat  the  left-haDd  member  may  be  put  under  the  following  form, 
whereby  its  integral  is  determined  by  equation  (61) :  viz. 


1       C'       d{xV-l)      _      1 


^/^ 
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48  INTEGRATION   OF  [37. 

and  the  identity  of  (73)  and  (74)  may  thus  be  proved : 

J    .  1        .      .X  ^/—l 

Let         , sm   ' =  z, 

a       y_i 

replacing  sin  (r  \/—  1)  in  terms  of  its  exponential  value  as  given 
by  equation  (30),  Art.  61,  of  Vol.  I; 

•      p«  «  5?+(aa  +  ^)*. 


a 
_      1        .     .*./— 


-i=sm-i£^^  =  logi±i^+^*:  (75) 

V  — 1  a  a 

which  shews  that  the  two  results  though  different  in  form  are 

— 2 — -^  be  put  in  the 

form  — : / .     — ,  and  be  integrated  accordine  to 

1  *P 

Article  15,  and  the  result  shewn  to  be  equal  to  -  tan~^  -  • 

^  a  a 

37.]  Integration  of 


(a  +  A^±c^)* 
First  let  c  be  positive ;  then. 


r         dx  ^_1_  f 


'i'^r) 


K-^) 


=  7^^°^l*+A+(^+*c^+^)1'(^«> 


by  reason  of  equation  (70). 

Again,  let  c  be  negative ;  then 

f       dx        ^  j_  r ^^-2^) 


\-4? — i^-ii^V 


1     .  _,  C    2cx-b    I 
by  reason  of  equation  (61). 
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390  IBRATIONAL  ALOEBBAICAL  FUKCTIOKS.  49 

Ei    1     /  __*L__  =  f_d^^±l)__ 

=  log{a?+l  +  («»+2ar+2)*}. 
Ex.2,    f ±—=f-^^±ll-  =  ^-^^2:. 

38.]  Integration  of 


f  dx /  dx 

^  x{a-\-bX'\-ciifl)^  «2/^         *         \* 

=  —  / i ,  if  a?  =  -; 

integ] 
(76)  or  (77). 


whereby  the  integral  is  reduced  te  one  or  other  of  the  forms 


Ex.1    '  "•  '  ^ 


f ^ =  r 

•'4r(l-2a?  +  8a?«)*     -^  ^  /J:._  2  .  3)* 

C        dz  .^1 

=  —  / :,  if  a?  =  -J 


=  -log] 
=  -log- 


=  -.log{2r-l  +  (^-2-sr4-3)*} 
l«a'-|-(l-2^+8a?8)* 


30.3  The  integration  of  (a*— ^)*rfa?,  and  of  (a«+j?*)*Ap. 
In  these  cases  it  is  convenient  te  employ  the  method  of  inte- 
gration, by  parte  given  by  the  formula^ 

judv  =  uv  --  Ivdu.  (78) 

Todetennine/(a»-.;«)*cto. 

Let    If  =  (a*-^)*,  dv  =:  dx; 


,           ^xdx 
du  =  7 ,  V  =  X, 

(a2«a^)r 


PaiCB,  VOL.  II. 
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50  INTEGRATION  OF  [39. 

Sabstituting  which  in  the  formula  (78)^ 

Then^  adding  and  subtracting  a^  in  the  nunierator  of  the  last 
quantity^  and  writing  the  fraction  in  two  parts^  and  cancelling 
in  the  second  part  (a^-^ai^)^,  which  occurs  in  both  numerator  and 
denominator^  we  have 

^  (a*  —  57*)*     J 

X      r 
=  X  (a* —a?*)* + e?  sin"^ «  ""  /  (^* —a?*)*  dx ; 

.-.    /(a»-;r»)*i.  =  i(^r:^*+  :^sin->f .  (79) 

To  determine    /  (a* + a?*)*  dx. 

Let    u  =  (a*4-^*j        do  ^  dx\ 
att  =  r,  V  =  x; 

Then,  following  a  process  similar  to  that  of  the  last  integ^, 

/f   x^dx 

•/    (a«+«»)* 

J  (o«+«»)*     •' 
.-.    2f{a'+a!*)idx  =  a?(a»+a»)*+aMog{«+(a«+«*)*}, 
hj  reason  of  equation  (69) ; 

.-.  y*(o2+a^)*<te  =  ^^^±^*  +  ylog{ar+(a«+a?»)»}.  (80) 
Similarly  it  may  be  shewn  that 

/(a^-a«)*<te  =  ^<^i:^  _  ^log{ar+(*»-o»)*}.   (81) 
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40.]  Integration  of  {2aaf'-w^)^dafj  and  of  (2aaf +^)^d:r. 
J{2ax-»^)^dgf  ssj  {a«-(d?-fl)«}*rf(a?-a); 

which  latter  integral^  if  ;r— a  =  z^  becomes  /  {a^^z^]^dzj  and  is 
therefore  of  the  form  (79) ;  and  we  have 

/(2a*-««M  =  <f=^H^^::^  +  ^8in-*-=^.     (82) 

Ag«in, 

=J{s^-a^)*dz,  if  z  =  «+a ; 

_jrtr»-a«)*      a« 

2 yJogr  {-8^+  («*-«*)♦},  by  equation  (81), 

_  (ar+o)(2«*+«2)*      /^ 

2 ■2-log{af+«  +  (2a»+««)*}.  <88) 

41.3  lategfmtitmof j,  and  of 


(o«+ff2)*  (a+&r+c»2)* 


/•    dx       _  /•         <fe 
(o«±«*)*"^^/_^_^j\4 


1  /($±') 


a«(a« +  «»)*' 


(84) 


Hence    f—JfL—^Lf ± 

ii^+2^)  +-4^-5 

Let  therefore    «r  +  —  =  ^r ;         .- .     dx  =:  dz; 


=  ** ;        whence  we  have 


4^2 


H  2 
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=  —r-  I r :  and  by  equation  (84). 


(85) 


""  c«*'(r2H.*2)* 

-  2(2car4-&) 

""  (4ac-A2)(fl^j^^^^)i" 

42.]  Examples  illustrative  of  the  preceding  methods. 

Ex.  1.     rj^Lt^f)^ 

J  (a  +  Aa?-f  ca?*)* 

_   n^  f  (2cx-^b)dx        Ifn^—]  f ^ 

2cy  (a  +  Aa?+ca?«)*  2c/J  (a  +  Aa?  +  ca?«)* 

n  ,     2cm— n*  T         dx 

the  latter  term  of  which  has  been  integrated  in  Art.  37. 

Ex  2     f     "^       =  -  f        *^'^ 

^(o<-ar*)*       2^{(o»)»-(«*)*}* 


2-'{(aV 
1    .  _,  z 


-z*}* 


=  :;Sm 


2 


1  .   ,«» 

Ex.3,     f      ^^       =/'''-^°-^>d^ 


(2ar-a?»)*     ^  (2ar-«»)* 


;r 


=  a  versin-i (2ar— «»)*. 


a 


Ex.4. 


/adx  r     i 

(aa--p2)i'*"J^_^)4 


x)dx 

xdx 


=  a8in-i--(a2-^)i. 
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Ex.5,    f      ^     ,  =  / 2Si— . 


1   /a»      ,\* 


(a2  4^)* 


Section  4. — Integration  of  Irrational  Functions  by 
Rationalization. 

48.]  Many  infinitesimal  elements  involving  irrational  quantities 
may  by  a  judicious  substitution  be  transformed  into  equivalent 
int^pral  and  rational  functions^  and  consequently  integrated  by 
the  methods  which  have  been  investigated  in  the  first  two  sections 
of  the  present  chapter ;  the  process  of  such  transformation  is 
called  BAtionalization^  and  we  proceed  to  inquire  into  the  condi- 
tions requisite  for  its  application  in  certain  cases. 

.    p 

To  find  the  integral  of  a?'*(aH-Aa?")«  dxy  where  m,  n,p,  q  are 

constants^  integral  or  fractional^  positive  or  negative. 

}_ 

Liet     a  +  te*  ^  sfl ;  .-.     j?  =  ( — - — j    ; 

dx  =  ^ — j-(2f9— a)  •  dz; 
nb^ 

x"^  {a  H-  to*)^dip  =  — ^  /  j2rP+«-^  {z^  -  a)"  *   ""  dz,  (86) 
nb~~^ 

If  therefore  is  an  integer^  (^— a)  *        is  of  a  rational 

form:  and  if  — It 1  ig  positive,  (^— a)  *  may  be  ex- 
panded by  the  Binomial  theorem,  and  each  term  of  it  having  been 
multiplied  by  xr^+ff-*  may  be  integrated  by  means  of  Art.  11. 

nimL.  1 

And  if 1  is  negative,  the  integration  may  be  accom- 
plished by  means  of  Section  2,  and  chiefly  by  the  Reduction- 
formulae  of  Arts.  27-80. 
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p 


44.]  Again^  as  the  elemeiit-fdnction  ^(a+6^")«d[ir  may  be 
written  in  the  fonn 

X      <i  (A+ar"*)«rfir;  (87) 

and  as  this  is  the  same  as  that  of  equation  (86),  it  follows  that  bj 
substituting  A  +  o^—  =  z^, 

the  result  will  be  rational  if h  -  is  an  integer:   and  we 

n  q  ^ 

shall  be  able  to  integrate  by  known  methods. 

Hence  we  ma^  by  means  of  rationalization  determine 

/a?*(a  +  to")^^* 

m  4-  1 

(1)  when  is  an  integer,  by  substitating  a+&r"  =  z^; 

(2)  when h  -  is  an  integer,  by  substituting  b  +  im7~*=2:*.* 

n  q 

45.]  Examples  of  the  two  preceding  articles. 
Ex.1.        J  x{a-^bx)^dic. 

In  this  case  OT  =  1,  »=  1,- =  s;  .*.  =  2,  and  is  integral. 

q      2  n  ^ 

Let    a-f  Aa?  =  z^-,     .".  x  =  — ^ — ;     dx  =  — ^ — ; 
••.     /a?(a-fAa?)5rfa?  =  -jj  j{z^'-a)z^dz 

""  A«  I  7         5    ) 

^  2(o4-&jr)4  jfl  +  te      a) 
Z^         (~7  5j' 

Ex.2.      /"    "^^  ,. 

In  this  case  m  =  8,  n  =  2,  -  :=  —  jr>    =  2,  and  is  intend. 

q  2         n  ^ 

*  For  other  methods  of  Rationalization,  and  indeed  for  a  compkte  coUee* 
tion  of  integrals  of  all  kinds,  the  reader  is  referred  to  "  Sammlung  von  late- 
graltafeln,"  von  Ferdinand  Minding;  Berlin,  1849. 
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Let   ««+«»  =  2«;     .-.    »  =  (z«-o2)»;     dx=        '^ 


(xr*-o«)*  ' 


Ex.8. 


Herem  =  2,  i*  =  2,^  =  —  ^;    — 1- -  = —  1,  and  is  integral. 

9  2         n         ;  "^ 


=/■ 


<£» 


Let    $+!=.«;     ...,  =  ^^,^.  =  -1^^^; 
/•   a*dx     ^_}_  fdz 

1     1 

*8 


8a»(o«+af»)4 

«.]L-.g»«».«r.{^,  (f±5)'.  (f±^r, s^. 

where  R  is  the  gymbol  of  a  rational  fimction. 

Let  /  be  the  least  common  multiple  of  the  denominators  of  the 
fractional  indices ;  and  let  us  assume 

a  +  b»        ..      .    ^       csf-a     ,        l(bc-ae)z^"^  ^^ 

• =  r;       .'.    X   =   7 -iy    »a?   =  -r -r;^ OSS, 

Also  (£±*f)'  =  .?,  (f±*ff=.7, , 

all  of  which  are  rational ;  and  therefore 

where  ^(z)  denotes  a  rational  function  of  z. 
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/■ 


47.]  If  a  =  e  =  0,  the  integral  takes  the  form 

EJa?*,  x^ ,  x* , ]dx',  (89) 

in  which  case  we  must  assume  as  above ;  viz.,  if  I  is  the  least 
common  multiple  of  the  denominators  q^Sy y 

and  then  integrate. 

Ex.1,      f^-^dx. 


f—    ^ 
Let  J?  =  j?*;  .-.  dr  =  Qz'^dz; 

=  6f\z^+z^-z^+z^^z+i^  Tn;}^ 

^(^7  Z^         Z^         Z^         Z^  1       ,         .J 

Other  methods  of  rationalizing  irrational  functions  by  means 
of  substitution  must  be  left  to  the  ingenuity  of  the  student. 

In  many  cases  however  when  the  irrational  term  is  of  one  or 
other  of  the  following  forms  we  may  rationalize  the  expression  by 
the  substitutions  indicated ;  if  there  is  involved 

(a  +  bx)^;  let     ar  =  ?-^; 

0 


Section  5. — Integration  of  Irrational  Functions  by  sttccemve 

Reduction. 

48.]  Our  object  in  the  present  Section  is,  by  means  of  integra- 
tion by  parts,  to  make  the  integrals  of  certain  irrational  functions 
depend  on  those  of  similar  forms  and  lower  indices,  and  thereby 
to  reduce  them  to  forms  whose  integrals  are  ftmdamental  or  have 
been  already  determined. 
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A  caieM  examinatioii  of  the  process  of  reduction  of  the  ra- 
tional forms  which  were  integrated  by  this  method  in  Articles  - 
27-80,  and  of  one  or  two  of  the  following  formulsB,  will  give  a 
dearer  insight  into  the  method  than  any  general  remarks  and 
rules,  and  therefore  I  proceed  at  once  to  examples. 

48.]  Int^^tion  of 


In  all  cases  we  use  the  same  formula,  viz.  ludv  =  ^  ^  J  ^^^* 


N  f  ^"^     —  f    ^^ 


Let    tt  =  ^-S  dv^      ""^ 


dH  =  (»-l)a;"-2cte,  t?  =  -  (a^-a?*)*. 


,   f  9rdx     ^  -^-i(a«-a?2)*+(n-l)^-2(a«-^)*rfsF 


(90) 


By  menu  of  which  the  integpral  will  at  last  depend  on, 

r  =s  sm"*  -- 

Tlie  formula,  it  will  be  observed,  is  always  applicable  when  n  is 
odd ;  bat  if  «  is  even,  ultimately,  when  n  =s  0,  it  becomes  infi- 
nite, and  fiuls  to  give  a  deteifminate  result. 


rr       .  [        dx  •        1  ^ 

n  n  18  even,     f ;  =  sm  *  -  - 


Ex.1 


rilCB,   VOL.  U.  I 

t 
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Ex.  2.      r.-^^  ^  ^  ?(a«-^)*+  ^8in-*'. 
J (a^^a^)i  2^  ^  ^  2  a 

60.]  Similarly  may  it  be  shewn  that 

and  the  integ^ral  will  at  last  depend  on, 
ifnisodd.     / :  =  (a*+^)*; 

//£»• 
T  =  log  {«+(0* +«•)*}. 
(«*  +  «■)♦ 

51.1  Integration  of  r- 

/     g'rfg       ^  _  f(a-x)iLf  ^-ng  f  of-^dx 
J  (2a«-«*)*  -z  (2<Mr-«2)*  -^  (2oar-«*)* ' 

To  integ^te  the  first  term ;  let 

(a—x)dx  . 

(2<M?-«*)* 

<Ai  =  (n—\)ai—*dx,  v  =  (2a«-«*)*; 

f— ^^^^— J  =  -«-H2oar-«*)*+(n-l)  /«-«{2a«-«*)*<fc 

•^        (204?— «r)t 

J  (2<wr-«r«)* 
=  -.a?— M2ar-a^)*  +  2a(»-l)/-^^ — !^ 

—  («  — 1)  / ;+«/ ;* 

J  (2ar-a?>)*       •/  (2<Mr-a?«)* 

r    a?*d;r               x*-H2ax-x^)^     2n-l     C  x^-^dx         ,^^ 
I SE ;i u  4. ,, a  I —7 .    (92) 

J{2ax^x^)i^  n  n       J(2aX'^x^)^ 
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By  which  prooeas  the  mtegral  will  at  last  depend  on 
-^ r  =  versin  *  -  • 

= +y|-(2a^-««)*+aver8in-^|^ 

52.1  Integration  of :  • 

By  a  process  exactly  similar  to  that  of  the  last  article  it  may 
l>e  proved  that 

80  that  ultimately  the  integ^  depends  on 

•'  (2aa?+«*)* 
68.3  Integration  of  (o*— **)*<&,  where  n  is  odd. 

Onoomparing /(o^— «*)'d!r  with  /«</»,  let 

t(  =  (<^— «*)',  dv  ^  dx; 

rff»  =  -  n«(o* -«»)*-' da?,  »  =  *; 

By  which  means  the  process  of  reduction  may  be  continued  until 

I  2 
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Use  -*.1,  when  the  formula  heoomes  infinite^  and  therefore  faib  to 
give  a  determinate  result ;  but  in  that  case  we  have 

/dx  ,:c 

-. 1  =  sin^^-. 

Ex.  1.   f(^.a^)id^  =  i(^^  +  ^Bin-?. 
Ex.2.   /(a«_^)*rfr  =  ^^^^*  +  ?^/(««-*«)*d:r 

54.3  Similarly  it  may  be  shewn  ihat 

fia^-\-x')ldx  =  ^<°'+f')*  _    »    a«/"(««+*«)»-»/fe;      (96) 

•/  fl  +  1  w+1     •/ 

and  the  integral  finally  depends  on 

dx 
65.1  Integration  of  =,  where  n  is  odd. 

On  comparing  I 5  with  the  typical  form  /  udv^ 

let  u  =  (a*— 4?*)~*,  dv  ss  dx; 

J  nxdx 

du  =    -=: — ,  V  ^  XI 

/dx       _        J? r     x^dx 

^        c  dx        « r    ^    . 

for  n  substitute  n— 2 ;  so  that 

y*     dx  1  d?  n— 8   1    /*       d!r 

(a2-4r^)3  ^  (n-2)a*  (a«i:^^i  "^  ^112  "FJ  («"«"- ^)5-i'  ^^^ 
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■0  tbat  finally,  when  »  s  8> 

/d»  - X 
(o»-«*)«  ■■  a*(a»-««)** 

66.1  Intonation  of ; . 

Let    <fe=     ^^  ,,  «  =  #-(•+»); 

(o»-«»)* 

r  =  -  (o»-a!*)*,        dk  =  -  (ii+l)«-C+»)dit; 

for  »  sabstitute  n— 2,  and  divide  by  (n— l)a' ; 

•'*-(o»-««)*  ~      («-l)o*«^i^ii-lW«'^«(a«_«2)*'  ^  ^ 
FinaUy,  when  n  is  even,  the  formola  is  applicable,  and  we  have 
f       dx        __  _  (o8-a>«)*. 

and  when  « is  odd,  the  hut  int^^  is, 

/"       ^        =llog°-<'''-"'>*. 

67.1  Integration  of . 

r  with  f  If  dv,  let 
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0 

•".  h r=  — hiT — - — ot/^      (<»+**r^ 

26         "  2iJ(a+6^)*       2J(a  +  to)*' 
/        8n\  r  jg*£te     _  8ay*(a-f  to)*      8na  Cx'^'^dx  ^ 

C  x^dx     _  8jr*(a+to)*  ^    8n     a  tx'^-^dx  „ 

•*'^(a+to)*""     (8n4-2)4         8»+2  4J(a+to)*'        ^     ^ 

Which  fommla  is  applicable  for  all  values  of  n ;  and  at  last^  whea 

*•  =  °'  C     dx  3  ,      ^    . 

J(a+bx)i~         8i  8W(a+&p)* 

8«*(a+*ir)*      8a  (8jr(a+to)*      8  a  8  ,       .•   .> 
=  8i 4*  {—53 5JTb^''-^^^S 

/    .*  Nl  i^*"      9a«  ^  27  a») 

=  <"+**)*  m  "20^+ 40^  r 

58.1  Integration  of  ■ . 

(a+te+ca*)* 

r^_^^^dx__  _  J^  /'(2car4-4-4)&^^,^| 
J  (a^bX'^cx^)^''  ^cJ  (a+Ad?+car2)*  * 

On  comparin£^  /-^^ ^ — rO?**^  with  /u  Jt?. 

let    dv  ^  — — ,,  t<  =  a?*^; 

.\    r  =  2(a+4j?  +  c;r*)*,  du  =  (n  — l)x""'diF; 
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/; 


(2cX'^b)dx 


X^'l 


^       ,         .  •!    «.       ^,  fia+biv+cafl)x*'^dx 

-2(«-w  ^"^^  ,-2(«-i)c/  f^^;. 

^(a+te+c»»)*  ^(a+&c+c««)* 

Sobstitnting  whicli  in  (99),  and  adding  imd  reducing, 

/«"<fo         _  jr"-^(a+&p+c«*)*      n— 1  a  f     g*~*<fe 
(a +Aar +<»»)♦  ~  ""         «c  »     c^(o+&r+«r»)* 

80  that  the  List  int^^rala  become 

— . . — I ,  which  has  been  integrated  in  Art.  87. 

(o+&t+c»*)* 

Ex.  1.  f — '^ — , ;  here  »  =  2,  a  =s  2,  A  =  -2,  c  =  1. 

^(2-2a?+a?»)* 

:  8  r       xde        . 

"'"2J(2_2<p+*»)t' 

*°  J(2_2«+««)*     ^{(«-l)»+l}* 

=  log{fr-l  +  (2-2ar+«»)*}. 

(2_2a?+»»)* 

-  i±5(2-2«+«»)*  +  ^log{«-l  +  (2-2ar+*«)*J. 
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CHAPTER  III. 

INTEGRATION  OP   LOGARITHMIC  AND  CIRCULAR  PUNCTIONa. 


Section  1,-^Iniegratian  of  Exponential  and* Logarithmic 
Functions. 

69.]  Integration  of  a' £2r;  and  of  e^'ctp. 
Since  d.c^  =  loga.s'ib?; 

jloga.f^dx  =  fl*; 

.-.   jerdof  =fc  c*.  (2) 

Also  since  rf.e***  =  mc^'dlr; 

e-«ir  =  i-.  (8) 

m 

60.]  Iixtegration  otx^e^dx,  where  n  is  a  positive  integerr 

On  comparing /a?* c^d!a?  with  /i«rft?; 

let    II  s=  0?*,  rft?  2=  ei^'dx; 

du  =a  nx'^'^dxj  t;  =s  — ; 

a 

By  which  fbrmula  the  integral  ultimately  becomes 


(4) 


e"d:ir  =r  — . 


a  I    a         aJ  ) 


a?«c*» 


^  (ar»      8^      6«       6  ) 
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61.]  Integration  of 


^" 


On  comparing  /  — —  with  ludv, 

dx 
let    u  =  e*",  rfr  =  -^ ; 

du  =  ae^dx,  r  r=  —  ; TTTm  ^ 


/^ 


/- 


By  which  fonnula  the  int^^  finallj  becomes 

r&^dx 
} 

X 

which  does  not  admit  of  integration  in  finite  terms^  but  may  be 
expressed  in  a  series :  for  since 

_  -      ax      a^a^       a^x^ 

^  "  ^'^T"*'t:2""^i:2:8"^ ' 

e^      1  a^x      a^x^ 

X       X  1.2      1.2.8 

—  =  log^  +  a^  + j-^,  +  i:2:8-^  + (6) 

Ex  1     (^^  ^  ^—      f^^ 
'       J    a^    "^       X      J     X 

£'  X  X^  X^ 

62.]  The  preceding  are  the  integrala  of  the  simpler  exponential 
fiinctions ;  other  combinations  howeyer  often  admit  of  reduction 
to  algebraic  forms  by  means  of  substitution^  and  thereby  of  inte- 
gration by  the  methods  of  the  bust  Chapter ;  of  these  some  ex- 
amples are  subjoined. 

=  log  («•+«-•). 
Ex.2,  jtf'tfdx  =^  tf'. 
_     -    feFxdx       fke'dx        edx   \ 

""  l  +  a?* 

PSICB^  YOL.  n.  K 
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63.]  Integration  of  ^p"  (log  a?)*  rfr. 
On  comparing  j  {logx)^x^dx  with  judv, 

let    u  =  (logo?)",  dv  =  x^dx; 

dw  -."i+i 

du  =  n(log^)*~^ — ,  V  = 


..%/(iog^r^-d:r  =  te^|:!l'«_^  (7) 

by  means  of  which  the  last  integral  becomes 

Ex.  1.  jx^{\ogx)^dx  =  (^Qg^)'^_|yiog^,^<te 

_  ay*^(logd?)'       2  (  x^logx      x^\ 
"■         6  5  (~5  25  i 

=  :^|(loga.)«-?logar  +  J|. 
Ex.  2.  jlogxdx  =  a?  logo?— a?. 

64.]  Examples  of  integration  of  various  logarithmic  fimctions. 
Ex.  1.    /  — logdf  =  j\ogx.d(\ogx) 


J  xlosx      J    loff^  ° 


dog^      J    log^ 
=  log^a?. 


_     „     fxlosxdx       f    xdx     , 
Ex.  8.    /  — 2 s-  /      r-Jogx 

=  (a«+^)Mog^-/^.?-t^*ifc 

=  (a»+«»)*log«+olog5ii^2!±f^  _(a»+a!»)*. 
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66.]  INTEGBATION  OF  CIBCULAB  FUNOTIONa  67 

SscnoN  2. — Integration  of  Circular  Functions. 

65.]  Int^^tion  of  the  ftindamental  circiilar  functions. 
Since  d.ooamx  ss  —  msinmorcir; 

eaimxdx  = ;  (8) 

•  '•    JAuwdx  =  —008^.  (9) 
Again,  since     if.sinm^  =:  mcosm^d!r; 

cosmo^.olr  =  ;  (10) 

•  '•    jooAxdx  =  sinj?.  (11) 
Again,  since    if. tan  mar  =  m{B&Qm»)^dx} 

.-.   J(Beex)*dx  =zj  {l^{tsaix)^}dx  ^  tanx.  (18) 

Again,  since     d^cotmx  =  — m(cosecma?)'d[ar; 

(ooBec«*)«&.  '=J-^^^^ —;         (14) 

•  ••    I  (coeecxydx  =z  I -T-. — -^=s— cota?.  (15) 

J  '  J  (smj?)'  ' 

SimilarlT,  I  seomxianmxdx  =  — secmor;  (16) 

J  tn 

JcoBecmxcotmxdx  = cosecmo;.       (17) 

66.]  And  all  the  preceding  fprmnlsB  are  of  course  true  when 
for  X  anj  function  of  x,  osLjf(x),  is  substituted,  provided  that  dx 
is  replaced  by  /'(a:)  dx.    Thus 


j  Bin{mX'^n)dx  =  —  /sin(ma?+n)rf(ma?+n 


= co6(ma;+n). 


Jmi{s^)sfdx  =  5 /sin(a?8)rf.ic«  =  —  ^eo&(x^). 
Jcos{m3fl'^nx+p)i2mx+n)dx  =  sin(ma!*+na?+p). 


K.2 
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68  INTBGBATION  OP  CIBCCJLAB  FUNCTIONS*  {6^^ 

67.]  Integration  of  other  circular  functions  by  transformation 
into  the  Aindamental  forms. 


/-         fBinxdx           Cd.co^m 
tejixdx  =  / =  —  / 
J    coBX            J    COS  a; 


=  --  logcos^  =  logsecor.  (18) 


f    .      ,         fcosxdx       f 

I  cot  X  ax  =  /  — ; =  I  - 

J  J    sma?        J 


/dx    _  r&iaxdx  ^  ^  C   d. 
sina?  ""j  (sina?)*  ""     J  1— i 


sin  a; 

=  log  sin  07.  (19) 

cos« 


(cos  a?)* 


/dx    ^  rcoBxdx  ^  r   d.emx 
coQX  ""J  (cos  a?)*  ""J  1— (sino?)* 


X  X 

-2^"gT3riE^  =  ^"g        X       .X 


=  logtan(J  +  |).  (21) 

r      dx       _  r{8ecx)^dx 
Jsiaxco8x'~J      tana? 


/d.tsjix 
taax 
=  log  tan  ar.  (22) 

/dx /*(sina?)'  4-  (cosa?)*  , 
(sina?)*(cosj?)*  ""•/    (8ina?)*(co8a?)* 

=  /  {(8eca?)*4-  (cosec  J?)'}  dx 

-s  tana?— cot  a?.  (23) 

f(tajixydx  =:y{(8ec^)>-l}  lir 

=  tana?^a?.  (24) 

f(cotx)^dx  =  /{(coseca?)*— l}cfe 

=  —  cotd?— ar.  (25) 
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6j.]  nSTTBGRATION  OF  CIBCULAB  FUNCTIONS.  69 

a+b+{a-b)  (tan^) 
(a)  let  a  be  greater  than  b ;  then  the  last  expression  becomes 


(f.tan^ 


Ja+bcoex  ~  a—bJa  +  b  .    /.     x\' 

=  -2       tan-  j  (^)*tanf  [  .  (27) 

O)  let  a  be  less  than  b,  then  (26)  becomes 


f     dx        ^  _2_  /• 
J a+booex      b—aJ  b  + 


rf.tanf 


b:ra-(^rj 

(4+a)*+(*-a)*tanJ 
log  ±  (28) 


<**-"*)*        (i+a)*-(ft-a)*tan| 
J  (4+ a)*  COS  ^  +  (4— a)*  Bin  2 

'^  (44-a)*co8^  — (4— a)*8m5 


2     '        '        2 
dx 


f      dx  f  


«  +  o(taii|)  +26taii| 

=?/"--Ji!;!|ilL 


(2a) 
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70  INTEGRATION  OP  CIRCULAR  FUNCTIONS.  [67, 

f^. ?_tan-j-^_(ta»f  +  *)Lif6<«, 

asins+Acoss 
''       tan-^  (30) 


^  '  (a*— o*)*cos2 

^     «      A      (A«-a»)* 

1       ,     ^2  +  a-— 7-    ./.     ^ 
= log  . ,  u  D>a, 

2      a  a 

otan5+ft-(A»-a")* 
=  — =— ;log •*  (81) 


J  a+b  teuiw     J  a 


cosxdx 


a+btsxLW  ''J acoBW  +  beinx 

_  1  f(b  cos  a? — g  sin  a?)  dv      a  f      sing  dig 
"  bJ     bmnx-^-acoss         bJ bsinx-^acosx 

^  log (i sina? 4- g cosa?)       a    r&sin^-fgcosay  . 
_  g  ^  J  i8ina?4-floosd? 

""  b^  J  bemX'^'acoBx 
^  log  (&  sina?  4-  a  cos  a?)       a^    _  i^  /*      dig 

/-       a^\   f      dx        __  log  (4  sin  a? +0  cos  a?)       a 

TT =  -5 — 15  log  (4  8md?+ fl  coso?)  +  -5 £5  .         (82) 

a+4tan«       a«+4»    ^^  '     a*+4* 

jBinmxeoBnxdx  =  ^  /  {8in(m+n)a?4-sm(m— n)j?}  ite 

_       1  jcos(m4-n)ar      co8(m-n)jg^ 

2  (       m-hn  m— «       i  '     ^     ^ 

jaoamxcoBnxdx  =  5  /{cos(m+n)a?4-cos(m— fi)j?}dlr 

1  (sin(i»4-«)ar  ,  sin(m— »)a?)  ,„.. 

=  2J      m-fn       "^       m^n       I  ^^^ 

Similarly  may  the  integrals  of  the  product  of  three  or  more  sines 
and  cosines  be  determined. 
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68.]  INTEGRATION  OF  CIRCULAR  FUNCTIONS.  71 

Ex.i.   fo:^  =  f ^ r 

2+H2)    -H2) 

"•'2  +  2(taB|)Vl-(tan|)' 


-/ 


if.tan^r 


8+{iiir 


Ex.2. 


=  —  tan""^  \  —  tan  ■=  ?  . 

/ Bin-^co8-^  ax  sz  ^  j  yemzaf—Bm-^jax 

1  (cos2ar      8       2j?> 
=  -2i-2 2^^Tt 


8       2a?      1        ^ 

=  -7  cos  -5 7"  COS  2a?. 

4        9        4 


Ex.  8.     /sin  (mx + o)  cos  (no?  -fjS)  ^ 

s=s /(8m{(i»+n)a?+o4-i9}+8m{(m--n)a?4-o---)3})rfir 

1  (co8{(i»+n)d?4-a4-i8}      cos{(m— »)ap-f  a— jS}) 

""      2(  m-^n  m— »  1 

„     -       /* €& r  dx  (seco?)* 

'    '    J  a  (cosa?)'  4-  6  (sino?)*  "Ja-^-b  (tana?)* 


=  /"— 


tana? 


■  i(tana?)* 

68.]  Integration  of  (sina?)"!^^  and  of  (oo^xydx. 

These  integrals  may  be  determined  by  integration  by  parts ;  for 

nnoe  r  r 

I  (sina?)*  dx  ss  I  (sino?)*"^  sino?  dx, 

on  comparing  tiie  above  with  judv, 

let    »  =s  (ainj?)*^*,  rft?  =  sina?cia?; 

du  9  (n— l)(sina?)*~*cosa?dip,  v  =  — coso?; 
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72  INTEGRATION  OF  CIRCULAR  FUNCTIONS.  [68. 

.•. /(sin^)*iir 

=  — oo8a?(8ina?)*-i4-(»— 1)  /  (siiia?)*-*(co8a?)*dip 

=  -cosa?(smar)~-*  +  {n^l)J(smxy^  {1  -(sina?)*}  dip 

==  — coBa?(sina?)*-i  +  (n— 1) /(sm«)"-*dr— (»--l)y(rin^^^ 

(sma?)*diir  =  ^^ —  4- /(8ind7)*->dir.  (85) 

By  means  of  which  the  integ^  is  finally  reduced  to^ 
if  n  is  even,  / dr  =  a?; 

if  n  is  odd,  Ismxdx  :=  --coax. 

Again,  in  a  similar  manner 

/vj        8in^(cosa?)*"*^      n— ir        v-  •  •  ,o^ 

icoaxydx  =  ^ —  + /(cosa?)*-*dr;       (86) 
n                  fi  J 

and  the  bust  integral  becomes, 

if  n  is  even,  I  dx  :=z  x; 

if  ft  is  odd,  IcoBxdx  =  siax. 

K  n  is  odd,  the  following  method  is  more  convenient : 
Let  n  =  2m+l; 

.'.  /  (sina?)***"*"^rfr  =  /  {1  — (cos  ar)*}"*  sin  a?  dip 

=   — /|l— f»(C0SJ?)'-h^^^^^(C08«?)*--...  f  d.COBJP 

(  i»(cosa?)^      m(i»— 1)  (cosd?)*  )    ,-,^^ 

Also  in  a  similar  manner 
J(coBx)^^'^^dx  =  /(co8a?)*~cosa?dip 

c= /{I— (fiina?)*}"*d.einj? 

=  Ml— m(si:5ia?)'4-  — ^y-^— (sina?)*— ...|  rf.sinx 

m(8in^)»   ,  m(m-l)(sinjp)» 
=  «^^--^ +  -1:2 6 •••  <**> 
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69-]  IKTBGRATION  OP  CIBCITLAB  FUKCTIONS.  73 

Ex.  1.    y  (sm  a?)* ifr  = -^ L  4.  -  /(8inar)»dlr 

_       coe3y(sin^)^      8  (^coe^sino?      x) 
4  ■*"i(  2  "^2) 


_  —  cos  3?  (sin  d?)^      8  sin  3?  COS  jr      83? 
4  8  '*'T- 


Ex.2.    f{coBx)^dx  z=J{l^(smx)^]^coBafdx 

=  /{I— 2  (sin  a?)' 4- (sin  a?)*}  rf.  sin  a? 

2,.     ,-.      (sina?)* 
=  smo?— g(8in4?)»4-  — g-^- 

G9.]  Int^p^tion  of  (sin  xydx,  and  of  (cos  xY  dx,  in  terms  of 
ones  and  cosines  of  midtiple  arcs. 

As  (sin  x)^  and  (cos  xY  may  be  expressed  in  terms  of  sines  and 
cosines  of  multiple  arcs  by  the  method  of  Arts.  62,  68,  Vol.  I, 
and  as  these  latter  are  easily  integrated;  this  process  is  con- 
venient, especially  for  the  purpose  of  definite  integration;  but 
since  the  general  term  admits  of  various  forms  according  to  the  . 
fonn  of  It,  the  application  of  the  method  will  be  better  exhibited 
bj  means  of  examples. 

Ex.  1.    To  integrate  (sina?)^c£r. 

Employing  the  saine  abbreviation  as  in  Art.  68,  Vol.  I,  let 

2\/— Isina?  =  z ; 

z 

.-.     ~2*(8in3r)«  =  2r«-6z*+15r»-20-h^-^4-^ 
s  2cos6d7— 12cos437+80cos23^— 20; 
(sinjf)'  ss  —  ^{co86a?— 60084^4- 15 cos2a?— 10}; 

/'   .     .- ,  1    (sin63?     ^mxAx     15sin237     --.    ) 

Ex.  2.   JicoBxYdx. 


let     2C0S37  =s  ^+  -; 


Z' 

.-.     2»(cos«)»  =  2r»  +  8z  +  5  +  ^ 

z      z^ 

ss  2coBtx+6cosx; 

PEICB,  VOL.  II.  L 
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74  INTEGRATION  OF  CIBCULAR  PUNCTI0N8.  [70. 

.*.     /(co8af)*<ir  = -^ J  jco88*+8co8«|  dir 
1   isinS*  .      ) 


70.]  Integration  of  —, — — ,  and  of 


J  (sin  a?)*  ~y 


(sino?)*  (cob  a?)* 

(cosa?)^H-(sina?)*  - 


(sina?)*      J  (sina?)* 

dx 


/C08XAc  f 

--. —COS J? 4-  /t-t- 
(sm  x)*  J  (sir 


(sma?)*~* 
and^  integrating  by  parts, 

/cos^<£r  _  cos  a?  1      f      dx 

j^—^QO&x:=L  -  (^ _  1)  (gjjj ^)»-i  -  ^^Y  J  (sinaf)— * ' 

•       f    ^      ^  _  cosar  »--2  f      &^       .      .gg. 

'  *    J  (sin^)*  ■"       (71-1) (sin a?)—i  "*"  n-lJ  (sin^)— *  '      ^     ' 

bj  means  of  which  the  last  integral  becomes, 

.«     .  f    dx  cos  J?  . 

if  n  IS  even,    i-t-: — -^  = ; —  =  — cotd?; 

J  (sm  xy  sm  x 

if  n  is  odd,         /-p"  =  ^^S  tan |,  by  (20),  Art.  67. 
Again,  by  a  similar  process, 

f  ^    ^        s^'^^         .  ^r?  r    ^     ■       r40^ 

J  (cos  0?)*       (n-l)(cos  xy^  "*■  n-1  y  (cos  a?)— « '  ^     ^ 

by  means  of  which  the  last  integral  becomes, 

.^     .  C    dx  cos  J? 

if  nis  even,  l- -5  =  -= —  =  tana?; 

J  (cos  x)^        Bin  0? 

if  n  18  odd,  /^  =  logtan(|  +  |),  by  (21),  Art.  67. 

In  cases  wherein  n  is  even,  the  integrals  are  more  conveniently 
foimd  in  terms  of  cotangents  and  tangents :  thus,  if  ft  s  2  m, 

=  A 1  +  (cot  a^)«}~-»  (cosec  x)*dx 

=  -yjl  +  (f»-l)(cot*)»  +  ^^^^^^^=^^cot»)«+  ...|rf.cot« 

'     j     ,         ,        ,Acoixf      (»«-l)(m-2)(cotar)»  )    ,.,, 

=  -  I  cot  *  +  (m-1)  —^—  +  j^2 '■  —^  + ...  j .  (41) 
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71.]  INTEGRATION  OF  CIRCULAR  FUNCTIONS.  75 

Similarly 

=y{l  +  (tan  *)»}•"-»</.  tan  « 

=  Uaxx+(m-l)^^^^  +  ...  (42) 

_,,/*<&  cosa?  1,      ,      z 

=  /{l4-(tana7)*}rf.tanj? 

=  tand^H 5 —  • 

o 

71.]  Integration  of  (sin  a?)"  (cos  xy  dx. 

The  value  of  this  integral  can  easily  be  found  when  either 
m  or  ft  or  both  are  uneven  positive  integers ;  and  when  m+n  is 
an  even  negative  integer. 

(a)     Let  m  s=  2r+l; 

/(Bindf)'*(cosa?)*dr  =  /(8ina?)2»*+i(cosa?)*iir 

=  /  {1— (cosa7)^}**(co8a7)"sinaf£to 

=  -  Al-(cosa?)»}'-(cosa?)»rf.co8a?;(48) 

of  which  expression  each  term^  after  expanding  {1— (cosa?)'}**^ 
may  be  integrated  immediatelj. 

O)  Similarly  may  (sin  a?)**  (cos  a?)*  dr  be  integrated^  when  n 
is  of  the  form  2r4-]* 

(y)     Let  m+n  =  — 2r; 

»\  I  {smx)^(coBX)*dx  =  /(tan^)"*(cos^)*"*''"dr 

=  /  (tan  0?)*  (sec  a?)***  efo 

=:y(tanaf)"'{l  +  (tana?)>}'-*rf.tan^;  (44) 
each  term  of  which  after  expansion  is  immediately  integrable. 
Ex.  1.     / (sin a?)*  (cos x)^  dx  = /(sina?)*  {1  —  (sin  x)^}  rf. sin x 

(sin  x)^       (sin  x)^ 


L  2 
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76  IKTBGRATION  OF  CIKCULAB  FUKCTIOKB.  [7*. 

Ex.  2.    /(sinar)'(co8a?)*dlr  =s  /{I— (coso?)*}  (cos i?)*8m a? dr 

=r  —  /  { (ooso?)*— (coaa?)®}  d.cosx 

_       (cos£)*      (cosa?)^ 
-  ""       5       "*■       7      " 

"■       3       * 

72.]  When  neither  of  the  three  above-mentioned  conditions 
as  to  m  and  n  is  Mfilled^  we  must  have  recourse  to  integration 
hj  parts^  and  proceed  as  follows : 

I  (siax)^  {coBxyda  =  /  (sin  a?)"  cos  a?  dip  (cos  a?)*""^; 

on  comparing  which  with  the  typical  form  judv, 

let    dv  =  (8ind7)"*cosa?dir,    u  =  (cosa?)*"^; 

(sina?)'"'*"^  ,  ^  •  .        , 

t;  =  ^ Hr—  ,  du  =  —  (n— l)(co8a?)*"**sina?ap; 

.  • .     /  (sin  a?)**  (cos  a?)*diF 

=  (Bi^^r^^C^B^)*-'  +  ^  /"(sinz)->(cos;r)-»rf^;    (45) 

which  is  an  useful  form  when  m  is  negative  and  n  is  positive. 
Also  similarly 

/  (sin  a?)~  (cos  a?)*  die  " 

which  is  useful  when  n  is  negative  and  m  is  positive. 

Also  the  last  term  of  the  right-hand  member  of  (46)  may  be 
written  in  the  form^ 

/  (cos  a:)*  (sin  a;)**"*  (cos  a?)*  £fo 

=  /  (cos  a?)*  (sin  a?)"*~*  { 1  —  (sin  a?)'}  dir 

=  /  (cos  x)*  (sin  .r)"*~*dic—  /  (cos  ar)"  (sin  a;)"*  die ; 
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73-]  lOTBGEATIOlSr  OP  CIBCULAB  PUKCTIOlSrS.-  77 

rabstitutiiig  which  in  (46)  and.  reducing^  we  have 
/  (sin  d?)*  (cob  xydx 

(cos 4?)*+^ (sin d?)*~^      m— 1  C,        ^.    .      v«  •  .     ,Am^ 
=  —  ^ — -—^ ^- ' —  4- /(oog^)*(sina?)*-*£fcp.  (47) 

Similarly  may  other  formulae  be  constracted ;  but  the  form  of  the 
element  to  be  integrated  will  usually  suggest  various  modifications 
by  which  it  may  be  transformed  into  some  known  integral. 

Ex/l.    /•|£?!4>  =  _<£?^_8/'(co8^)«rfr 
J  {jsmxy  sino?  J 

(cosjf)^      ^  (8ina?cosj?      x\ 

=  -■5^-*! — 2 —  +  2r 

Ex.  2.      (  ^  sr  f(j^f^ 

J  {an x)^ coax     J    (tana?)* 

^m  +  (tany}3 

J       (tan^)*       *••"*"  ^ 

= /{(tana?)-5+2(tana?)-»  +  (tanii?)-i}rf.tana? 

=  '-4(tS:^*-(te^«+^^8^^ 
73.]  Integration  of  (tsaixydx,  and  of  (cot  ^)"  dr. 
jitaxixydx  =J(taiix)-'^(imx)^dx 

=zj(taiixr--^{(9ecx)^^l}dx 

=  /  (tan  »)*-«  rf..tan  a?  —J  (tan  «)*-«*c 

=  ^^^^j*^-^  -  /(tan  ^)*-2  ax.  (48) 

Similarly 

jicotxydx  =  -  ^^^^^"^  ^j{Qoixy-^dx.  (49) 

These  formuke  give  definite  results  for  even  yalues  of  n,  but 
ultimately  feil  when  n  is  odd;  in  which  cases  however,  by  (18) 
and  (19),  Art.  67,   ' 

Itasixdx  zzilogBeox,  .     . 
Icotxdx  =  log  sin  ar. 
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78  INTEGRATION  OP  CIBCULAB  PUNCTIONS,  {74. 

74.]  Integration  otx^coBsdx. 
jaf^QOsxdx  =  d?"8ina?— n /^""^sinarrfir 

=  »*8ina?— «  j— a?*~* COB ir +(«—!) /a?*** 008 J? ifc^ 

=sd?*Bind?+n**"'^co8^— n(«— 1) /d?*''*co8^dir.  (50) 
Similarlj  it  may  be  shewn  that 

/r-8in*^  =  -^-co8^+»*«-i«B*-«(»-l)/^-.dn*dr.(51) 
By  means  of  which  the  last  integral  becomes 

IcoBxdx  =  sin^^  or  Jdaxdx  =,  — oosjr. 

Ex.  1.    jjfiooBxdM  =  a?^sin^+8^co8^— 6^sinf— 6cosdP. 

Similarly  maj  formula  be  constructed  for  determining 

ja^Binhcdx,    and   /r-coeto^.  (62) 

And  hence  we  may  integrate  infinitesimal  elements  of  the  forms 
a?"(8ina?)*dir,        a?*(co8ar)**rf»;  (68) 

for  if  (sin  or)**  and  (cos^)**  are  expressed  in  terms- of  the  sines 
and  cosines  of  the  multiple  arcs^  by  means  of  Arts.  62^  68^  Vol.  1^ 
then  each  term  of  the  integ^  will  be  of  one  of  the  forms  (52), 
and  may  be  integrated  accordingly. 

76.]  Integration  of  c*^(oo8^)*dip,  and  of  €^(sina?)*dir. 

j[QOBx)^^dx  =  ^^^^^^  +  ^JieoBX)*'^  mixer^dx 

^  g**(co83?)*      n  ((cosd?)*"^8ina?g*^ 
""         a  a\  a 

-  ^  j  {(cosa?)--(n-l)  (cosa?)— »(8in«)2}  e^^ifc  J 

_  e"(co8a?)*      ne^  (cos ar)*"^  sin  x 
""a  a' 

-  -Jy  {»(co8a?)»-(»-l)(oosa?)"-»}e«^dip; 

.-.  (l  +  ^)y  (cosar)"e~dir 

c"'(cos^)""*{aco8a?+nsina?}      n(»— 1)  T         v-  •  -   ^ 
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y(co8jr)«e~Ar 

Similarly  may  a  formula  be  found  for  /  (sina?)"  ^  da?, 

J  ^  4+a»  4-ha*  a 

76.]  Integration  of  e^  cos  n^«iir^  and  of  e***  sin  ii^(£r. 
f  .^j        cos»M?e~  ,  n  f  .        ^,  ^ 

'  a  aJ 


cosiM?«**      n  ( sinn^  e** 


+  a 


V 


Simikriy     yrin^re^eto  =  *»"  <«  «in«^- »  cos  n^)  ^g^^ 

These  results  may  also  be  obtained  as  follows^  by  expressing 
sin  nx  and  cos  nx  in  terms  of  their  exponential  values  : 

""  2  ( a+n\/^      a— nv/Hl ) 

=  -^-- — s-  {acosiur+nsinno?}. 
Or  thus:     Let  S|  ^  jef^co^nxdx,     S,  =  je^emfwdx; 
.'.    Sj-|-S,\/— 1  =s  /e^{cosii^H- v/^8injM?}ifa? 


ii4-»\/  — 1 
and  therefore^  equating  possible  and  impossible  parts^ 


=  ^T^(oosna?+ V -.lsin»M?)(a— nv/  — 1); 
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S,  ss  -5 zlacosfur+nsinn^}, 

77.]  Integration  of/(^)8in~*d?£fcp,/(a?)tan~^a?d!a?,  &c. 
Integrals  of  these  forms  must  be  determined  bj  integration  by 
parts;  the  method  is  best  exhibited  by  examples  such  as  follow : 

/dx  f  1 

sin""^a? r  =  /  sin~^4?rf.8in~^d?  =  ^r  (sin^^a?)*. 

=  I  tasi'^x  daf  —  I  t8ia~^  »  y——^ 

=  artan-*»— 5  log(l + af*)  — 5  (tan-^«)». 

^i^- =  /  e«t»-u 

(!  +  «»)*      ^(l+««)5 


...    (l  +  „«)/"_i^e.u.-..  =  (f±f) 
V(l  +  ^)«  (1  + 


^tan-U 


/ 


e^-'^dx  (a? -fa)  «•*«•'« 


(a +  6  cos  a?)*' 
6co8a7)d^ 


+1 


78.]  Integfration  of 

f        dx  ^  naj^    

J  {a  +  bcosxy      J  (a  +  *cos^)*+* 

f         adx  ,  r  ,  1 

=  /  7 — TT rirn  +  olcosxdx r —■ 

J  (a-^b  COB  xy-^^^   J  (a-ficosar)* 

&  sin  ar  r         dx .      TA*— y  (oosa?)» 

^  (a+*cosa?)"+i     V(a+Jco8a^)-^i"'^^'^^V  (a+Aco8^r+«     ' 
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but 

(fl-|-4co6x)-+»*^  ""J  (a+Acoe^)*+2  «* 

substitatiiig^  whiclii  we  have 


(«-,l)(A.«a«)/- 


dr 


(a+Acosa?)*+* 
_        ftsmar  /*  (to  f       rfr 

for  II  write  »— 2;  therefore 

ftsinor  ,«       «v    r         dr  .      ^.  f         dx 


)^-<""-'«>"/(a+^ct.r-»-^<"-">yii 


(a+4ooe«)"-»     '  '  J(a+Aco8«)— »^^        V(a+Aco8x)»-»' 


/i 


(a  +  Jcoso?)** 

&8mjy (2yt— 3)g      C        dx 

^(n-l)(4«^a*)(a-f*coBar)— i"{n-l)(A2_aV(a  +  Aco8^)— 1 

n— 2  r  dx  ' 

■^"  (n-l)(6a-aay  (a+Jco8a?)~-«*  ^  ^ 
By  which  means  the  integral  becomes  ultimately  reduced  tq 

£to 


h 


'a+ftcoso?' 
the  Talue  of  which  has  been  determined  in  Art.  67. 

79.]  Many  of  the  algebraical  functions  which  have  been  inte- 
grated in  Chapter  II  may  by  substitution  be  transformed  into 
circular  functions,  and  in  some  cases  the  integ^rals  may  be  deter- 
mined with  greater  facility ;  and  by  a  reverse  process  many  of 
the  circular  functions  which  have  been  int^rated  in  the  present 
Chapter  may  be  transformed  into  algebraical  functions.  The 
method  is  exhibited  by  the  following  examples : 

Let     JP  =  atan^;  .-.     dla?  =  a(sec^)*rf^; 

^de 


C  dx     _  fa  (Bee  6)^  do 
aJ  a 


1  X 

=  itan-i~. 
a  a 
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Ex.2.    /      * 


dx 
Let^  =  atan0;  .*.     dx  ^  a{e^0)^dOi 


f      dx       _  fa{eec$)^de  _      1      f 

which  last  integfral  is  of  the  form  (36)^  Art.  68^  and  may  be  inte- 
grated by  the  reduction-formula  therein  g^ven, 
f dx_ 


Ex.8 


Let    X  =  asin^;  ,*.     dx  z=.  acosOdOi 

coaOde 


/dx    _  r^^ 


=  0  =  sm-»f. 


Ex.4.    /•-* 


<2r 
Let    X  =  atan^;  .-.     dir  =  a(scc^)*d»; 


/— ; --7  =  iBecedB 

/8ec^  + 
sec^-f  tan^ 


secdoS 


=/ 


(sec  ^)'-f  sec  g  tang  ^ 
tang+sec0 
=  log  {tan  g+ sec  g} 


=  log 

Ex.5,   y(a»-a!»)*<fo. 

Let    dr  =  asintf;  .*.     <ir=aoostf(^; 

Aa'-ar*)*  =  a'J{coBff)'d$ 

,  (sintfcos^      0) 
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Ex.6 


Let    ^  =  asin^;  .*.     dx  =  acoBddO; 

f   ^"^  ^  =  a"  fisiuerde, 

which,  according  as  n  is  odd  or  even,  is  by  Art.  68,  equation  (35), 

equal  to 

„  <  —  co8^(8in^)— 1         n-1  ^,  .    ^^^^, 

a*  ■< ^^ ' ; jrt  cos  e  (sin  d)*  * 

I  n  «(n  — 2) 

(n-.l)(n— 8)         ^,  .    ^,,  - 

^         '^        ^  cos^(smfl)*~*— 


n(n-2)(n-4) 

_  (n--l)(n-8)...4.2 

n(n-2)(«-4)...5.8 
or  to 


cos^h  (58) 


..[ 


— coed  (sin  ^)**^         «— 1  ^,,    ^^^^^ 
^^ cos  e  (sin  ^)"  * 


n(n-2) 

-cos^(sin^)*'*— 


(n-l)(n-8)  _^,^,^^^,,. 


4-. .7.  t::  t"^;^.^|;  (59) 


n(«— 2)(n— 4) 

(;t-l)(n-3)...3.1 
n(»-2)(n-4)...4.2' 
and  replacing  0  in  terms  of  ^,  the  results  are  identical  with  (90) 
in  Art.  49. 

80.]]  This  and  the  preceding  Chapters  contain  an  account  of 
almost  all  the  known  methods  for  finding  indefinite  integrals. 
Very  few  indeed  they  are,  and  they  may  be  reduced  to  two  or 
three  general  heads ;  so  that  most  of  the  labour  consists  in  trans- 
forming given  element-functions  into  other  and  equivalent  forms 
of  which  the  integrals  are  known.  Should  any  one  ask  why  the 
number  of  known  indefinite  integrals  is  so  small,  the  reply  is 
easy :  we  have  no  means  of  expressing  them ;  our  materials  fail : 
it  is  not  because  the  Calculus  as  a  system  of  rules  for  integrating 
and  disintegrating  (or  differentiating)  fails ;  but  it  is  because  the 
materials,  on  which  it  has  to  operate,  fail.  Other  Amotions  and 
other  combinations  of  variables  are  required  beside  those  which 
we  now  have.  A  word  or  two  will  shew  how  this  is.  On  an 
examination  of  the  several  forms  of  functions  to  which  differentia- 
tion leads,  it  will  be  seen  that  certain  forms  do  not  occur.     Thus 

(ao-f  0,0.-^0,0^ ■fa3a^+..^)^£to,  (a^-^)C-<^;r«)*^  "'"''^' 
{1 — c*(sin<^)«}*rf<^,  are  forms  of  functions,  to  which  differentiation 
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does  not  lead ;  that  is,  we  do  not  in  the  Differential  Calculus  meet 
with  the  functions  of  which  these  are  the  derived  functions.  Also 
again,  when  differentiation  is  performed  on  a  g^ven  function,  in 
most  cases  it  changes  the  nature  of  it,  and  reduces  it  from  a  more 
complex  and  transcendental  to  a  more  simple  form :  thus  logo?  is 
by  differentiation  changed  into  {xy^dx,  that  is,  into  an  alge- 
braical form ;  sin~^  x,  tan~^  a?, . . . .  similarly  give  rise  to  algebraical 
expressions :  in  the  reverse  process  therefore  of  integration  the 
simple  functions  are  changed  into  more  complex  ones ;  algebraical 
functions  may  not  produce  other  algebraical  functions,  but  may 
become  logarithmic  or  circular^  In  order  then  that  logarithmic 
and  circular  Amotions  should  generally  be  integrated,  there  must 
be  other  transcendents  higher  than  they  are,  and  of  which  they 
are  the  typical  infinitesimal-elements :  but  such  functions  do  not 
as  yet  generally  exist;  and  until  they  have  been  discovered, 
studied,  and  had  their  values  calculated  and  tabulated  for  given 
values  of  their  variable  subjects  in  the  same  way  as  logarithmic 
and  circular  functions  have  been  treated,  it  is  vain  to  seek  for 
indefinite  integrals  of  the  (at  present)  highest  transcendents. 

Whenever  therefore  in  the  sequel  we  meet  with  the  expression 
"  cannot  be  integrated,'^  let  the  exact  force  of  it  be  borne  in 
mind ;  it  is  not  meant  that  the  infinitesimal  element-function  to 
which  the  expression  is  applied  is  not  the  element  of  some  finite 
function,  for  doubtless  such  a  primary  function  exists,  and  it  may 
be  a  question  ottime  only  when  functions  will  have  been  examined 
with  accuracy  sufficient  to  have  their  values  tabulated  and  their 
properties  imderstood :  but  it  is  meant  that  such  an  infinitesimal 
function  is  not  the  element  of  any  circular,  logarithmic,  or  alge- 
braical function  which  has  already  been  the  subject  of  complete 
analysis  and  examination  ;  and  thus  that  the  integral  cannot  be 
expressed  in  terms  of  the  ordinary  functions  or  symbols  with 
which  we  are  familiar.  Many  instances  of  this  incomplete  state 
of  the  science  will  occur  hereafter. 
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CHAPTER  IV. 

ON  DEFINITE  INTEGRATION  AND  ON  DEFINITE  INTEGRALS. 


SEcnoN  1. — Definite  IniegrdU  determined  by  means  of  Indefinite 

Integration. 

81.]  In  most  ftitare  cases  of  the  application  of  the  Calculus^ 
and  indeed  in  all  problems  into  which  integration  enters^  the 
solution  depends  on  one  or  more  definite  integrals ;  for  most  of 
oar  problems  depending  on  a  continuous  law^  which  can  be  ex- 
pressed only  by  an  element-ftinction,  the  results  of  that  law  can 
be  definitely  found  only  when  the  definite  integral  of  that  ele- 
ment-fimction  can  be  determined*  Hence  arises  the  importance 
of  definite  integration,  and  of  the  evaluation  of  definite  integrals. 
In  Chapter  I.  the  general  notion  of  a  definite  integral  has  been 
explained^  and  some  general  theorems  of  such  integrals  have  been 
demonstrated.  I  propose  in  the  present  Chapter  to  investigate 
other  theorems,  and  chiefly  with  the  view  to  the  evaluation  of 
the  int^rals.  Grreat  care  will  be  needed  in  the  inquiry,  as  the 
subject  is  of  a  very  delicate  nature ;  for  a  definite  integral  is  the 
sum  of  a  series,  and  the  usual  analytical  difficulties  as  to  con- 
vergency  and  divergency  are  inherent  in  it.  The  terms  of  the 
series  are  also  infinitesimal,  and  the  number  of  them  is  infinite^ 
and  these  quantities,  various  as  to  their  orders,  cannot  be  subjects 
of  combination  and  of  calculation  without  considerable  risk  of 
error*  Neither  does  any  general  method  exist  for  the  evaluation 
of  definite  integrab ;  a  method  universally  applicable  is  a  desi*^ 
deratom  :  it  will  appear  in  the  sequel  that  certain  methods  are 
■dqyted  to  particular  forms  of  integrals,  but  no  general  principle 
has  as  yet  been  discovered  which  includes  all  these  several  pro-^ 
cesses.  The  difliculty  of  the  inquiry  is  hereby  increased,  because 
there  is  no  general  rule  to  which  all  the  cases  must  conform,  t 
liaTC  however  had  the  benefit  of  consulting  the  great  work  on 
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Definite  Iniegnis,  by  D.  Bierens  de  Haan*^^  and  have  found  it 
of  use  for  verification  as  well  as  for  guidance ;  and  many  of  the 
examples  given  in  the  following  pages  have  been  selected  from  it^ 
and  from  its  companion  volume  of  Tables  of  Integrals.  The  latter 
indeed  exhausts  that  part  of  the  subject  in  its  present  state. 

82.]  The  method  for  the  evaluation  of  a  definite  integral 
which  first  presents  itself^  is  that  of  deriving  it  from  the  indefinite 
integral  when  the  latter  can  be  found.  The  method  depends  on 
the  equation  (11),  Art.  5 ;  viz., 

f\(j^)dx=  [p(a?)]'";  (1) 

that  is,  the  definite  integral  is  the  excess  of  the  value  of  the 
indefinite  integral  when  the  superior  limit  is  substituted  for  the 
variable  over  that  when  the  inferior  limit  is  substituted.  The 
following  are  examples  of  this  method. 

Ln-flJo      n-fl 
e-'dw  =  l-e"\    -  1. 

Jo  La  Jo  a 

E..S.       r_^  =  i[tan-fr  =  £..  (8)' 

Jq    a^-\-ar       a  L  a  Jo       2a 

r*     dx     _  J[_  _  r*    dx  >^. 

Jq    a^-^-x^  "^  iiO  ^Ja   a^-\-x^' 


r 


dx         It 


(5) 


This  is  a  series  of  terms  in  harmonical  progression :  consequently 

*  EzpoBd  de  la  Th^rie  des  Propri^t^s,  des  Formules  de  Transfonnation,  et 
des  M^thodes  d'fivaluation  des  Int^ales  D^finies ;  par  D.  Bierens  de  Haan. 
Amsterdam,  C.  G.  Van  der  Post,  1S60,  1862 :  publi^  par  TAcad^mie  Rojale 
des  Sciences  &  Amsterdam. 
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the  Slim  of  such  a  series  may  be  expressed  as  a  definite  integral^ 
although  it  cannot  be  expressed  in  an  algebraical  form. 


Ex.5.  /••_^=r8in-fr=" 


=  V. 


-a  {a^-x^)^ 
Ex.  6.     f'ia'-ai^idx  =  [| («»_;»«)*+  ^ sin-i f ]°  =  ^  • 

Ex.8,   j'e-co.ba^dx  =  p-"(^Bi°^^-«°o«^^)]J 


/•OD 

Hence  if  a  =  0,  and  i  =  1,  /    cos^^tr  =  0 ;  but 
QOHxdx  =,  I  sin^       =  sin  oo ; 


(6) 


JO 

sin  00  =  0. 


-D    />      r       ««  •    r    J         rc~"'(— asmto— ftcosJo?)! 
Ex.9.     /    c"«*sm6d?£te  =     ^^ 5 — is ^ 


0 

(7) 


Hence  if  a  =  0^  6  =  1^  /    Bmxdx  =  1  j  but 

Jo 

sin^eilar  =     —  cosj?      =— cosoo  +  1; 

.•.  —cos 00  -f  1  =  1 ; 
.•.  cosoo  =  0. 
These  are  two  remarkable  instances  of  the  mode  in  which  definite 
integration  may  be  applied  to  the  determination  of  quantities 
apparently  indeterminate.  More  will  be  said  on  the  subject  when 
the  integrals  are  determined  by  a  different  process  hereafter.  See 
Art.  86. 

_  r X 2>i-8  r     (to     1* 

"■  L2(n-l)(l+^r-^"^  2«-2J(l  4-a?2)*-Uo 
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r       dx        _  2»-8   r         <to 

Jn   (1  +  ar»)»  ~  2n-2  X   (1  +  «»)-» 

_  (2w-8)(2«-5)...5.8.1  C"    dx 
~  (2»-2)  (2n-4)  ...  6.4.2  X   1  +  a>« 

=     - |tan~'jrj 

_  (2w-3)(2«-5)...6.8.1  ir 
~  (2«-2)(2»-4)... 6.4.2  2' 

Ex.  11 .   y^  (tan  a:)-  dx  =  [^^^^  -/(tan  a^)-«  <&]  ^ 

80  that  if  n  is  even, 

/'(tanx)-d^  =  ^_^+...±l  +  l±J; 
and  if  n  is  odd, 
.      /'(tan^)-*'  =  ^-;^+.-.±|  +  glog(l). 

Ex.12.    rcoBmxcosnxdx  =  1  pfa^'('»+")^  +  8in(m-n)^-[' 
Jo  2L      m+n  tn— »     Jo 

=  0,  if  m  is  not  equal  to  n.  (8) 

Km  ss  n,  the  integral  becomes, 

Jf'/  X9J         r^      sinZma?"!' 

=  1-  w 

Simikrly    /   sinmo?  siniw?dip  =  0,  if  m  is  not  equal  to  n;    (10) 

=  s/  if  w  =  n.  (11) 


Ex.  13.     f  e-^x'^dx  =  [-^-'ay^+w  A-'d?-"irfa?] 

/•OB 

=  n(n-l)(n-2).  .8.2.1  /    «— dlr 

=  n(«-l)(n-2)...3,2.1  [-«"'] 
=  n(n-l)(n~2)... 3.2.1.    *  (12) 

*  See  EzaoDple  ^  Art.  125,  Vol.  I. 

Digitized  by  VjOOQ IC 


82.]  DEFINITE  IKTEORALS.  89 

If  therefore  n  is  even, 

P   ay*dir     _  («-l)(n-3)  ..3.1  P       rfo? 
Jo  (1-a^)*  "      n(ii-2)...4.2     ^   (l-a^)i 


"       »(w-2)...4.2 

_  (w-l)(n-8)...3.l7r 

"■      n(ii-2)...4.2      2' 
And  if  9t  is  odd^ 

n   x'^dx     _  (n^l)(n-3)...4.2  C^ jBdf_ 
X  (1— a?*)*"      »(n— 2)...5.3     J^  (1— a?*)* 

^  (n^l)(n~3)...4,2r  ,? 

-       n(n-2)...5.8      L     ^^     "^^  Jo 
(n-l)(n-8)...4.2 


(13) 


(14) 


»(ii-2)...5.3 

The  remark  made  at  the  end  of  Art.  6  is  of  great  importance 

in  reference  to  examples  such  as  this  and  Ex.  5,  viz.  that  the  value 

of  the  infinitesimal  element  corresponding  to  the  superior  limit  is 

excluded^  while  that  corresponding  to  the  inferior  limit  is  included 

a?" 
in  the  definite  integral ;  for  were  this  not  the  case,  as — -r 

becomes  equal  to  oo ,  when  ^  =  1,  the  integrals  would  not  satisfy 
the  conditions,  which  the  theory  of  such  summation  requires : 
but  as  the  limit  unity,  being  the  superior  limit  in  the  above 
examples  and  that  which  renders  infinite  the  infinitesimal  ele- 
ment, is  not  included,  the  definite  integ^rals  are  correct. 

Again,  since is,  for  all  values  of  x  between  0  and  1, 

^  (l-a;2)4 

^•-1                a?*"*"*                         P   x^dx 
intermediate  to r  and  r ,  therefore  /  — .  is 

mtermediate  to  / and  /  r ;  hence,  if  «  is  even, 

^  (1-a^)*       -A)  (1-0^)* 

«1.8...(n-8)(«-l)  .    .^         ,.  ^   ^    2.4...(»-4)(ii-2)       , 

o      o  A     / — -^K — '  ^  mtermediate  to  ^-= — ; ■^, =^  and 

2      2.4...(ii  — 2)n  8.5...(»— 8)(n— 1) 

2.4...(n^2)» 

«.6...(»-l)(ii+l)' 

PIUCB,  VOL.  II.  N 
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Tl.8...(n-8)(n-l) 
••     2  2.4...(«-4)(«-2) 

2.4...(n-4)(n-2)        <  i:x_        «  il 

=  3.5...(n-3)(n-l)^   {a  quantaty  >j^,  <1  f ; 

and  therefore  if  n  is  a  veiy  large  number,  we  have  the  following 
approximate  value  of  v, 

^2.2.4.4.6.6 .„. 

'  =  ^1.8.3.5.5.7 '  ^^^> 

an  equivalent  for  ir  which  was  first  discovered  by  Dr.  Wallis^  and 
will  be  of  considerable  use  in  the  sequel.     These  results  are  also 

deducible  fi*om  /    {saixydx  and  /    (cos^)"££r^  the  indefinite  in- 

tegrals  of  which  are  given  in  Art.  68. 

--T- — =- ,  where  m  is  less  than  n  by  unity  at  least. 

Decompose  --^ — =-  into  partial  fractions  by  the  process  of 
Chapter  11^  Section  2.     Hence^  since 

f\x)  ^  2na?«~-i  ^  2n    ' 

the  coefllcients  of 

1 


and  of 


^-cos^-xZ-lsin^  ^-coSg^W-lsing^ 

X..    1  1    i       2m +  1  /-—  .   2111  +  1     )        . 

are  respectively  —  —  <  cos  — ^ —  ir  +  v  — 1  sin  — ^ —  '^  \  «^d 

1    j       2fii  +  l          /—^  .   2m  +  l    )  ....  ^ 

—  5—  "jcos — ^ — ir— V— Isin — Trf  ;   and  this  pair  of 

fractions  may  be  combined  into  the  single  fraction^ 

/  7r\       2f»  +  l         .     IT    .    2m  +  l 

1  ('-«^2-^)««-2^'-""2^«^-2^' 


ar— 2^008^-  + 1 

and  all  the  other  pairs  of  conjugate  factors  of  a?*" + 1  will  produce 
similar  fractions^  the  several  denominators  being 

4?*  —  2a?  cos  jr-  + 1,  a;^ — 2a?oos  s-  -f  1, . . .  a?*— 2d?coe  ■  ^    w  + 1. 
2n  2»  2n 
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Now  each  of  these  firactioiiB  gives  an  int^;ral  of  the  following 
form;  viz.: 

CoDseqnentlj 

.       ...+gin(2n-l)?^»|    (16) 
«  2m-Hl  ,,«. 

By  a  mmilar  process  it  may  be  sheum  that 

/•"«*•<««  w  (  .    2«»+l         .    o2i»+l      . 

^_,jr"— 1  «  (  n  » 

...  +  Bm(n-1)^^«}    (18) 

As  veiy  many  instances  of  the  evalaation  of  a  definite  integral 
by  means  of  the  corresponding  indefinite  integral  will  occur  in 
the  sequel^  it  is  mmecessary  to  add  others  here ;  and  I  may  ob- 
serve^ that  many  of  the  preceding  have  been  investigated^  because 
they  will  become  hereafter  the  subject-matter  for  illustration  of 
general  theorems. 

Section  2.— The  Change  of  Limits  in  Definite  Integrals.— The 
Resolution  of  a  Definite  Integral  into  two  or  more  connected  5y 
addition  or  subtraction. — Cauchy^s  Principal  Value. 
88.]  We  proceed  now  to  farther  researches  into  the  general 
theory  of  definite  integrals.    That  our  notion  of  a  definite  inte- 
gral may  be  dear  and  precise^  it  must  be  borne  in  mind  that  the 

symbol  /   ^if{x)dx,  as  well  as  its  equivalent  f  (^J— f  {x^,  is  only 

a  conciae  expression  for  the  sum  of  the  series  given  in  Art.  4 :  so 
that  we  have 


r 


"/(*)<&  =  f  (*,)-f  (j?o)  (20) 

rs  («,-»„) i'(«5)  +  («,-jri)f'(«i)  + . . . 

...  +  (»,-»^i)?'(«,_i),     (21) 

N  2 
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wherein  x^^x^yX^,.,,  x^_-^  are  the  values  of  x  corresponding  to  the 
(» — 1)  points  of  partition  of  x^—Xq,  each  part  being  infinitesimal, 
and  n  being  infinite ;  and  wherein  f'(^)  is  finite  and  continuous  for 
all  employed  values  of  its  subject-variable. 

Now  whenever  a  definite  integral  or  its  properties  are  the 
subjects  of  inquiry,  the  definite  integral  must  be  considered  as 
the  sum  of  the  series  given  in  (21),  and  its  theorems  are  true 
because  they  are  true  of  (21).  This  is  the  point  of  view  from 
which  definite  integrals  have  been  considered  in  Art.  8,  and  from 
which  they  are  always  to  be  considered.  Hence  it  is  evident  that 
if  F^(x)  does  not  change  sign  between  x^  and  Xq,  but  is  always 
either  positive  or  negative,  the  definite  integral  oiV{x)dx  taken 
between  these  limits  is  likewise  positive  or  negative.  If  however 
f'(^)  changes  sign,  the  definite  integral  of  p'(^)  dx  will  be  positive 
or  negative,  according  as  the  positive  or  negative  part  of  the 
series  is  the  greater. 

84.3  Subject  to  the  condition  that  f'(^)  does  not  become  infinite 
or  discontinuous  between  the  limits  of  integration,  the  limits  may 
be  altered,  and  the  value  of  the  integral  will  generally  be  changed 
thereby.  Thus  the  integral  becomes  a  function  of  the  limits, 
and  may  be  treated  as  such.  The  case  of  a  continuous  variatiom 
of  the  limits,  and  of  the  consequent  variation  of  the  integral,  wiU 
be  considered  in  Section  3  of  the  present  Chapter.  But  it  is 
necessary  at  once  to  investigate  certain  simple  cases  of  a  change 
of  limits ;  and  in  the  first  place  the  effect  of  a  reversal  of  the 
limits. 

By  the  definition  of  a  definite  integral, 

Jv\x)  dx  =  (x^,i-x^)  P'(a?«)  +  (x^_2-^n^i)  ^(^»-i)  + . . . 

. . .+  (^a -a?a) ¥\a;^)  +  (x^^x^) v\x^)    (22) 

=  — {(>ri-a?o)F'(a?o+a?i-J7o)H-(^3--«27i)p'(ari+a?a-arj)-|- ... 

. . .  +  (x„-x^^i) F  (^^.1  +  x^^x^_^)}.  (28) 

But  as  a?i— a?o,  iTg— fl?i,  ...  ^«— ^»_i  are  infinitesimals;  by  (6), 
Art.  18,  Vol.  I, 


p'(a?i  -|-^j-a?i)  =  F'(a?i)  +  (x^-Xj)  f"(^i),  / 

F'(a?,_i+a^„-a;._i)  =  F'(4r..i)  +  (^^-a?^_i)F"(a?^.i).  J 
Consequently,  substituting  these  values  in  (28), 


(24) 
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r. 


/ 


y{x)dx  =  -{(*i-«o)P'(^o)  +  (*a-^i)^(a?i)+-. 

I. /«»  ^^x      \  fl ios     ^ 
+  (Xi-*o)'^>o)  +  (^2-^i)'i^>i)+  ■•  +(^«-^li)'nr..i^^^  (25) 

Now  the  last  row  of  terms  in  the  right-hand  member  of  this 
equation  involves  infinitesimals  of  a  higher  order  than  those  in  the 
upper  rows ;  and  the  number  of  terms  is  the  same  in  both :  these 
latter  must  therefore  be  neglected  in  the  sum ;  and  we  have 

=  -/     pV)<tr;  (26) 

and  thus  the  e£Pect  of  a  reversal  of  the  limits  of  a  definite  integral 
18  the  change  of  sign  of  the  integral. 

It  is  however  to  be  observed  that  the  two  members  of  (26)  are 
not  absolutely  identical ;  but  that  they  differ  by  a  quantity^  a  say^ 
which  is  an  infinitesimal  of  an  order  which  must  be  neglected; 
so  that  we  have 

/     p'(a?) dir  =  -  /   "p'(ar)£fe- A ;  (27) 

where 
A=(;ri-^o)'^"(^o)  +  (^a-^i)  V'(^,)  + . . .  +  (^»-a?,__i)V'(j.„.,).  (28) 

So  many  applications  of  this  Theorem  will  occur  in  the  sequel^ 
that  it  is  unnecessary  to  insert  examples  here. 

85.^  A  definite  integral  of  which  x^  and  w^  are  the  limits  is 
equal  to  the  sum  of  a  series  of  definite  integrals  of  the  same  ele- 
ment-function^ provided  that  the  extreme  limits  are  the  same^ 
and  the  several  intermediate  limits  are  continuously  additive. 

Let  /     if{x)  dx  be  the  integral  under  consideration ;  and  let  us 

suppose  x^^Xq,  which  is  the  range  through  which  the  integration 
is  to  be  effected^  to  be  divided  into  n  finite  parts;  and  to  the 
several  points  of  partition  let  x-^^  x^^  •••^n.i  refer;  so  that  we 
have  the  identity, 

a^.-^o  =  (^1  --^^o)  +  (^8-^1)  +  •  •  +  (a?«-a?^_i).  (29) 
Also  let  the  finite  intervals  x^^x^y  x^—x^, . . .  x^^x^^i  be  divided 
each  into  infinitesimal  parts ;  of  which  let  x^-^Xq  contain  a  parts^ 
to  the  points  of  partition  of  which  let  Oj,  a,, . . .  a^_^  correspond ; 
let  X3— X,  contain  b  parts,  to  the  points  of  partition  of  which  let 
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fii}  Pif^'fib-i  correspond;  and  so  on:  and  let  s^—x^i  contain 
*  parts,  to  the  points  of  partition  of  which  let  jci,  r,, . . .  Kjt^^  corre- 
spond; so  that  a^bj  ...k  are  infinities ;  then,  by  the  definition  of 
a  definite  integral, 

=  (ai-a?o)F'{^o)  +  («2-«i)^'(ai)+  •-l-{a?i«a«^i)p'(a.,i) 
+  03i-^i) i^'(^i)  +  032- A) P'(ft)  + . . .  4-  (^a- A_i) F'(A_i) 
+ 

+  ('Cl-^i.-l)F>«-l)  +  ('f2-*l)*^(«l)  + ...  +  (^.-flk-l)F'(lCk-i)  (80) 

=  /    f'(^)Ap4-/    F'(a7)dii?+...+ /    Y(x)daf;  (81) 

consequently  the  sum  of  the  latter  integrals  is  absolutely  equal 
to  the  given  integral ;  and  thus  the  theorem  enunciated  at  the 
banning  of  the  Article  is  proved. 

Thus,  to  take  the  special  case  of  the  partition  of  the  range  into 
two  parts ;  if  ^  is  a  value  of  x  intermediate  to  x^  and  Xq, 

/  V(a?)  cte  =  /    f'(4?)  dx  +  /  V(a?)  &?.  (32) 

8S.]  The  following  are  examples  in  illustration  of  this  Theorem. 
Ex.1. 

/  cos^d^  =  /  cos^dir-f  /   coBxdx-\-j    coBxdx-^l  cosxdv-l — 

Isin^J     =  |sina?J  +  jsina?!   +  I  sin  a?  |     +    sina?  L   +  ... 

sinoo  =  1-1-14.1  +  1«.1_1... 
=  1-2  +  2-2+... 

1  +  1 
=  0. 

Ex.2. 

/   smxdx=l  Binxdx+ f  sina?dir+ / ''sina?dir+ /  8iniPdlr+.,. 

— cosoo  +1  =  1  +  I_l_l4.1  +  1_.., 
=  2-2+2-... 
2 


"1  +  1 

cosoo  =  0. 


=1; 
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Wliich  lesultfl  are  in  accordance  with  those  demonstrated  by  an- 
other process  in  Ex.  8  and  9  of  Art.  82. 

Various  opinions  have  been  expressed  by  mathematicians  as 
to  fhe  correctness  of  these  values  of  sin  00  and  of  cos  00 ;  they  are 
quantities  apparently  indeterminate,  because  as  the  arc  is  increased 
by  2  -Ey  sin  J7  and  cos  x  pass  through  all  values  between  + 1  and  —  1, 
+ 1  being  the  maximum  and  —1  being  the  minimum ;  and  be- 
cause there  is  no  reason,  i  priori,  why  any  one  value  between  these 
limits  should  be  taken  rather  than  any  other.  Moral  expectation 
might  lead  to  the  choice  of  the  average  value,  which  is  zero ;  but 
moral  expectation  is  not  mathematical  demonstration.  T^e  inde- 
terxninateness  too  of  the  value  is  also  inherent  in  the  preceding 
series ;  so  that  this  process  of  evaluation  would  hardly  be  con- 
sidered rigorous ;  for  zero  is  not  the  value  of  either  of  the  series, 
tmleas  the  nimiber  of  the  terms  of  the  series  is  of  the  form  2  m  in 
the  former  series  and  of  the  form  4m  in  the  latter.  When  how- 
ever the  number  of  terms  of  a  series  is  infinite,  what  is  the  form 
of  that  number  ?  Is  it  par  or  impar  ?  Is  it  par  par,  or  par  im- 
par  ?  On  the  answer  to  these  questions  must  an  opinion  as  to 
the  rigoTousness  of  proof  of  the  preceding  process  depend.  And 
the  answer  depends  on  the  view  taken  of  infinity.  If  infinity, 
which  is  the  superior  limit  of  the  integral,  is  capable  of  discon- 
tinuous increase  by  units,  the  preceding  process  will  probably  be 
considered  to  be  wanting  in  rigorousness ;  but  if  infinity  admits 
of  only  continuous  increase,  so  that  27r  may  be  considered  an  in- 
finitesimal increment  of  an  infinite  arc,  then  the  preceding  process 
win  probably  be  considered  sufficient.  On  the  view  taken  of 
infinities  and  infinitesimals,  in  our  theory  of  definite  integra- 
tion, the  process  of  evaluation  given  in  Ex.  8  and  9,  Art.  82, 
is  apparently  free  from  objection.  Indeed  for  every  positive  value 
eta, however smaQ,  these  equations  are  arithmetically  true;  and 
the  results  may  be  shewn  to  be  true  by  actual  summation.* 

87.]  Again,  if  (  is  a  value  of  x  not  included  between  x^  and  Xq, 
but  lying  beyond  the  range  of  integration,  say  beyond  x^;  then, 
if  J^{x)  is  finite  and  continuous  for  all  values  of  x  between  x^  and 
f,  by  (81)  we  have 

/  yix)dx  =  f\(x)dx+  I  ^{x)dx; 

^M^  J9^  •/*, 

*  See  D0  Morgan :  Differential  and  Integral  Calculus.     London.  1843. 
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. ' .     /  \\x)  cte  =  /    y\x)  dx'-f  Yf(x)dx 

^*o  -^ro  ^'n 

=  /    v'{x)dx-\-  r*v\x)dx;  (33) 

the  sign  of  the  last  integral  having  been  changed  by  the  re- 
versal of  the  limits. 

As  this  process  admits  of  extension  to  any  one  or  more  values 
of  0?  beyond  ^»—a?o,  provided  that  p'(a?)  does  not  become  infinite 
or  discontinuous  within  the  range  of  integration,  it  follows  that 
the  theorem  enunciated  at  the  beginning  of  Art.  85  may  be  en- 
larged s<9  as  to  include  all  values  of  x,  which  by  algebraical  addi- 
tion give  x^^Xq,  over  which  range  the  sum  of  the  element- 
functions  is  to  be  taken. 

88.3  Hence  also  may  be  deduced  two  theorems  of  great  use  in 
the  evaluation  of  definite  integrals. 

Firstly,  if  f  is  the  arithmetic  mean  between  x^  and  x^  the 
limits  of  integration,  and  if  f'(^)  has  the  same  value  and  the 
same  sign  at  equal  distances  from  f  on  either  side  of  it,  that  is, 
if  /(f— a?)  =  p'(f +  a?)  j  then  the  series,  the  sums  of  which  are 

denoted  by  /   ^{x)dx  and  /     p'(^)dip,  will  consist  of  terms  which 

are,  term  by  term,  equal  to  each  other ;  and  consequently 

/   f^{x)dx  =  /     Y(x)dx,     Hence 

/    p'(ar)  dir  =  /  f^{x)dx  -h  /  'V(a?)  dx 

^2  1   ^{x)dx.  (34) 

If  £,  the  arithmetic  mean  of  the  two  limits,  is  zero,  so  that 
Xq  =  — ar^  and  v^{^x)  =  — F'(a?),  then 

/'V(a?)dir  =  2/  V(a?)dir.  (35) 

The  following  are  examples  of  these  theorems. 

Ex.  1.    /   emxdx  =  2  /   sin^cfo  =  2. 

Ex.  2.    /  coBxdx  =  2  /   cos4?d;^  =  2. 


•'-f  •'o 
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Ex.  8.     f'(a'-x>)*dx  =  %f'{a*-a*)^dx  =  ^ . 

/»   .  /•OD 

Also  generally^  if  r  denotes  a  rational  fonction^ 
Ex.5.     I    nisinx) da^  =  2      B.(Bmx)) da:.  (36) 

Ex.  6.     /    B(a?2)  dr  =  2  r^{a^)dw.  (87) 

Secondly,  if  £  is  an  arithmetic  mean  between  x^  and  ^^^  the 
limits  of  integration^  and  if  /(^)  has  the  same  value^  but  of 
different  signs^  at  equal  distances  from  ^  on  either  side  of  it^ 
that  is,  if  /{f+^)  =  — F'(f— a?);  then  the  series,  the  sums  of 

which  are  denoted  by  /  v'(x)<ix  and  /  *f^(x)dw,  will  consist  of 

terms  which  are,  term  by  term,  equal  to  each  other,  and  of  con- 
traiy  edgns ;  and  consequently 

f  f^(x)dx  =  -/  "F'(a?)da?; 
80  that  the  sum  of  the  two  definite  integrals  is  zero.     Hence 
/  *if{x)dx  =  /  ¥\x)dx  +  /  "^'(0?)^ 

=  0.  (38) 

If  f  =  0,  so  that  Xf^  =r  ^x^,  and  v'{x)  =  —  f'(— .r),  then 

jTf\x)dx  =  0.  (39) 

The  following  are  examples  of  these  theorems. 

Ex.1.     /    coaxdx  =z  I   oosxdx+f    cosxdx 
Jo  Jo  J^ 

=  0; 
since  cos  (^  +a?)  =  —cos  (|  —  ^). 

Ex.2.     /     sin^r^ir  =  0. 

Ex.8.     /    a?«"+i  «-«•«•  dip  =  0. 

FRICE,  VOL.  II.  0 
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Also,  generally,  if  r  denotes  a  rational  function, 

Ex.4.      /    R{sina?,  (cosa?)*}co8drd[aj  =  0.  (40) 

89.]  Hitherto  in  evaluating  /  V(^)dir,F'(^)  has  been  assumed 

to  be  finite  and  continuous  for  all  employed  values  of  its  subject- 
variable;  and  our  inquiry  has  been  restricted  to  cases  wherein 
this  condition  is  fulfiUed.  Suppose  however  (  to  be  a  value  of 
ic,  within  the  range  of  integration,  for  which  F'(a?)  becomes  either 
infinite  or  discontinuous,  the  theory  of  a  definite  integral  which 
is  given  in  Art.  85  enables  us  to  treat  of  this  case.  Let  us  divide 
the  integral  into  two  parts,  as  follows ; 

\\\x)dx  =  /   v\x)da  -h  r\\x)dx.  (41) 

Now  the  integrals  in  the  right-hand  member  do  not  admit  of 
treatment,  because  they  have  no  determinate  value  according  to 
the  principles  of  the  preceding  Articles,  inasmuch  as  the  limits 
include  values  for  which  the  element-function  is  infinite.  Suppose 
however  t  to  be  a  general  symbol  for  an  infinitesimal,  and  yL  and 
1/  to  be  two  arbitrary  and  undetermined  constants;  and  let  f, 
ivhich  is  the  superior  limit  in  the  first  integral  of  the  right-hand 
member  of  (41),  be  replaced  by  f— fit,  and  let  f  which  is  the  in- 
ferior limit  in  the  second  integral  be  replaced  by  f  +  ri,  so  that  in 
neither  integral  does  the  range  include  that  value  of  the  subject- 
variable,  for  which  the  element-function  is  infinite  or  discon- 
tinuous. Then  if  the  definite  integrals  in  the  right-hand  member 
of  (41)  are  determined  for  these  limits,  ft,  v,  and  i  will  generally 
enter  into  them ;  and  if  after  integration  0  is  substituted  for  t, 
the  required  definite  integral  will  be  found.     Thus  we  have 

/     f'(^)  dx  =  /      p'(^)  dx  +  /     r'{x)  dx,  (42) 

i  being  replaced  by  0  in  the  result. 

If  in  the  determination  of  a  definite  integral  it  is  convenient 
to  extend  the  range  of  integration  beyond  the  original  limits  of  in- 
tegration, say  to  f  beyond  the  superior  limit  x^,  and  if  f  is  a  value 
for  whicl^  the  element-function  is  infinite  or  discontinuous ;  then 
the  limits  must  be  taken  as  follows ; 

/     F{x)dx  =         T{x)dx-h       r\x)dxy  (43) 
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and  zero  must  be  substituted  for  t  in  the  result.     A  similar  for- 
mula will  be  required  if  (  is  a  value  below  the  inferior  limit. 

Similarly  if  i'{x)  is  infinite  or  discontinuous  for  many  values  of 
X,  say  for  x^ySf^,.,,  a?»_i,  lying  within  the  range  of  integration ; 
if  t  is  the  general  symbol  of  an  infinitesimal^  and  \i^y  v^,  fi^,  v^  ... 
are  positive  and  arbitrary  constants^  then 

/  V(ar) dx  =  fVix) dx  -f  1'^%)  -f +  \v\x)  dx,     (44) 

t  being  in  the  result  replaced  by  zero. 
The  following  are  instances  of  the  process. 

/^dx 
— ,  the  limits  include  zero,  for  which  the  element- 
-1  •P 

fiinctioUj  4?"^,  =  00 ;   we  must  consequently  divide  the  integral 

into  two  parts,  of  which  the  limits  will  be  — fii  and  ^l,  and  I 

and  pi :  thus, 

ndx^f-i'^dx      ndx 

J^i  X  J_i        X        jyi    X 

=  logfti  — logj;t  =  log-;  (45) 

which  quantity  is  definite  as  to  form,  but  indefinite  as  to  value^ 

because  m  and  v  are  thus  far  undetermined  quantities. 

/**       dx 

Ex.  2.     In  the  intefiral  / = ,  if  a  is  greater  than  b, 

^     Jo   a-\-bQOBx  ^ 

the  denominator  is  always  positive,  and,  see  (27),  Art.  67, 

f       f        =  -J—  rtan-i5(±I*)*tan*n' 
Jo  a-^bcoBX       (o2_j2)iL  Oa  +  b^         2) Jo 

=  — ^.  (46) 

Bat  if  a  is  less  than  i,  the  denominator  =  0,  and  changes  sign 

fifom  +  to  — ,  when  x  =  cos~^  -^— ;  that  is,  when 

0 


-'(^f- 


X  =  2  tan 

Let  this  value  of  ^  =  a;    so  that  the  element-ftinctioii  =  00, 
when  X  ^  a;  consequently. 


f'       dx        _  f^-i'*       dx  f' 

Jo  a-^bcoax  ""Jo        a-^bcoax     .v+i 


a ' 

^      a       /^  +  o\*  'Z  2  1 

now,  since  tan-  =  l-r 1  ,  .  =  .  =  -rr-i 

'  2       VA-fl/        (A  +  a)*       (6-a)*       (2i)* 


(47) 


o  % 
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[90. 


consequently,  by  (28),  Art.  67,  substituting  in  (47), 

dx 
^0  a  +  6cos^ 


i 


(6a_a2)* 


sm- 


o+a? 


-!•-'»•     r 


log. 


sm- 


a— a? 


sm 


x-\-a 


sm 


Jog 


(a-^)sin 


vt 


^  ^  sm(a+y)sm^ 

which  =  ^,  when  t  =  0;  but,  on  evaluation,  we  have 


Jo   a 


dx 


(A2_^2)i   ^^^ 


Jtt+y<^ 


(48) 


(49) 


/o  o4-Acos4? 
which  is  determinate  in  form,  but  undetermined  in  value,  because 
/m  and  V  are  constants  thus  far  arbitrary. 


If  A  [^        dx  If'/      x\^. 

If  a  =  0,         I    -7= =  o-  /    (secs)  dx 

'         Jo  ail-hcosx)       2a Jo    V      2^ 


Hence  we  have  this  remarkable  result ; 
dx  ir 


(50) 


r 


=  00,  = 


— — —  loo"- 


^0  o+Acosa?  ""  (a2— i2ji' 
according  as  a  is  greater  than,  equal  to,  or  less  than  b. 

90.3  The  case  in  which  one  of  the  limits  of  a  definite  integral 
is  00  ,  either  positive  or  negative,  and  the  element-function  corre- 
sponding to  that  limit  =  00  ,  may  be  treated  by  a  process  similar 
to  that  of  the  preceding  Article :  for  we  may  replace  +  00  by 

+  — ;,  and  in  the  evaluated  definite  integpral  substitute  0  for  t. 

Thus  if  f'(^)  =  ±  00  when  a?  =  +  oc,  either  sign  being  taken. 


/    p'(a?)rfr  =  /  \  ^\x)dx, 
i  being  replaced  by  0  in  the  result.     Thus, 

_«  (^-a)a-6a  "Xij(^-.a)2-42 

=  [log{(a^-o)^-A^}*]\ 


(51) 


(52) 


Digitized  by 


Google 


91.]  CHANGB  OF  LIMITS.  101 

wben  t  =  0;  which  quantity  is  determinate  in  form^  but  unde- 
tennined  in  value^  because  fi  and  v  are  arbitrary  constants. 

91.]  The  values  of  the  definite  integrals  given  in  the  two  pre- 
ceding Articles  are  indeterminate  because  they  involve  the  arbi- 
trary constants  fi  and  v ;  and  they  are  consequently  called  general 
definite  integrals:  there  is  however  no  sufficient  reason  why 
fi  and  V  should  not  be  equals  and  why  indeed  /x  and  v  should  not 
each  be  equal  to  unity.  '  If  /x  =  i;  =  1,  then  the  integral  assumes 
a  determinate  form^  and  has  been  called  by  Cauchy  the  principal 
value  of  the  definite  integral.  Thus  for  the  principal  value  of  the 
definite  integral  given  in  (42)^  we  have 


lv\x)dx  =  /      F'(^)dip+  r\{x)dx.  (58) 

—  =  log  - ;   so  the  principal 
value  is  0 ;  since  if  fi  =  j^  =  1,  log  -  =  0. 

Also  when  a  is  less  than  b,  for  the  general  value  of  /    r 

^  .'o   a-fdcosa? 

we  have,  by  (49), 


r 


dx  \       y      V 

-log- 


I     ? =   — — — riuif  —  i 

/o  a  +  dcosar       (J2_^2ji    ^  ^i 

and  as  the  right-hand  member  =  0,  when  /li  =  i^  =  1,  the  prin- 
cipal value  of  the  integral  =  0.     Thus  then, 

dx  IT 


i: 


=  00,     =0, 


Jo     OH-ftcOSO?  (o2_J2)i' 

according  as  a  is  greater  than,  equal  to,  or  less  than  b. 

Hence  it  appears  that  ^ —  I    1 is  a  discontinuous 

'^^  V       Jo  a-^bcosx 

fimction  of  a  and  i ;  it  is  equal  to  1  for  all  values  of  a  greater 

than  i;  it  is  equal  to  oo ,  when  a  =  &,  and  it  is  equal  to  0  for  all 

values  of  a  less  than  b;  and  thus  it  abruptly  changes  its  value 

from  a  constant  quantity  to  zero,  by  passing  through  oo ,  when  a 

becomes  equal  to  &•     Suppose  this  definite  integral  to  represent 

the  ordinate  of  a  locus  of  which  a  is  the  abscissa;  the  locus  will 

be  a  straight  line,  parallel  to  the  ^-axis,  at  a  distance,  =  1,  &om 

it,  for  all  values  of  the  abscissa  greater  than  b;  and  for  all  values 

of  the  abscissa  less  than  b,  it  will  be  a  straight  line  coincident  with 

the  axis  of  x ;  and  the  ordinate  is  infinite  when  the  abscissa  =  b. 
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Thus  a  definite  integral  may  be  a  new  species  of  transcendent^ 
and  may  express  a  discontinuous  function;  indeed  it  often  does 
so ;  in  the  sequel  many  cases  will  occur^  and  we  shall  have  occa- 
sion to  exhibit  this  particular  characteristic  in  some  very  striking 
and  important  forms. 

92.3  Indefinite  integ^rals  often  take  a  form  which  is  incom- 
patible with  the  remarks  made  at  the  end  of  Art.  83 :  although  the 
element-function  has  the  same  sign  throughout  the  range  of  inte- 
gration^ yet  the  indefinite  integral  has  a  contrary  sign.   Thus  for 

instance,  /  (cot  xfdx  =J  {(cosec  jp)*— 1}  dir 

=  —  cota?— ^;  (54) 

that  is,  the  sum  of  a  series  of  positive  quantities  is  a  negative 
quantity :  which  it  of  course  cannot  be.  The  preceding  theory 
removes  the  apparent  contradiction.  Let  the  limits,  whatever 
they  may  be,  be  introduced,  and  let  the  integrals  be  definite; 
then  the  result  is  correct.     Thus, 


/    {cois)^dx  =     — coto?  — ;p 


=  1-2  +  4  =  —'  <"'> 

which  is  a  positive  result. 

Also  again, 

f'ndx__  1  j  1  ,  IK  /56X 

^-*o^"  ■"  2m- 1  (  xj^'^  ^  V"*"'  > 
which  is  an  absurd  result;  because  the  right-hand  member  is 
negative,  although  all  the  element-functions  of  which  it  is  the 
exim.  are  positive.  But  x~^^  is  infinite,  when  ^  =  0,  0  being  a 
value  included  within  the  range  of  integration.  We  must  there- 
fore divide  the  integral  into  two  parts,  and  we  will  take  the  prin- 
cipal value  of  each :  thus, 

_       1       5     2 1 1__^  .  g« 

which  is  equal  to  00  ,  when  i  =  0;  and  this  is  the  correct  value 
of  the  integral. 
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Section  3. — TTie  Transformation  of  Definite  Integrals  by  a 
Change  of  Variable. 

93.]  The  general  theoiy  of  the  transformation  of  a  single  de- 
finite int^^ral  by  means  of  a  change  of  variable^  and  the  effects 
of  the  substitution  of  a  new  variable,  have  been  explained  in 
Theorem  IV,  Art  8 :  and  various  examples  of  substitution  have 
abeadj  been  made  in  Chapters  II  and  III,  wherein  indefinite 
integrals  have  been  investigated.  Further  applications  of  the 
theoiy  are  now  required,  and  with  respect  to  a  change  of  the 
limits  of  integration  as  well  as  to  that  of  the  element-function ; 
the  ktter  part  of  the  theory  alone  having  been  required  in  the 
preceding  Chapters. 

The  equivalence  of  the  following  expressions  is  evident  on 
inspection. 

f'*V(x)dx  =  f'\{z)dz.  (58) 

/   V(ar+a)£fe  =  \*V(x)dx.  (59) 

/    V{ax^b)dx^^\    i^{x)dx.  (60) 

If  it  is  required  to  transform  /  V(d?)  dx  into  an  equivalent  de- 

finite  int^pral  of  which  the  limits  are  z^  and  Zq^  both  z^  and  z^ 
being  finite  quantities,  the  following  substitution  may  be  made. 

^-  ^  =  ,.£=^ +.„£=£;                       (61) 

in  which  case,  z  ':^  z^  when  x  =  x^-,  and  z  ^  z^  when  x  =  x^-, 

^'^^  dx  =  "^^^^^dz;                                   (62) 
SO  that 

f'V(.,i.=^«/'v(,.^+-.-SE^)*.  m 

The  following  are  instances  of  this  formula. 
Suppose  that  the  limits  of  the  transformed  integral  are  1  and  0 : 
then,  z^  =  1,  ^0  =  ^>  ^^ 

r\{x)dx  =  (0?,  -  *o)j['''{^o+ (^•-^o)^}  ^'>        (64) 

the  variable  z  having  been  replaced  by  x  in  the  right-hand 
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member  by  reason  of  (58).     This  is  the  formula  of  transformation 
from  the  old  limits  x^  and  Xq  to  new  limits  1  and  0. 

Other  cases  of  the  preceding  formula  are  the  following :  let 
z^  =  x^^Xq,  and  xr^  =  0 :  then 

/  *'g\x)dx  =  /  *^lx'^XQ)dx.  (65) 

Let  2^  =  Xqj  Zq  =  x^,  so  that  the  limits  may  be  reversed ;  then 

I     F'(a?)da?  =  —  /     v\x^-^XQ'-x)dx 

=  /  V(a?^H-4?o— ^)ftr;  (66) 

and,  if  Xq  =  0, 

l\'(x)dx  =  \*if{x^^x)dx.  (67) 

The  formula  of  transformation  given  in  (61)  is  inapplicable 
when  either  jzr„  or  jgr^  =  00  .  If  however  a  transformation  is  re- 
quired so  that  the  new  limits  may  be  00  and  0 ;  then  let 

x  =  x^  +  ^^;  (68) 

1+z 

in  which  case  z  =  oo  when  x  =  x^,  and  z  =  0  when  a?  =  j?, ;   and 

f!tZf9/fe. 

/.    ^'V(.)^  =  (..-.,)(",/(.,+ ^»)^;  (69) 

Or  again,  if  the  new  limits  are  00  and  1,  let 

a^^^^^^nHfo;  (70) 

"  z 

in  which  case  r  =  00,  when  x  =  Xq,  and  z  =  1  when  x  =  x^;  and 

.-.     f't'(x)dx  =  (x,-x^ri!'U+'^^)^.        (71) 

The  preceding  are  the  formulse  of  transformation  which  are 
generally  applicable  for  the  change  of  limits.  Other  formulae 
win  be  applied  in  the  sequel,  for  the  special  problem  will  usuallv 
suggest  the  required  substitution. 

94.]  The  following  are  examples  of  transformation  in  par- 
ticular integrals. 


dx  =        ^-"'^'^ 
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Ex.1.     By(17),Art..82,j_^.^,^=-c««ec^^.. 
Let  a?*-  =  Z)  then  2n«r**-idiif  =  dz. 

«w-H 

Let  —5 =  p ;  and  for  z  substitute  x  in  the  last  integral ; 

men  /      — -  =  TrcosecpTr.  ,  (7^) 

Again  in  this  last  int^^l,  let  z  =  (tan  0)* ;  then 

/{taiie)^p-^d0  =  ^cosecpTT. 

Ex.2.     Similarlj    /""  ?!l^  = -wcotow.  (73) 

Jo        z — 1 

Ex.  8.     Let  u  =  I    (sina?)^  dz ;  and  for  z  substitute  5  ""^  ^ 

then  u  =i  —  I   (cosz)^dz  =  I    (cob  z)^dz; 

J|  Jo 

consequently  adding  this  to  the  former  value  of  u, 
2u  =  I    {{smz)^  +  (cosa?)*}  dz 

TT 


u  =  /   (sina?)*£ir  =  /    {cosz)^dz  =  7. 


(74) 


Thus  the  definite  integral  is  evaluated  for  the  given  limits 
without  a  previous  knowledge  of  the  indefinite  integral.  Many 
rimilar  instances  will  occur  hereafter;  and  indeed  the  investiga- 
tion of  these  values  is  a  capital  part  of  our  Treatise. 

Ex.  4.     «  =  /    logsina7£/a:. 

For  z  subflititute  5  —  ^;   therefore  «  =  /    logc6sa?rfa?. 
Z  Jo 

PRICE,  VOL.  II.  P 
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ri 

.'.     2w  =  /    {logBina?-flogcosa?}dr 

r,      sin  2ar  - 

Ill  this  last  integral  for  2a:  substitute  a:;  then 
2fi  =  -  /    {logsina?— log2}da? 

/•f  ^ 

=  /    log8m«(i«;— ^Iog2 
=  t*-glog2; 

.-.    tt  =  /   logsin^cfo  =  /   logeosa?{fa?  =  -.^log2.     (75) 
Ex.5, 

Let  all  the  integrals  in  the  right-hand  member  be  brought  to 
the  same  limits,  -  and  0 ;  for  this  purpose  in  the  second  integral, 
let  a?  be  replaced  by  w— a?;  then 

In  the  third  integral,  let  x  be  replaced  by  ir+ a?;  then 

Jxt  CO  Jo     Tt-^X 

In  the  fourth  integral,  let  x  be  replaced  by  Zit^x ;  then 

/  'sinor  r*    sino?    ^ 

Jsjr——dx-'- dx; 

a       X  J^     27r  — a? 

and  80  on;  therefore 

-  /^  •     51       1        1         1  1  ) 

Jo  Ix      TT-a?      w  +  j?      2w-ar^2ir-fa?^  •••)      ' 

V,  i.       1  1  1  1  1 
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.-.     /     dap  ss  I   Btnacoeecwthp 

Jo       X  Jq 


Hence^  if  4?  is  replaced  by  kx, 


(76) 


jj^  g     f'__xdx_ 1    r^j        ^  X       ) 

Jo  o*— 4*(cosa?)2  ""  2flyo    (a+ftcosa?      o— Acosa?) 
In  the  Beeond  integral  in  the  right-hand  member^  for  x  sub- 
stitute ir—x;  then 

[*     xdx      ^  r»(ir— a?)dl» , 
Jq   a^bcosx^Jo   a-\'bco8X* 

.^   f-      xdx       ^  1  TM      ^       ,     ^-^    }j^ 

•\>   a^— A*(co8a?)*       2oyo    (a  +  6cosa?      a  +  icosj?) 


~  2a  Jo   « 


-rr^—'>  (78) 

0    a 4"^ cos ^ 
the  value  of  which  integral  has  been  already  determined  in  Art.  91. 

95.]  The  following  are  cases  in  which  the  element-function 
contains  a  general  fimction  into  which  the  subject-variable  enters 
in  a  special  combination^  and  in  which  the  definite  integral  is 
simplified  by  transformation.  The  fimction  denoted  by /in  the 
following  examples  is  finite  and  continuous  for  all  employed 
values  of  its  subject- variable. 

/•*  dx 

Ex.1.    /    /(a?-+*-»)log47-- 

Jq  X 

=  /  /(^* + a?"*)  logar  —  +  /    /(ar* + a?"*)  loga? 

In  the  second  integral  of  the  right-hand  member  for  x  sub- 
stitute -;  then 

X 

/••  dx  f^  dx 

/    /(ar»+ar-")log4?—  =  -/  /(a?*+a?'*)log^  — ; 

Jj  X  Jq  X 

/(j?*4-a?— )  loga?  —  =  0.  (79) 

0  ^ 

Ex.  2.  By  the  same  substitution  it  may  be  shewn  that 

/••  dx 

J^    /(^*  +  ^"*)log^  j-^p-^  =  0. 

P  2 
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/**  Air 

Ex.8.    /    /(ar»4-^— )taii-^ar  — 

=  /  /(^* + a?-*)  tan-*  ^  —  +  /    /(a?»  +  a?"*) tan-^a? 

In  the  second  integ^  of  the  right-hand  member  let  ^  be  re- 
placed by  -;  then 

r*  dx  C^  \dx 

\    /(a?*  +  a?"") tan-i  X  —  =  —  /  /(a?*  +  a?"*)  tan"* 

J\  X  Ji  XX 

=f^f{x-^x'-)  (|  -tan-^a?)  ^; 

•••     r/(a^*+^"")  tan-la?—  =  1  /'/(•^"■f^"")  — •       (^) 
Ex.  4.     By  a  similar  substitution  it  may  be  shewn  that 

f'/(x'+x-')^=  iTAx'+x-')^.  (81) 

»'0  X  J  Q  X 

Ex.5.  Consider  the  integral  /  ^/{sina?,  (cos  a?)*}  rfr ;  then 
since  sin  x  and  (cos  x)^  are  unaltered  when  x  is  replaced  hyv—x; 
V  .     /    xf{amx,  (cosa?)*}  dir  =  —  /    (tt— a?)/{sin  a?,  (cos a?)*}  rfr 

=  /    (tt— a?)/{sina?,  (co8a?)*}rfr; 

•' •     /    ^/{sMi ^^  (cos a?)*}  dx  =  jr  I   /{sin  a?,  (cos a?)*} dir.  (82) 
Jo  ^  Jq 

The  following  is  an  example  of  this  theorem  : 

Jf    xhgBinxdx  =:  ji  I   logsinxdx 
0  ^  Jo 

=  «:Jlog2.  (88) 

Many  cases  of  transformation  and  of  a  consequent  simplification 
of  definite  integrals  will  occur  in  the  sequel :  and  the  preceding 
are  sufficient  for  illustrations  of  the  process. 


Section  4. — On  the  Differentiation  and  Integration  of  a  Definite 
Integral  with  respect  to  a  Variable  Parameter, 

96.]  As  a  definite  integral  in  its  most  general  form  inyolves 
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the  limits  of  integration,  and  any  constants  which  may  have  been 
contained  in  the  element-function,  it  may  be  considered  as  a 
function  of  these  quantities,  and  treated  accordingly.  Thus,  if  u 
is  a  definite  integral,  of  which  a?,  and  Xq  are  the  limits,  and  a  is.  a 
parameter  involved  in  the  element-function,  so  that 

tf  =/''V(a,a?)(te,  (84) 

u  rbay  be  treated  as  a  function  of  ^m,  Xq,  a.  And  subject  to  the 
condition,  which  is  always  necessary,  that  the  element-function 
is  finite  and  continuous  for  all  employed  values  of  its  subject- 
variable,  u  may  be  treated  as  a  continuous  function  of  these  three 
quantities,  and  differentiated  and  integrated  accordingly.  These 
processes  we  propose  nowjbo  develop  j  and  we  shall  have  many 
applications  of  them;  and  from  definite  integrals,  which  have 
already  been  determined,  others  will  be  derived.  In  the  most 
general  case  a?„,  Xq,  and  a  may  be  considered  as  three  inde- 
pendent variables ;  so  that  the  total  differential  of  u  will  consist 
of  three  partial  differentials.  There  will  also  be  particular  cases 
where  one,  or  two,  of  these  three  quantities  will  vary,  the  others 
being  constant ;  these  however  may  be  treated  as  special  forms  of 
the  general  case. 

Let  the  right-hand  member  of  (84)  be  written  at  length ;  then 

u  =  (x^  -a?o)  F'(a,  Xq)  +  (a?a-^i)  F'(a,  a^j)  +  •  • . 

. . .  +  i^n-^n-i)  F'(a,  a?^_i).     (85) 

(1)  Let  x^  be  increased  by  an  increment  x^+i—x^,  which  is 

dr, ;  then  the  corresponding  increment  of  w  is  (a?,+i — a?^)  p'(a,  a?  J ; 

so  that  for  the  partial  differential  of  u  due  to  the  variation  of  x^, 

we  have  ,  du  \ 

(g.)  =.'(«,..);  (86) 

(2)  Let  Xq  be  increased  by  its  increment  x^—Xq,  which  is  cIxq  ; 
so  that  the  range  of  integration  commences  at  Xi ;  and  u  is  di- 
minished by  (Xi'-Xq)  1^(0,  Xq)  ;  consequently 

(^)=_^(„,,„),  (87) 

Hereby  we  have  the  two  partial  differentials  of  the  definite 
integral  with  respect  to  the  limits. 

(8)  Let  a  vary;  then,  from  (85), 
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—  r=  (a?i-a?o)^F(a,a7o)  +  (^,-a?jL)^F(a,a?i)  +  ... 

...  +  (^•-*H-i)^P'(a,^n-i)  (88) 

=  r^^na,x)d^;  (89) 

which  gives  the  partial  differential  of  u  with  respect  to  o.     Con- 
sequently for  the  total  differential  of  u  we  have 

=  y'Ca,  xj dxn-i^(a,  a?o)  (too  +/'"  ^'^al'^^  ^^^'    ^^^ 

Hence^  if  a?^^  ^o^  a  are  all  functions  of  an  independent  variable  t, 
when  t  varies, 

j^y     p(a,a?)rfa? 

-//        V  ^«^»        '/        V  ^0       /*'•»  rf.F'(a,a?)  rfa  ,         .-.-^ 
=  i^(«,*.)  ^  -1^  («,*o)  ^  +jf  ^    -^^  ^  dr.     (91) 

The  process  by  which  this  equation  has  been  found  is  com- 
monly called  differentiation  under  the  sign  of  integration  with 
respect  to  a  variable  parameter.  Leibnitz  has  called  it  Differen- 
tiatio  de  Curvd  in  Curvam.  The  meaning  of  this  remark  will  be 
plain  from  the  following  geometrical  interpretation  of  (91). 

Let  PoPPnj  see  Fig.  46,  be  the  curve  whose  equation  is 
y  =  ^^(a,  x) ;  let  oMq  =  Xq^  om,  =  x^,  then,  as  explained  in  Art.  8, 

the  area  m^  m^  p„  p^,  =  /  '  F'(a,  x)  dx. 

Let  the  parameter  a  vary,  and  first  let  the  element-fonction 
alone  vary,  and  let  the  new  position  of  the  curve  which  is  due  to 
the  variation  of  a  be  lp'^np'^,  so  that  the  area  becomes  increased 
by  the  quadrilateral  lp^p^n  :  therefore 

LPqP.N  =  /     — '      'dadx; 

next  let  the  limits  vary,  so  that  by  the  change  of  a,  om^  becomes 
om'q,  and  om^  becomes  om'^;  and  therefore  the  area  is  increased 
by  PjjM^m'.n'  and  diminished  by  PqMqM'oL',  which  are  respectively 
represented  by  T^ia^xjdx^  and  yt\a,x^dxQ.  But  when  all  these 
variations  are  simultaneous,  the  definite  integral  expresses  the 
area  p'qM'qM'^p',  instead  of  p^m^m^p^,  the  two  quadrilaterals 
ll',  nn'  being  omitted,  because  they  are  infinitesimals  of  a  higher 
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order;  being,  in  fact^  qnadrilaterals^  each  of  whose  sides  is  an 
infinitesimal,  and  which  are  therefore  infinitesimals  of  the  second 
order. 

97.]  Of  the  theorems  of  the  preceding  Article,  that  contained 
in  equation  (89)  is  the  most  usefiil  for  our  present  inquiry, 
although  the  others  are  important  in  some  subsequent  physical 
inyestigations.  Now  (89)  may  be  expressed  in  the  following 
form.  d    /•'•    ,       ,-         p«rf.F'(a,a?)  .  .^ox 

da  Jg^  Jg^         da 

Hence  it  appears  that  the  differential  of  a  definite  integral  with 
respect  to  a  variable  parameter  involved  in  the  element-function 
is  tiie  definite  integral  of  the  differential  of  the  element-function 
with  respect  to  that  variable  parameter.  The  two  operations 
therefore  of  differentiation  and  of  integration,  effected  as  they  are 
with  respect  to  different  variables,  and  thus  independent  of  each 
other,  may  be  interchanged  without  any  alteration  of  the  result. 

The  process  of  differentiating  a  definite  integral  with  respect  to 
a  variable  parameter  involved  in  its  element-function  having 
been  thus  establishedi  the  operation  may  be  repeated  on  the 
function  thus  found :  and  repeated  as  often  as  the  circumstances 
require ;  and  as  the  order  of  these  operations  is  indifferent,  the 
final  result  will  be  expressed  in  the  following  form ; 

1^1  i^(«,a.)d^  =j^    -i^dx.  (93) 

The  complete  expression  given  in  (91)  may  of  course  be  sub- 
jected to  repeated  differentiations  in  the  same  manner  as  the  part 
of  it  given  in  (92).  But  as  we  shall  not  require  the  general  result, 
it  is  not  necessary  to  insert  it  here. 

98.3  The  following  are  examples  of  (92)  and  (93),  in  which 

from  a  known  definite  integral  by  means  of  differentiation  with 

respect  to  a  variable  contained  in  its  element-function  a  new 

definite  integral  is  evaluated. 

Ex.  1.     Let  the  known  definite  integral  be 

['     dx  1.       ,a?. 

/    -fl 5-  =  -tan  1-: 

Jo    a*+^        a  a 

then,  taking  the  a-differential, 
r*  —2adx  1 


i: 


L  := Z-tan*"^— 

(a«  +  d?2)>  a«  a      a(a^-\-x^)' 

dx  1   ^       .X  X 


(a*+«»)^   ^  2a^  a^2aHa^-^x^) 
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Ex.  2.     Also,  since     /     — « 5  *=  jr- > 

'  Jo    a^  +  a^       2a 

r  -^2adx  _        Tt 
Jo    (a*  +  ar»)»""       2a»' 

r dx^    _  It 

'  '    Jo    (a^+^V"  4«»' 

and  after  n  differentiations, 

/*      ^       _  (2«-3)(2»-5)...8.1  ^     (,..„        .g.. 
.'0    (a»+««r  ~(2«-2)(2n-4)-  -4.2  2  *       ^     ' 

Ex.  3.  Since,  if  a  is  greater  than  b,  by  (27),  Art.  67, 
f'-I^  =  -^tan->  j(^t)*tanf  |; 

therefore  differentiating  with  respect  to  a,  and  reducing, 

r*         dx 

Jo  {a  +  bcosx)'^ 

_    —A        sina?  2a  _j  J/^""*\*f     ^l 

.       T' rf^ ^       ^g  (95) 

•/o   (a+Acos^)2       (a2_i2)4' 

the  latter  result  is  also  the  a-differential  of  (46). 

(00 

therefore  differentiating  n  times  with  respect  to  a, 
/    ^-c-^'dr  =  1.2.3  ...na-». 

Ex.  5.     Since  by  (6),  Art.  82, 

a 


f 

Jo 


e~*^  cos  bxdx  = 


a^  +  A* 


=  M 1 ^ L._  I. 

2  la  +  A>v/:il      a-A^^)' 


therefore  differentiating  both  members  n— 1  times  with  respect 
to  a,  we  have 


Jo 


^'^coshxdx 


1.2.3...  (n-1)  , , ^ 

= 2 ■  {(a4A^/-l^"  +  (a-A^/^r•}; 
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so  that  if  6  =  a  tan  a, 

/%-~;r->co8terf*  =  l-g-8-(«-l)  ^  („tan-i  *) .     (96) 
•'<»  (o«+A«)t  ^  a'  ' 

Similarly 

r  e— «-i  sin  Aordp  =  ^-^-^  ••  (»-J)  gi^  („tan-i  *) .     (97) 
*'o  (o«  +  A*)5  ^  a'  ' 

Ex.6.     Since^^^— — ^^__^-Z_;    therefore 

taking  successively  the  a-  and  the  i-differential,  we  have 
(cos  xf  dx  ir 


^0   {a«(cosa?)2  +  A2(8in^)2}«  "  4a^b' 

.    {a2(cosar)2  +  &2(gin^)2}2  -  'ia^'\ 
and  by  addition  of  these, 

dx  '7r(a«  +  *^) 


(98) 


r, 


, (99) 

^0   {a*(co8a?)«  +  *2(sin4?)»}2  "■      ^a^b^  ^    ^ 

If  we  differentiate  this  integral  again  with  respect  to  a  and  b 
successively,  and  add  the  results,  we  have 

r* dx ^  8g^  +  2agy-f-8y        -^ 

Jo   {a2(cosa?)2  +  *»(sinaf)2p       16  a«^«  ^     ^       ^ 

the  same  process  may  be  repeated,  and  other  integrals  will  be 
evaluated. 

99.]  As  a  definite  integral  may  be  considered  a  continuous  func- 
tion of  a  variable  parameter  involved  in  the  element-function,  and 
thus  be  the  subject  of  differentiation  with  respect  to  this  parameter  ; 
so  may  it  also  be  the  element-function  of  a  definite  integral,  when 
the  arbitrary  parameter  continuously  varies :  the  element-fanction 
being  finite  and  continuous  for  all  employed  values  of  the  para- 
meter as  well  as  for  those  of  its  original  subject-variable.  Let  u 
be  the  given  definite  integral ;  then 

«  =  /  *F'(a, 0?) da?  =  (x^ -Xq) p'(a, x^)  +  {x^-^x^) F'(o, x^)-\-,.. 

...+(ar^-a?^.i)p'(a,a?._i). 
Now  let  us  suppose  the  parameter  a  to  vary  continuously  from 

PRICE,  VOL.  II.  Q 
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Oq  to  o„,  and  let  the  distance  a^— Oq  be  divided  into  n  infinitesimal 
parte,  to  the  points  of  partition  of  which  let  o^,  a,,  ...  a»_i  corre- 
spond; then 

/    uda  =  /  *rfo/  "r'(a,a?){te 

. . .  +  (a„-a,_i)F'(o,_i,  a?o)} 
+  (^2-^i){K-«o)^'(«o^^i)  +  («»-«i)^(«i>^i)+-- 

+ 

...  +  (o,-o,_i)  l'(a^i,«._i)} 
=  (ai-«o)  {(^1-^0)  ^(«o>  ^0)  +  (a?8-a?i)  ?'(ao,  «i)  + . . . 

+ 

+  (an- a^_i)  {(a?i-a7o)  J^(an_i,^o)  +  (^2-^1)  ^(«— u  «^i)  + . . . 
...+(a?n-^n-i)F'(a--i.^ii-i)}  (101) 

=  (oi-oo)  /   V(ao,a?)Ap4-(a,-ai)  /   V(ai,a?)Ap+ ... 

...  4-  (On-  On_i)  /     F'(an_i,  a?)  rfr 

=  j   *{(ai-«o)^(«o^^)  +  (a2-«i)^(«i»^)+-- 

. .  -f  (an-an.i)  F'(an_i, X)}  dx 
=  f '"  Ap  \     F'(a,  ^)  (fa.  (102) 

Thus  the  a-integral  of  the  a?-integral  of  the  element-fiinction 
is  equal  to  the  a?-integral  of  the  a-integral ;  and  thus  the  order 
of  these  two  processes,  effected  as  they  are  with  respect  to  vari- 
ables independent  of  each  other,  may  be  interchanged  without 
any  alteration  of  the  result.  This  theorem  is  called  the  inversion 
of  the  order  of  integrations ;  and  the  members  of  (102)  are  called 
double  integrals. 

In  the  preceding  investigation  it  is  assumed  that  a  and  all  its 
values  are  independent  of  x  and  all  its  values.  The  inquiry  into 
the  properties  of  double  integrals  will  be  extended  to  the  cases 
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where  this  restriction  is  not  made ;  bat  the  preceding  is  sufficient 
for  onr  present  purpose. 

The  principle  of  single  integration  of  a  definite  integral  with 
respect  to  a  parameter  contained  in  its  element-function  having 
been  thus  established^  and  the  order  of  the  operations  having  been 
shewn  to  be  indifferent^  the  process  may  be  repeated^  subject  of 
course  to  the  same  conditions.  So  that  we  have  to  r  successive 
integrations^ 

/     dal    da..,!    dal  ''if{a,x)dx 

=  ]dx  I    da  I     da.,,  /     p'(a,  x)  da.    (108) 

Integrals  of  this  kind  are  called  multiple  integrals^  of  which 
double^  triple  intends  are  particular  forms^  according  as  two^ 
three, . . .  integration-processes  are  involved.  The  general  theory 
is  of  great  importance  in  subsequent  investigations,  and  will  be  a 
subject  of  inquiry  hereafter :  but  the  preceding  is  sufficient  at 
present. 

100.]  The  following  are  examples  of  the  process. 

/I  1 

J  a        M)  J  a     ^ 

but  ^ dnP^m^-'^dx  =  \  dxl x^'^^dn  =  /    — \''^  ^ dx) 

J  a         Jo  Jo         J  a  Jo  iOgX 

and      /  .  —  =  log-j 
Ja    n  ^  a 

...  r^;-^"^=iogi         (104) 

Jo        log  4?  °  a 

Jr*  1 

'    e-'^dx  =  -> 
0  A 

.-.    rdaTe-^dx^r  —  ; 

Jc  Jo  Jc      « 

.'.   P dxj\'^da  ^  f  ^—=^^^dx  ^\os^^.  (105) 

Jr*  b 

f    e"«»sin&r(te  =    ,  .  .,; 
0  a*  +  d" 
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Ja  Jo  Ja      a^  +  b^ 

J    ^J    «      8"^*^^«  =  /     =  tan^-.  (106) 

Let  a  =  0;   then  T ^^ rfr  =  ^i  (107) 

Jo        X  2 

which  is  the  same  result  as  (77),  Art.  94. 

Ex.  4.  By  means  of  the  preceding  integral  may  another  in- 
tegral be  determined  which  expresses  a  remarkable  discontinuous 
function^  of  which  considerable  use  will  be  made  in  the  sequel. 

Since  2 sin 9710? cos n^  =  sin(m+n)ii74"8in(m— n)a?, 

r*e""*8infiM?cosfw?  ,    ^  T*   _^^sin  (m  +  n)  a?  +  sin  (m  —  n)  a?  ^^ 
Jo  ^  ""-^  2a? 

=  -  ^tan"i |-tan~* — ^^^^  f^,  if  n  is  between  +mand  — m; 

2  i  a  a     ) 

=  -  jtan"^ tan^i ?^  ^  if  n  is  beyond  +m  or  — »i. 

Let  a  =  0 ;  then 
/**sinfiM?coB«a?  -        1  (w      w)       w   .„    .  ,   ,  , 

=  h]2""2[~^'  if  n  is  beyond  +m  or  — m; 


so  that 

*  sinma^cosfu? 


vJo 


dx  =  1,  if  »  is  between  +m  and  — m ;    (108) 


a? 

=  0^  if  9»  is  beyond  4-i»  or  —  m.         (109) 
If  n=  m, 

/•  c""*siniiM?cosma?  .         IT"  c"«*sin2«M?  ,         1  ^     _,  2m 
dx=^l     dx=ijr\BSi^ — ; 
X                       2Jo            X  2  a 

•i?         A       PsinufcrcosuM?  .         w  ,^i^. 

.*.     ifa  =  0,     /     cfcr=-.  (110) 

Jo  X  4 

Henoe^  if  positive  values  only  of  m  and  n  are  taken, 

2  /••  8inma?cos>MJ  ,         1   r       n      i  r     i       xi.  1 

-I     oa?  =  1,  for  all  values  of  n  less  than  m:  =s-, 

irJo  X  '2 

when  n  ^m;  and  =  0,  for  all  values  of  n  greater  tlum  m. 
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Ex.  5.     Since  j^   ^-^-^^-^^-^^  =  2ab(a  +  by 

"Jo    h'-hx*  Jo  a^  +  a^"  bJoa-\-y 
.      /"*!      /«^+a?«\       rfa?  w,      a  +  4         ,---^ 

••   Jo    ^"^(-^-)^T^  =  A^°^-4-      /"^) 

Ex.  6.     It  is  required  to  evaluate  /    e'^dx. 
Substitute  y  for  aa^ ;  then 

Jo  Jo  2  (ay)* 

e— rfa  /    c-***d:r  =  /    c— rfa  /     c""'  — ^  i 

Jo       Jo  ^•^o        a"     '^o        «■ 

Now,  since  a  and  y  are  two  quantities  independent  of  each  other, 

Jo       a*         Jo       y^ 
and  as  each,  being  a  definite  integral,  is.  a  constant,  the  repetition 
is  equivalent  to  multiplication;  and  we  have 

r    dx         1   (  re'^dyl\ 

Jo      l  +  a?«"2    Vo  yi       )    ' 

in  the  right-hand  member  replace  y  hy  ax^ ;  then,  since  the  left- 
hand  member  =  q> 
46 


an  int^ral  which  we  shall  hereafter  find  of  considerable  im- 
portance.    If  a  r=  1, 

('«—<&=  ^;  (118) 

.-.    /"«—<&  =  »*.  (114) 

101.]  When  a  definite  integral,  which  is  to  be  evaluated,  is 
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differentiated  or  integrated  with  respect  to  a  variable  parameter 
contained  in  the  element-function^  another  definite  integral  is 
produced^  which  can  frequently  be  evaluated  by  means  of  itd 
indefinite  integral;  in  other  cases  the  new  integral  can  often  be 
integrated  either  by  parts  or  by  some  other  method :  and  some- 
times the  original  definite  integral  will  arise  in  the  process. 
When  this  is  the  case^  a  differential  equation  is  formed,  the  solu- 
tion of  which  will  give  the  value  of  the  definite  integral.  Some- 
times again  the  definite  integral  will  arise,  when  two  or  more 
differentiations  or  integrations  have  been  effected  on  the  original 
integral.  The  following  examples  illustrate  the  method,  and  the 
development  of  it  will  be  best  understood  by  them. 

/••  ^— oc      c"^  cos  TX 

Ex.  1.    Evaluate  w  =  /     dx. 

Jq  9 

Take  the  r-differential :  then 
du 


=  /  «-» 

Jo 


_, —  ,     >**  sill  nr  dip 
dr 


du  = 


^  J  by  (7),  Art.  82. 
rdr 


As  the  solution  is  definite,  the  integrals  of  both  sides  of  this 
equation  must  be  definite.    Let  the  limits  of  r  be  r  and  0;   and 

when  r  =  0,  the  value  of  u  =  log  -,  by  (105) ; 


u-log-  =  log'    ^        J 


-r- 


'-'-■■»'■•»  ^^bggtj^.      (115) 


Ex.  2.    Evaluate  u 


da~Jo    (1 


tan^^oji?  dx 

dx . 

+o»«»)(4«+«»)' 


^0 

since  u  =  0,  when  a  =  0. 


""  2bil  +  ab)' 
tear^ax  dx        »  i     ,i  .    zx  /nA\ 
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Ex.  3.    Evaloftte  u  =  /     e       '^d*. 

-^-'^dx 


For  Jf  sabstitate -;    .'.  -3- =  — 3  /     e~  "**<&. 
«  aa  Jo 

=  -2»; 


« 


i.=/'e"-"i'rf»=^e-««;  (117) 


,r* 


since  by  (113)  «  =  -g- ,  when  a  =  0. 

Ex.  4.     Evaluate  »  =  /     e-'^'^  cos  bxdx. 
Jo 

do         Jo 

re--**- sin  ten-      b    r     ..      ,    . 


.-.    «  =  r  «-«**•  coBi«dip  =  ^e'*''j  (118) 

since  by  (112)  «  =-5—  ,  when  i  =  0. 

Ex.  5.    Eyalnate  u  =  /     ^— ^ — -  dx. 

du       «  /'"^"••sintecoBAdr  . 

•'•   5*=H  i '^' 

_  o  [e-''{2bBm2ba!-acoB2bx) "l" 
-      2o_. 
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.  .     -n-  =  tan  ^  — :  since  -zf  =  0.  when  o  =  0. 
{f&  a  do 

since  ti  =  0,  when  ft  =  0. 

^     ^      -n    1    X  r*  sinAa?  rfa? 

Ex.  6.     Evaluate  «  =  /     -„- 
Jo    «*- 


0     a- 4-^    ^ 
Qoabxdx 


+  ^ 


d2j|  ^       C"^  xsinbxdx 


r*  sm&p  ,         ^  r^  smbx  dx 


=  -  ^  +a2tt,  by  (107),  Art.  100. 

.-.     — ^_ —  =  2a*udU'-irdu; 
db^ 

rince  M  =  0,  and  -jr  =  7;— ,  when  A  =  0  j 


<;6       2  a 
du 


=  dbi 


(120) 


IT 

2a 

Hence  also  equating  the  values  of  ^  and  of  ^  derived  from 
this  equation  with  the  values  given  in  the  preceding  process, 

■e^^;  (121) 


du_r 
db^Jo 

db^  ^Jo 


"*  cos  bx  dx  ^    V  ^^^ 
a?'\-x^         2a 

^xsinbxdx      m  « 

=  7Z6 


a^^-afi         2 
Ex.7.     ETalaate«=J^  (l+a.)Iog;g^^ 

"   dm  "".'0        \-\rX 


(122) 
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in  the  right-hand  member  replace  4r  by  - ;  then 

dm  ""-/i         1+^      ^' 

.-.     by  addition  2  j^  =  T  ^"'^'^^"^ dx, 
dm      Jo         1+a? 

'^Jq       1+0?    ^Jo      l+x  ' 
in  tlie  second  integral  of  the  right-hand  member  replace  a?  by-; 

then       r^^^rr^. 

Jo      l  +  x        Jo,     l+x 

du  ^  r*ar*"^dla?, 
dm  ~"jo      1  +  ^ 

,  by  (72),  Art.  94. 


^0 


Binmv 


=  /    ^,  ,    .1 dx  =  logtan  -s-  .  (128) 

Jo   (l+ir)log«  ^2  ^      ' 


SEcnoN  5. — Definite  Iniegrah  irwolving  Impossible  Quantities.'^ 
Oauehy's  Method  of  Evaluating  Definite  Integrals. 

102.]  In  our  researches  into  the  properties  of  definite  integrals, 
contained  in  the  preceding  sections  of  the  present  Chapter,  both 
the  element-fimction  and  the  limits  of  integration  have  been 
taken  to  be  possible  quantities.  These  quantities  have  been  thus 
restricted,  that  there  might  be  less  risk  of  error  in  a  subject  of  so 
delicate  a  kind,  and  because  it  was  expedient  to  confine  within 
the  narrowest  bounds  the  circumstances  under  which  the  element- 
function  might  become  infinite  or  discontinuous ;  this  latter  being 
an  event  which  is  in  all  cases  to  be  excluded,  or  at  least  to  be 
separately  considered.  Impossible  quantities  however  as  well 
as  possible  are  continuous ;  and  we  propose  now  to  extend  the 
theory,  and  to  evaluate  definite  integ^s  into  which  impossible 
quantities  enter,  either  in  the  limits  or  in  the  element-functions. 
We  shall  hereby  be  led  also  to  a  process  of  evaluation  devised  by 
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M.  Cauchy  * ;  and  which  is  of  so  great  generality,  that  it  indades 
almost  all  the  known  values  of  these  functions. 

As  a  definite  integral  is  the  sum  of  a  series,  of  which  in  this 
case  some  of  the  terms  may  be  possible,  and  others  may  be 
impossible ;  so  for  the  determinateness  of  the  sum  of  such  a  series 
it  is  requisite  that  it  should  be  convergent ;  and  thus  that  none 
of  the  terms  should  be  infinite,  in  either  the  possible  or  the  im- 
possible part  of  the  series.  And  consequently  for  no  value  of  the 
variable  within  the  range  of  integration  must  the  element-function 
become  infinite.  When  this  is  the  case  and  the  sum  of  the  series 
is  determined,  that  sum  will  consist  of  two  parts,  one  of  which  is 
possible  and  the  other  impossible;  and  these  will  severally  be 
equal  to  the  corresponding  parts  of  the  definite  integral.   Thus,  if 


{/'(^)+  V'-l  (p'i^)}  ete  =  A+  >v/-l  B, 
then         jf\x)dx  =  a,  /   V(a?)dla?  =  b.  (124) 

If  however  within  the  range  of  integration  a  value  of  the  vari- 
able occurs,  either  possible  or  impossible,  for  which  the  element- 
function  becomes  infinite,  then  we  may  have  recourse  to  the 
method  explained  in  Art.  89 :  we  may  divide  the  integral  into 
two  parts,  and  take  the  range  of  one  part  from  the  lower  limit  to 
within  an  infinitesimal  of  the  value  of  the  variable  for  which  the 
element-iunction  is  infinite ;  and  take  the  range  of  the  other  from 
within  an  infinitesimal  of  that  value  to  the  superior  limit ;  if  these 
two  infinitesimal  parts  are  equal,  so  that  in  the  symbols  of 
Art.  89,  fi  =  v  =  1,  the  resulting  sum  will  be  the  principal  value 
of  the  integral;  (see  Art.  91).  In  this  process  however  a  part  of 
the  original  definite  integral  is  excluded  or  lost;  viz.,  that  within 
an  infinitesimal  range  above  and  below  the  value  of  the  variable 
for  which  the  element-fimction  is  infinite.  This  part  may  be 
either  finite  or  even  zero ;  consequently  it  must  be  determined, 
and  added  to  the  other  two  integrals.  It  is  called  the  correction 
for  infinity  or  for  discontinuity.  Instances  of  it  will  occur  in  the 
sequel. 

103.]  The  method  of  M.  Cauchy  depends  on  the  application  of 

*  The  original  memoir  of  Cauchy,  in  which  the  method  was  explained,  was 
read  to  the  French  Institute  on  Aug.  32>  18 14;  and  is.  contained  in  the  first 
Volume  of  "  M^moires  des  Savans  fitrangers,  Paris,  1827. 
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the  theory  of  double  integration^  which  has  been  explained  in 
Art.  99,  to  the  following  identical  equation^ 
Let  t$  =  f(z),  where  z  ^  <f>{x,y)i  then 

which  is  an  identical  equation,  as  both  members  express  the  same 
quantity,  whether  x  and  y  are  possible  or  impossible,  and  whatever 
is  the  form  of/.  Let  both  sides  be  multiplied  hj  dxdy;  and 
then  let  them  be  the  element-fimctions  of  a  double  integration 
with  respect  to  x  and  y ;  the  limits  of  x  being  x^  and  x^y  and 
those  of  y  being  y^  and  y^ ;  these  four  limits  being  independent 
of  X  and  y,  so  that  the  order  of  integration  may  be  inverted,  if  it 
is  necessary.  Also  let  us  in  the  first  place  assume  that  the  ele- 
ment-function does  not  become  infinite  or  discontinuous  for  any 
values  of  the  variables  within  the  rang^  of  integration.  Then 
we  have 

W^^  W>£}*  =X'>ti  j^<41^^<^^' 

which  is  an  al>solute  identity,  and  may  be  called  M.  Cauchy^s 
equation,  as  it  is  the  basis  of  his  method  of  evaluating  definite 
integrals  of  it. 

For  the  first  general  application  of  this  equation,  let 

z  ss  d?+y>/— 1; 
then  (126)  becomes 

and  effectdng  in  each  member  the  integration  which  stands  firsts 
we  have 

7  '{/'(«+y.^^^)-/'(*+yo^^^)} <^ 

=  ^^  f''{fir,+yV^)^f(^o+y  n/^)}  rfy-  (127) 


R  ^ 
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Let  us  apply  this  equation  to  some  examples;  and  for  a  first 
application  let/' (2r)  =  e"^; 

...  /'(ar+yV^)  =  e— (*^*'')(cos2£My-A/^sin2<My);  (128) 
then  from  (127),  we  have 

€f^»*  f  V**'{eos2aa?y.— \/^sin2aa;y,}dip 

— €^o«/  'e-***{cos2aa?yo— \/— lsin2a«yo}*'"^ 
=-  ^yZIl  j  e-«'«'  /  V**  {cos  2 aa?^y  -  v^^  sin  2 a J?,y }  dy 

-e-«»" /    c^  {cos2aa?oy  -  y^sin2aa?oy}  dy  \  ;  (129) 

from  which  two  equations  may  be  formed  by  taking  separately 
the  possible  and  the  impossible  parts. 

Let  a?^  =  00 ;  so  that  e~^»*  =  0 ;  therefore 

=  -. e'<^o^jef^  sin  2aa?oy  dy ;  (180) 

/•OB  /••  ^ 

«<v.M    e"«* sin 2 aa?y, dip— e«V  /    c-««'sin2aafyodip 

ts  e'-'^  fef^ooBiax^ydy.  (181) 
Moreoveri  to  simplify  further^  let  ^p^  =  y^  =  0;  then 

e«»»'  /    ^-•^■cos  2  ay^ar  d!r  —  /    e'^'^dx  =  0 ; 

•/o  •'0 

e*».'/    c-«^  sin  2  ay^a?  dip  =  f'V»*rfy; 
so  that,  asy    e-^^dlaf  =  i(^)* ,  see  (112),  Art.  100,  we  have 

e-«*"cos2ay^afiip  =  -(-)  «"•'•"  (182) 

/    6-«*'sin2ayHa?d:af  =  «— »•"  f^^dy.  (188) 

(182)  is  the  same  result  as  (118),  Art.  101. 

104.]  For  another  application  of  (126),  let  z^x{a  +  y\/— 1); 
then 
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to  that  (126)  l)eeoiiie6 

^^r^'^vi'^i^'^^^f^'^^}'^''  (134) 

and  effecting  in  each  member  the  integration  wMch  stands  firsts 
we  have 

7     {(«+y«y~l)/'(aar+a?y^y^) 

In  application  of  this  equation  let  us  suppose 
f(z)z=:r'^e-';     ar,  =  oo,    y^  =  A,    aro=yo  =  0> 
HxeaJTOg)  does  not  become  infinite  for  any  value  of  its  subject- 
vaidiable  within  the  range  of  integration^  and/'(Qo )  =  0  s=  /'(Q). 
Consequently  from  (186)^ 

Jo  Jq 

.\    (a  +  4>/iri)*  /**^-ie-(«+*v~i)«dip  =-  rar-^e-^dx.  (186) 

The  int^fral  in  the  right-hand  member  is  evidently  a  fonction 
of  fii  only;  let  us  abbreviate  the  notation,  and  anticipating  the 
notation  of  the  seventh  section,  let  us  denote  it  by  r(m) ;  so  that 

f  aT'^e-^'daf  =  r(m);  (187) 

Jo 

Also  let  a  ==  icosa,    b  s  isina;  then  (186)' beeomes 
J    **-^tf-"(cos  Aa?—  >/^  sin  bw)dx 

cosiffo — V — Isiniftxr^ 
(a»+6«)5 
and  eqastang  possible  and  impossible  parts 


rr<m)j(188) 


r «"-»«-" oostocfo  »  _Ei^oos(f«tan-»  -)  j  (189) 

r«--»e-~sin4adr  =     '^"^sinffiitan-^ -);  (140) 
•'0  ((|S+ii)x       ^  a' 
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which  integrals  have  already  been  evaluated  in  (97)  and  (98), 
Art.  98. 

Again  multiplying  (140)  by  ^/^,  and  adding  (189) ;  and 
replacing  the  circular  functions  by  their  exponential  equivalents^ 

we  have 

/•  -— - 

^•-i^-(a-b.^).^_   ^~'  "    r(iii).  (141) 

(a>+*a)S 

Let  a  =  0;  in  which  case  cl  =  ^:  then  we  have 

Jo  or* 

This  definite  integral  is  of  a  form  which  will  hereafter  be  con- 
sidered at  length. 

For  another  application  of  (185)  let /"(z)   = ,  where 

2  >  m>l;  'also  let  a?,  =  00  ,  y,  =  A;  ^^  =  y^  =  0 ;  so  that 
f'(z)  does  not  become  infinite  for  any  value  of  its  subject- variable 
within  the  range  of  integration,  and/'(oo )  =/'(0)  =  0;  conse* 
quently  from  (185), 

(«+ft^/-l)-/  /-T=7    TT;i;rrf(«^) 

sin  171 TT 

Then,  if  £  =  a  tan  a, 

/'"(l  +  ftg-tovCn;)ay«*-idir  _       ff      cosiiio--\/Ilsinmtt, 
/o         l+2ap+(a>+i»)af«       ""  sinmir  (a>+J«)S  ^ 

and  separating  possible  and  impossible  parts, 

^0    l4-2a^+(a»+y)^=(,«^y);rinm.^'^"^^     a)-<^^^ 
Hence  also,  if  &  =  sin  a,    a  =  cos  o,  f 


r*  (l+d?coso)ay**-^<to  __  IT  cos  ma  , 
Jo       l  +  2a7C08a+a7"     ""   sinmir  ' 


'^dw 


TTsmma 


+2a?  cos  a +a?*       sin  a  sin  mit' 


(145) 
(146) 
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.  IO6.3  The  preceding  process  can  always  be  safely  employed^  so 
long  Bsf\z)  does  not  become  infinite  or  discontinuous  within  the 
limits  of  integration.  If  however /'(;ar)  does  become  infinite  for 
particular  values  of  ap  and  y  within  the  range  of  integration,  say 
when  d?  =s  f ,  and  y  =:^ri;  then  the  circumstance  requires  close 
examination;  and  to  simplify  .the  inquiry  I  will  take  that  par- 
ticular form  of  z  given  in  Art.  103 ;  viz., 

in  which  case/'(f-f  i7\/— 1)  =  00  . 

Let  the  definite  integral  be  divided  into  two  parts  with  the 
following  limits ;  for  the  former  part  let  the  range  of  the  ^-in- 
^gration  extend  from  Xq  to  f — t;  and  for  the  latter  part  from 
i+i  to  x^y  i  being  an  infinitesimal  according  to  the  theory  of 
Art.  89 ;  the  range  of  the  ^-integration  being  in  both  parts  from 
y»  *o  Vo'  '^^^  the  part  of  the  integral  corresponding  to  the  in- 
finite value  of  the  element-frmction  will  be  excluded ;  but  ulti- 
mately if  f  =  0,  the  whole  value  will  be  included.  Under  these 
circumstances  the  integral  given  in  (127)  consists  of  the  two 
following  integrals : 

Now  let  these  two  integrals  be  added;  then  if  i  =  0,  the  sum  of 
the  left-hand  members  is 

and  is  determinate,  because  the  range  of  integration  does  not 
include  the  values  of  the  variables  for  which  the  element-function 
16  infinite.     Also  the  sum  of  the  right-hand  members  is 

^^3i/''-{/(a-,+yyZl)-/'(ar,+yyri)}^y 

-  ^/^r'{/(f+i+yy=l)-/(f-i+y^=^)}rfy, 

of  which  the  former  part  is  determinate;  the  latter  part  is  not 


/: 
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so ;  it  would  be  equal  to  0,  if  t  =  0^  were  it  not  that  within  the 
range  of  the  y-integratioti  y  takes  the  value  ti,  when  r  has  that 
of  f ;  and  consequently  the  variables  have  those  values  for  which 
the  element-function  is  infinite.  This  latter  part  may  therefore 
be  finite,  and  must  be  determined  in  each  case.  Thus  the  definite 
int^^l  found  in  the  ordinary  way  is  to  be  diminished  by  this 
quantity ;  let  us  denote  it  by  a  ;  so  that 

A=  ^^/*'*{/(f+i+y^/^)-/(f-t+yV^)}rfy.   (147) 

This  quantity  is  called  the  correction  for  infinity  or  for  discon- 
tinuity ;  and  its  value  may  be  determined  as  follows. 

(1)  When  ri,  the  value  of  y  for  which  the  element-Amction 
becomes  infinite,  is  between  y^  and  Pq,  so  that  the  preceding 
definite  integral  includes  values  of  the  element-function  on  both 
sides  of  that  value ;  then  as  for  all  other  values  of  y  when  t  =  0^ 
the  whole  function  under  the  sign  of  integration  in  (147)  is  zercL 
the  limits  may  be  extended  from  y«  and  y^  to  +Qoand  — od 
without  any  change  of  value  of  the  integral,  so  that 

A  =  ^/3i  r{/(fH.»+yy=T)-/(f-»+yy3l)}rfy.    (148) 

(2)  If  ri  =  tfQ,  the  inferior  limit,  only  those  values  of  the  ele- 
ment-function which  lie  on  the  positive  side  of  y  =  ly  =  y^  are 
included  in  the  definite  integral ;  so  that  all  those  lying  beyond 
that  limit,  and  up  to  infinity,  may  be  included  without  change  of 
value  of  the  integral :  in  this  case 

A=  x/^r{/(f+i+yy^)-/'(f-»+y>/^)}rfy.  (14fl) 
•'if 
(8)  If  ^  =s  y»,  the  superior  limit,  only  those  values  of  the  ele- 
ment-function which  lie  on  the  negative  side  of  y  =  i}  =  y«  are 
included  in  the  definite  integral :  in  this  case  the  lower  limit  of 
integration  may  be  extended  to  —  oo  without  any  change  of  value 
of  the  integral ;  and  we  have 

A=y=ir{/(f  +  i+y^:n)-/(f-t+y>/^)}ds^.   (150) 

I  may  observe  in  passing  that  the  correctness  of  this  change  of 
limits  in  the  value  of  a  given  in  (147),  without  any  change  of 
value  in  the  integral,  may  also  be  demonstrated  by  a  transforma- 
tion of  variable  in  (147),  by  replacing  y  by  ly+ttt,  where  i  is  an 
infinitesimal,  and  u  is  the  variable.  I  have  preferred  however 
the  general  reasoning  given  above. 
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These  yahies  of  a  may  be  ftirther  simplified.     Since 

/'(af-hy\/-l)  =  00,  

when  X  =  f  and  y  =  ri,f\2)  =  00  when  z  =  f ^-'yV — 1  =  f,  say. 
Now  the  fiEMstor  j?— f  may  enter  into  f\2)  in  any  power  :  I  shall 
Msome  that  it  enters  in  only  the  first  power^  leaving  the  student 
to  refer  to  the  original  memoirs  of  Cauchy  for  the  more  com- 
plicated case;  and  accordingly  I  shall  suppose  {z^C)f{^)  to  be 
finite  when  z  =  C-     ^^ 

{z-Of{z)  =  it(z).  (151) 

Then^  omitting  the  limits  of  a^  which  will  be  hereafter  supplied 
aeoordiiig  to  (148)  or  (149)  or  (160), 


rfy.(152) 


J   <  »^-(y-1;)^/^        -i^-(J^-»?)^/^J 

As  this  int^iral  vanishes,  when  t  =  0,  for  all  values  of  y  except 
thoee  near  to  ij, 

=  »(say);  (158) 

and  we  may  place  this  quantity  outside  the  sign  of  integration : 
Botliat 

=  2»»/=l  [tan-i  ?^]  .  (154) 

Henoe  if  the  value  of  a  is  that  given  in  (148),  the  limits  of 
integration  are 4- 00  and^oo;  and 

A  =  2vbV^;  (155) 

and  if  a  has  the  value  given  in  (149)  or  in  (150),  so  that  the 
limits  are  00  and  11,  or  1;  and— 00 ,  then 

A  =  irE>A=i:;  (156) 

thus  if  the  value  of  y,  which  makes  the  element;- Amotion  equal 
to  infinityj  is  a  limit  of  the  y-int^gration,  the  correction  for  in- 
finity or  for  discontinuity  is  only  onC;,  half  of  its  value  when  this 
IB  not  the  case. 

In  the  pr^eeeding  inquiry  we  have  investigated  the  circum- 
stances and  the  necessary  correction  when  the  element-function 
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becomes  infinite  at  given  values  of  its  subject-variables,  lliis 
may  occur  however  many  times  within  the  range  of  integration ; 
and  in  this  case  the  correction  must  be  introduced  for  each  set  of 
variables.  Thus,  suppose /'(^r)  =  oo,  when  «  =s  f^,  y  s  17,^ ;  ar=  f,, 
y  =s  I},;  ...^  =  f ^,  y  =  ri^i  and  the  corrections  corresponding  to 
these  values  and  determined  as  above  to  be  a^,  a,^  ...  a«  :  then 
the  whole  correction  for  infinity  or  discontinuity  is  the  stun  of 
these  several  corrections ;  and  if  e^,  b,,  . . .  b.  correspond  to  them, 
the  whole  correction 

A  =  27r^/^  {Bi+b,+  ..,+b,} 

=  2ir^/^a.B;  (167) 

remembering  always  to  diminish  any  one  of  these  partial  correc- 
tions by  one  half,  if  the  variable  corresponding  to  it  is  a  limit  of 
the  y-integration. 

Hence,  finally,  we  have 

-21r^/I^Ta.B•  (168) 

106.]  The  preceding  equation  is  too  general  for  our  present 
purpose ;  and  I  propose  to  take  certain  particular  cases  of  it,  fix>m 
which  definite  integrals  may  be  determined. 

Let  x^  =  +00,  Xf^  =s— 00;  y^  =  +  00,  y^  =  0;  so  that  the 
range  of  the  a?-integration  includes  all  positive  and  n^^ve 
values  of  x,  and  that  of  the  y-integration  includes  all  positive  but 
no  negative  values  of  y :  and  thus  in  seeking  the  values  oix  and 
y,  viz.,  f  and  1;,  for  which  /'(^+y  v^— -1)  =  o©  *  f  niay  be  nega- 
tive as  well  as  positive,  but  i|  must  always  be  positive. 

Let  us  moreover  suppose  that  /'(x  +  y\/— 1)  =  0,  when 
X  =  +00,  whatever  is  the  value  of  y;  and  =  0,wheny  ss  +  oo, 
whatever  is  the  value  of  x.  Then  under  all  these  circumstances, 
we  have  from  (158) 

J\»)dx  =  2ir>/3i:i.B.  (169) 

The  following  are  examples  of  this  formula. 
Ex.  1.    /     -2i^£fo.  Here,  when  x  is  replaced  by  af+y\/—l, 


Digitized  by  VjOOQ IC 


io6.]  cactcht's  method.  131 

Ms) 

,  ^  s  0,  when  ir  =s  +  oo  ^  and  when  y  =  ao ;  also  the  ele- 

ment-fonotion  =;  oo ,  when  ir  =s  +  >/— 1 ;  of  which  values  only 
the  upper  one  is  to  be  taken^  because  y,  which  is  the  coefficient 
of  \/ — 1,  is  capable  of  only  positive  values.  In  this  case  by  (158), 

B  =s      ^^yL ,  when  jg  =  V  — 1,   =  ^     . ^; 

xW-\  2\/-l 


.•.£^^  =  ,,(v/3i) 


(160) 


Id  iUnstntion  of  this  formtila  take  the  following  examples ; 

(1)  Iiet  ^(«)  s=  e^^'^sB  oosAr+\/^ sinew;  in  which 
it  is  to  be  observed  that 

which  yanishes  when  ir  rs  +oo ,  whatever  is  the  value  of  y ;  and, 
when  y  ss  +oo ,  whatever  is  the  value  of  #;  thus, 

and  oon8equ^ntIy 

cos  iM?+\/-*l  siniup 


£^ 


and  separating  possible  and  impossible  parts, 
cosiur 


L 


L.1+** 


i»  ^  we-'i  (161) 


(2)    Let  ^(:r) =ir"**S  where  2  >  m  >  0,  so  that  when  a?  is  re- 
placed  by  JP+yv—l,  TT^==0,wheni?=±  oe,  and  when  y=Qo; 


£ 


»-l 


,  ^  ^<te  «  »(n/^)-»  =  »(-!)■ 


fll-1 


-X 


jgiL A,  ^  '<-^> '  ■  = 


;  !+«•      i+(-i)--^ " ,  ,,-=?i 


(-1)  »  +(-1) 

s  ^ 
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■1-1  1-1 

But  (^1)  2    =  (cosw-f  \/-lsinir)  « 

(«»— l)ir         / — ^  .    (w— l)ir 
=  cos"    ^  '     +N/-lsm^ — g-JL.; 

m-l  1-1 

and  (—1)"  ^  =(cosir+\/— ICsinw)""  ^ 

(«i-l)ir        /-:.   .    (m--l)ir 
' s V  —1  sin a • 


Jo      1  +  x^  (m-l)7r 


cos ^-^^ V  — 1  sm  — 2" 


V 


^cos 5—^       28in-^r- 


(168) 


i_  1  — ar*  '^^    ^*'®'  '^'^«"  *  "  replaced  by  «+y  ^Zi, 

l_jj8  =  0^  wlie'^  *  =  ±  00,  and  when  y  =  00.  Now  the  ele- 
ment-function =  00,  when  *  =  ±  1,  both  of  which  values  lie 
within  the  limits  of  *  j  but  as  their  values  are  possible,  i;  =  0  for 
both ;  and  as  0  is  the  inferior  limit  of  y,  only  one  half  of  the 
general  correction  for  infinity  is  to  be  taken  in  each  case ;  so  that 

A  =  ^v/i:T|:it(f)|(^henar  =  l), 

+  Tv/=l.|^^}(when,=-l), 
=  |^/3l{^(_l)_^(l)J. 

Thus,  if  ^  (X)  =  a?»-i,  where  2  >  m  >  0;  then  if  ar  is  rephtoed 
by  a?+y  V—l,  _-_--o,  when  x=s  ±  oo,  whatever  is  the  value 
of  y,  and  =  00  when  y  =  oo  /whatever  is  the  value  of  a?;  and 


/ 


Lin^  =  -^{(-ir--(ir-}; 


and  consequently,  as  in  the  second  case  of  the  preceding  exunpie, 
'.ar-V<fe  _  vZ-i  (-i)«»-i_(i)«t-i 
-  »  2  i  +  («i)«-i 

=  gcot-^.  (166) 

If  in  (163)  and  (166)  m  =  2p,  and  a?  is  replaced  by  v^i,  then 
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-= =  7f  Qoeecp  V'r  .    .  V.lTO) 

.      -= szircotpir;  (167) 

Jq         L  ^^^SO 

whicli  are  results  of  the'  same  form  as  (72)  and  (78)^  Art.  94. 
In  this  case  however  p  may  be  auy  positive  prop^  fraction. 

107.]  K  the  form  of  f'{x)  is  such  that  all  the  corrections  for 

infiniiy  and  discontinuity  vanish ;  then  a  =  0 ;  and  from  (159) 

we  have  /*• 

/  /'(«)<&  =  0.  .     (168) 

All  these  conditions  are  fulfilled  when 

^  e**"^"^— e"'*     'Qo&ax+  n/— 1  sinor— e"* 

"<*>  =     i+«»    = ui^ ' 

iot  (1)  the  element-function  =s  0,  when  x  s^  ±qc,  whatever  is 
the  value  of  y^  and  =  0  when  y  =  oo^  whatever  is  the  value  of  x. 
(2)A  =  ir*(\/^)  =  0;  sinoec?*^^!— e-«  =  0,whena?  =  \/^. 

ooeafl?+>/^lsina4?— e**  - 

— r-_<fa  =  0; 


£ 


l+af» 
•0  tbat  equating  poecdUe  and  impossible  parts. 


1.    !+«*     -*    J_.T 


£ 


=  wc"*j  (169) 

sin  axdx       ^  „  -^ 

=;0;  (170) 


the  same  results  as  (161)  and  (162). 

106.]  The  limits  of  the  ^-int^g^tion  in  the  preceding  Articles 
are  oo  and  — oo ;  they  may  however  he  changed  to  oo  and  0  by 
the  following  process.     Since 

r  f\x)dx = rf\x)da-\-  r  r{x)dx 
^  r  f{»)dx -^  r  f{^x)dii> 

Jo  -     •'0 

=  A.  (171) 

Hie  following  are  examples  of  this  equation. 
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^0  ^  Jo        I      if  —IT      1 

=  «V^^(0).  (172) 

=  2w\/^^(-a).  (178) 
Ex.8.    r*<yi-">dr  =  r»^dr 

=:^^(av/IT).  (174) 

which  iM  the  same  as  (121),  Art.  101. 

=  ^>/^{*(a)-*(-a)}.   (176) 
Thus,  if  ^  (a?)  =  e^*^ 

Ex.5.  jr"{*(«)-<,(-,)>^.=£^^ 

=  ^^  {*(«)+*(-«)}.  (178) 
Thus,  if  ^(*)  =s  e*"-*^, 

X    ^=5^*^  =  2^"**-  <^'^®> 

.-.    if«  =  0,    rf^*£«te  =  J;  (180) 

the  last  integral  being  the  same  as  (77),  Art.  94,  and  as  (107), 
Art  100. 

B..&  f  (♦(„_*(_,„^.£^^ 

=  ir\/-l^(a\/-l).(181) 
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ThuB,if^(ar)  =  e*«^ 


r 


which  IB  the  same  result  as  (122),  Art.  101. 

Thus,  if  ^(x)  =  «»"*^, 

=  5^{l-e-»};  (184) 


•/a 


smAj?d!af 


/o    «r(««+a>)       2a« 
the  same  result  as  (120),  Art.  101. 

109.]  M.  Cauchy  has  also  made  another  application  of  the 
general  principle  of  the  inversion  of  order  of  integration  in  a 
double  integral  which  it  is  expedient  to  insert,  as  it  exhibits  the 
applicability  of  the  principle  to  another  form  of  Amotion. 

Let  f\z)  be  the  element-fiinction  of  the  required  definite 
integral,  wherein  ;r  is  a  variable  whose  modulus  is  r  and  whose 
argument  is  0 ;  so  that 

z  =  r{cos^+  \/— Isin^} 
=  r«»^^;  (185) 

and  consequently  the  element-fimction  is  fir^*^^) ;  and  let  us 
suppose  this  element-function,  as  also  its  first  derived  function, 
to  be  finite  and  continuous  for  all  values  of  its  modulus  less 
than  B.    Now,  since 

and         ^^fifif-'-y)  =  rs/'-i<f'^f\rif'^^)'. 

Let  tJie  two  members  of  this  identity  be  multiplied  by  A*di9 ; 
and  lei  the  limits  of  r  be  r  and  0;  and  of  0,  2T+a  and  a;  then 

Let  us  moreover  suppose  /'(rc*^**)  to  be  such  that,  when 
2ir +0  is  imbstituted  for  0,  its  value  is  unaltered ;  then  the  right* 
hand  member  of  (187)  is  manifestly  zero ;  and  since 
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'  '^/'('•«'^^)*"  =  /'('■«'^-^)-/(0)} 


/(r«*^-i)£M=/(0)j        dd 

=  2ir/(0).  (188) 

If  a  =  0^  then 

r/(r«*^i)£M  =  2t/(0).  (189) 

Jo 

In  (188)  replace  6hj  — ^ ;  and  a  by  — 2ir,  then 

'/(re-*^i)(W  =  2ir/'(0).  (190) 


r 


Jo 
Thus  (189)  is  true  when  $  is  replaced  by  ^0. 

Kthe  subject- variable  2r,  given  in  (186)^  is  replaced  throughout 
by  ^+^.  where  w  is  a  variable  independent  of  z,  so  that  the 
element-function  ia/'(^ + rtF'^^) ;  then/'(0)  ^f{x\  and  we  have 

80  that  any  function  of  x,f{x)i  where  w  is  possible  or  impossible, 
may  be  expressed  as  a  definite  integral,,  of  which  the  element- 
function  is  "the  original  ftmction,  provided  that  /'(oy+rc'^^),  is 
finite  and  continuous  for  all  values  of  the  modulus,  and  that  the 
value  of /'(i+rc'"'^)  is  not  altered,  when  2ir4-^  is  substituted 
for  e. 

Ex.  1.    Let  f'{z)  =s  = ;  thus  f\z)  is  finite  and  oontinu- 

ous  for  all  values  of  z  less  than  1 :  in  this  case  t}ien  the  modulus 
r  must  be  less  than  1 ;  therefore  by  (189), 


£ 


2irj 


but  V'-^ =r  ^'r-"''T 


1— rcosd+rV— Isini^ 


/o  1— 2rcostf+r«  ' 

80  that  equating  possible  and  impossible  parts,  we  have  for  aS 
values  of  r  less  than  1, : 
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X 

r 


••."-'• '"^'^  =  J.,  (192) 

'o  1— 2rco8^+r* 


=  0.  (198) 


Ex.  2.     hetf'iz)  s=  e".   As  this  is  finite  and  continuous  for  all 
values  of  z,  the  modulus  r  may  have  any  value ;  so  that  by  (189)^ 


f. 


0 

Sir 


gor(cof*+^-itiii»)rfd  =  27r; 
0 

«»*eos  (ar  sin  d)  rfd  =  2ir ;  (194) 

€«•«»•  sin  (or  sin  d)  rf^  =  0.  (195) 

Ex.  S.  Let  f{z)  =r  log(l  ^z) ;  which  is  finite  and  continuous 
for  all  values  of  z,  and  of  the  modulus  r,  less  than  1.     Also  if 

1— ;r  =  l— rcosd— r  %/— Isintf  =  p(oos^+v/— lsin<^); 

.".     1— rcos^  =  pcos<^^  — rsin^  =  psin<^; 

.-.    p«  =  l-2rcos^+r>, 

1— rcosd  .    ^  — rsin^ 

cos<b  =  r,    sin©  = ;  . 

(l-.2rcos^+r>)*  (l-2rcos^+r2)* 

Now  by  these  values  it  is  evident  that  p,  cos  ^  and  sin  <l>,  and 
consequently  l^z  have  the  same  values  when  $  =  2v+af  as 
when  0  =:  a;  hence  log  (1-— ^r)  satisfies  the  necessary  conditions ; 


r 


log(l-re*^-»)<i»  =  0 

botlog(l-re**'^)  =  logO>«*^^)  =  logp+tpy/"^;  therefore 
separating  the  possible  and  the  impossible  parts, 

'log(l-2roostf+r»)<»  =  0.  (196) 


r 

Jo 


I 

Jq 


/"tan-»-Z!l«E^d»=0.  (197) 

^0  1— rcosd 


i 


If  r  is  greater  than  1^  then  -  is  less  than  1^  and 

r 

tw 

log(l-2rcos^+r>)£W 

0 


PRICB^  VOL.  II. 


=  j     logr»d9+y     log(l--oos^+-jjjrfd 
=  4wlogr.  (198) 

T 
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Ifr  =  l, 

/    log4(8in^)  de  =  4fflog2  +  2  /     logsin^dB 

=  4wlog2+4/   logsiaOdd 
Jo 

=  4ir  log  2-4  IT  log  2,  by  (75),  Art.  94; 

=  0.  (199) 

110.]  This  is  all  the  account  that  I  am  able  to  give,  consistently 
with  the  scope  of  the  present  treatise,  of  the  method  of  evaluating 
definite  integrals  devised  by  M.  Cauchy.  Much  more  might  be 
said  both  on  the  simple  cases  which  have  been  investigated,  and 
on  the  numerous  applications  of  the  resulting  formulae,  as  well  as 
on  definite  integrals,  the  direct  forms  of  the  element-functions  of 
which  are  more  complicated.  But  for  all  these  I  must  refer  the 
student  to  the  original  memoirs  of  M.  Cauchy. 

In  the  course  of  his  studies  the  reader  will  find  that  when  the 
factor,  for  which /'(^r)  =  oo,  is  of  the  form  (-ar— f  )•",  the  correction 
for  infinity  takes  a  more  complicated  form  than  that  given  in 
(155) ;  and  M.  Cauchy  has  devised  for  the  determination  of  it  a 
new  process  involving  new  symbols  and  a  new  algorithm,  which 
he  calls  Calcul  des  Residus.  This  however  is  one  of  the  higher 
parts  of  the  subject  which  I  have  not  attempted  to  develope.  It 
will  be  observed  that  almost  all  the  definite  integrals  to  which 
the  method  has  been  applied  have  also  been  deduced  by  other 
processes;  indeed  Cauchy  has  drawn  hardly  any  results  which 
had  not  been  demonstrated  by  other  methods.  The  method 
requires  very  great  caution :  but  theoretically  there  are  scarcely 
any  limits  to  the  extent  of  application  of  the  equation  (126), 
which  is  the  ftindamental  theorem  of  the  method.  It  is  the 
nearest  approach  to  a  general  method  of  evaluating  definite  inte- 
grals that  has,  as  yet,  been  discovered.  It  will  also  be  observed 
that  in  the  preceding  Articles  the  subject-variable  z  of  the 
definite  integral  has  been  restricted  to  the  very  particular  form 
j2r  =  i+yv^— 1;  although  it  is  theoretically  very  general,  being 
any  function  of  a?  and  y.  The  appHeation  of  the  general  theorem 
to  another  form,  viz.  z  =  a?(a  +  yv/  — l)has  been  briefly  and  im- 
perfectly made  in  Art.  104  :  and  the  correction  for  infinity,  which 
is  one  of  the  most  useful  parts  of  the  method,  has  not  been  made 
in  that  case.  I  may  in  conclusion  remark  that  the  process  re- 
quires the  determination  of  the  roots  oif\z)  =  oo ;  so  that  it  can 
be  employed  only  when  the  roots  can  be  found. 
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Section  6. — Methods  of  Approseimaiing  to  the  Value  of  a 
Definite  Integral. 

111.]  If  the  correct  value  of  a  definite  integral  cannot  be 
determined  by  any  of  the  methods  explained  in  the  preceding 
sections^  yet  there  are  many  methods  by  which  an  approximate 
yalne  of  it  can  frequently  be  found ;  and  the  limits  also  can  be 
determined  within  which  the  error  of  approximation  lies.  These 
methods  wiU  be  investigated  in  this  section. 

We  must  reciur  to  the  precise  definition  of  a  definite  integral 
given  in  equations  (20)  and  (2fl)^  Art.  83 ;  and  we  have 


/ 


V[x)dx  =  p(a?J-p(a?o) 

=  (a?i  -a7o)  J^(^o)  +  (^2-^i)  ^(^i)  +  . . .  +  (^«-^-i)  F'(^i-i);  (200) 
subject  to  the  condition  that  f'(^)  does  not  become  infinite  for 
any  value  of  x  within  the  range  of  integration. 

Now  (200)  is  a  series  of  terms  each  of  which  is  the  product  of 
two  fi9u;tors.  One  of  the  factors  is  an  element  of  the  range  of  in- 
tegration, and  the  other  is  a  given  function  of  the  variable^  the 
variable  having  a  given  value ;  thus  the  latter  factor  is  a  quantity 
completely  defined ;  but  the  former  factor  is  an  element  of  the 
range^  and  is  arbitrary,  provided  that  it  is  infinitesimal,  because 
the  mode  of  partition  of  the  range  is  arbitrary.  Different  modes 
of  partition  are  suitable  to  different  element-functions;  but 
doubtless  that  which  is  most  generally  applicable,  and  which  is 
also  the  most  simple,  is  the  partition  of  the  range  into  equal  ele- 
ments. Let  us  adopt  this  mode ;  and  accordingly  let  us  suppose 
J?,— a?Q  to  be  divided  into  n  equal  parts,  each  of  which  =  t;  so 
that  x^^Xq  =  ni,  and 

Xi^Xq  =  x^—'Xi  = =  a?«— a?H-i  =  *•  (201) 

then  (200)  becomes 

lv\x)dx 

=  i  |i<(^o)  +  3^(^o+»)  +  ^^(^o+2i)+-^{^o+('»-l)^}  \  ^  (202) 

and  for  the  evaluation  of  the  definite  integral  it  is  necessary  to 
find  the  sum  of  the  series  of  functions  contained  in  the  right- 
hand  member.  This  sum  will  generally  be  a  fiinction  of  n  and  i ; 
and  consequently  of  n  only,  since  x^^Xq  =  ni ;  and  if  in  it  oo  is 

T  2 
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+ 
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t  is  infinitesimal. 
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substituted  for  n^  so  that  t  is  an  infinitesimal^  the  resulting  value 
will  be  the  value  of  the  given  definite  integral.  Although  some 
examples  of  this  mode  of  evaluating  a  definite  integral  have  been 
given  in  Art.  9^  it  is  desirable  to  add  others ;  for  the  notion  of 
a  definite  integral^  as  the  sum  of  a  series^  cannot  be  too  frequently 
impressed  on  the  student^  whether  for  the  sake  of  an  exact  idea, 
or  for  the  purposes  to  which  this  Calculus  will  be  applied  in  both 
the  present  and  the  subsequent  volumes  of  our  course. 


ad  infinitum 

(203) 

the  same  result  as  (76)^  Art.  94. 

Ex.2.  /    log(a^— 2acosd+  \)d^i  when  a  is  greater  than  1. 

Let  the  range  be  divided  into  n  equal  parts,  each  of  which  =  ~ ; 
then  the  definite  integral 

=  -  |log(a-l)»+log(a»-2acos^+l) 

-|.log(o2-2acos^+l)  +  ...+log(fl«-2flcos?^7r  +  l)^ 

=  -log  {(a-1)^  (a2-2acos^  +  l)  (a»-2flcos^  +  l)  .. 

...  (a«— 2aco8^^^  w  +  1)  ( 
Now  by  Art  64,  Vol.  I, 
o«»-l  =  (a-l)(a«-2acos-  +  l)(a*-2flco8— +l)... 

...(a«-2acos!^ir  +  l)(a+l). 

.-.    f\og(a*^2acose+l)d$  =  ^log?^(a»«-l) 

=  2irloga.  (204) 

which  is  the  same  result  as  (198),  Art.  109. 
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112.]  If  however  the  sum  of  the  series  in  the  right-hand 
member  of  (202)  cannot  be  expressed  in  general  t^rms  of  n,  yet 
an  approximation  may  be  made  to  it^  and  may  be  carried  to  any 
extent.  For  this  porpose  let  the  range  be  divided  into  a  finite 
nnmber  of  equal  parts ;  say^  into  n  equal  parts ;  and  let  the  value 
of  the  element-functions  corresponding  to  the  commencement  of 
each  part  of  the  range  be  calculated ;  then  the  product  of  the 
sum  of  all  these  element-functions  and  of  the  element  of  the  range 
will  be  the  approximate  value  of  the  definite  integral ;  and  the 
la^er  n  is^  the  nearer  will  the  value  thus  determined  be  to  the 
true  value  of  the  integraL  This  process  may  of  course  involve 
long  and  intricate  calculations ;  yet  the  process  is  theoretically 
perfectj  and  may  always  be  applied.  A  small  value  of  n  will  be 
sufficient  for  a  first  approximation^  and  this  is  frequently  of  con- 
siderable practical  use. 

For  an  example  of  the  method  let  us  take  the  definite  integral 

1 5 .     I  have  chosen  one,  the  value  of  which  is  known,  that 

.!o  1  +  ar 

the  approximate  results  may  be  compared  with  the  true  result. 

Let  the  range,  which  =  1,  be  divided  into  four  equal  parts, 

«ach  of  which  =  -r :  then 
4 

Jo   1  +  **  "4  r  "*"l7'*"5'*"25f 
=  .25 +  .234+. 2 +  .16 
=s  .844. 


Again,  let  the  range  be  divided  into  ten  equal  parts,  each  of 
which  =  j^;  then 

p    dx     _   1   j.   '  100      100      100 
Jo   l  +  a?«  "  10  (    "^  101  ■*■  104  ■*■  109 


100      100      100 
'^  116  "^  125  "^  136 

100      100      100) 
"*■  149  "^  164  ■*■  181  ^ 

=  ^{1  +  . 99+. 9615 +  .91 74+. 862+. 8+. 7852 

+  .6711 +  .6097 +  .5524} 
=  .80993. 

C^    dx         It 
Now  the  true  value  of  /    ^        ,  =  Z  =  -78539 ;  so  that  the 
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errors  in  the  two  preceding  calculations  are  respectively +.059 
and  +.02454. 

118.]  Now  let  the  reader  refer  to  the  geometrical  interpretation 
of  integration  given  in  Art.  8^  and  compare  with  it  the  process  of 
the  preceding  Article.  Let  y  =  Tf{x)  be  the  equation  to  the 
plane  curve  represented  in  fig.  16;  let  om^  =  a?^,  om  =  x, 
OM,  =  ^nJ  MN  =  dXf  MP  =  y  =  y\x)  i  SO  that /(a?)  {fe  cxpresscs 
the  area  of  mpqn^  when  mn  =  cfr  =  an  infinitesimal.     Evidently 

therefore  will  /    p'(x)  dx  express  the  area  contained  between  the 

curve,  the  extreme  ordinates  MqPq  and  m„p^,  and  the  a^-axis. 
Under  these  circumstances  the  range  m«  h^  is  divided  into  an  in- 
finite number  of  elements.  If  however  the  number  of  parts  into 
which  the  range  is  divided  is  finite,  and  the  sum  of  the  element- 
functions  corresponding  to  these  is  calculated,  that  sum  will  be 
only  an  approximate  expression  for  the  value  of  the  area.  For 
suppose  MN,  in  fig.  16,  to  be  a  part  of  the  range,  ==  f,  say;  then 
%V{x)  ^zwsxuv  =  the  rectangle  mprn;  which  is  short  of 
the  corresponding  part  of  the  curvilinear  area  by  the  area  of  PBq: 
and  as  a  similar  result  is  true  of  each  part  of  the  range,  the  sum 
of  all  the  rectangles  will  be  less  than  the  required  area  by  the  sum 
of  all  the  similar  triangular  pieces.  If  the  bounding  curve 
approaches  the  axis  o{  x,  bs  x  increases,  the  sum  of  the  areas 
corresponding  to  the  finite  partition  of  th^  range  of  the  d?-inte- 
gration  will  be  greater  than  the  true  result  by  the  sum  of  similar 
triangles.  The  differences  however  between  the  true  results  and 
the  approximate  residts  thus  determined  will  be  less,  according  as 
the  number  of  parts  into  which  the  range  is  divided  is  greater. 

The  process  of  thus  approximating  to  the  value  of  a  curvilinear 
area  by  the  geometrical  expression  of  the  mode  of  approximate 
integration  explained  in  the  preceding  Article  is  so  exact,  that 
the  latter  has  been  called  Approximate  Integration  by  summation 
of  ordinates  at  equal  finite  intervals. 

This  geometrical  illustration  sugg^ests  a  more  exact  process 
of  approximation.  It  is  plain  that  the  product  of  mn  into  the 
semi-sum  of  mp  and  nq  is  nearer  to  the  true  value  of  the  area 
MNqp  than  mn  x  mp.  So  that  if  i  represents  the  required  area, 
or  definite  integral,  and  if  j/q,  y^,  y^,...  y«  denote  the  ordinates, 
or  the  element-functions,  corresponding  to  Xq,  x^+if ...  4?^,  then 

i-t  |__  +  -.^_  +  ...+  _^_j. 
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.-.  j''-^{x)dx  =  i  ^t^  +i,'(;p,+i)+p'(*o+2»)+-- 

...  +  F'(*.-i)+%^}.     (205) 

Of  this  Theorem  we  have  the  following  interesting  application. 
Let  ^Xx)  =  log^^  and  let  the  limits  of  integration  be  m  and 
m+n;  and  let  us  suppose  t  =  1 ;  then 

I       logxdx  =  Hlogm+log(m+l)+log(m-|-2)+... 

...+log(wi-fn— l)+glog(w+n) 

=  logm  +  log(m  +  l)+  ...  -hlog(m+n-l) 


I. 


But  /       logxdx  =  hr logo?— 07 


"iw+n 


=:  (m+«)log(?»+n)— mlogm— n. 
.-.    logi»+log(»i+l)+log(m+2)-h...-hlog(m+n--l) 

=  (m+n)log(w-|-n)— mlogm— «— 5{log(m+n)— logm} 

=  (m4-n-g)log(m  +  «)-(m--)logm-n; 

and  taking  numbers  instead  of  logarithms^  we  have 

i»(m  +  l)(m+2)...(m+n-l)  =  (m4-n)~+«-* !»-"•+*«-•.  (206) 

Thus  the  right-hand  member  is  an  approximate  value  of  the 
product  of  n  numbers  integral  or  iractional^  in  arithmetical  pro- 
gressiouj  of  which  the  common  difference  is  unity.     If  m  =  1^ 
1.2.3  ...«  =  (!  +  ny^ie'\  (207) 

Now  the  difference  between  the  true  value  and  the  approximate 
value  given  in  (206)  of  m  (niH- 1) . . .  (m+n— 1)  will  become  less, 
the  larger  n  is,  because  the  greater  the  range  of  integration  is, 
the  smaller  proportionally  becomes  the  difference  between  the 
successive  elements,  which  we  have  assumed  to  be  unity.  Let  us 
suppose  n  =  00 ;  then  since,  when  n  =  oo , 

(m+nr+-*  =  „-+-*(l  +  ^)"{l  +  iJ)""* 
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therefore  from  (206), 

m(m  +  l)(m+2)...(m+n--l)  =  m-"+*a«'n"+*-ie— ,  (208) 
when  »  =  oc  . 

This  is  indeed  only  an  approximate  value  for  the  product  of 
the  factorials,  hut  we  shall  hereafter  he  ahle  to  correct  it  for  the 
particular  case  given  in  (208),  viz.  when  n  =  oo  . 

Again,  if  (205)  is  applied  to  the  Example  in  Art.  112,  and  the 
range  is  divided  into  ten  equal  parts,  the  result  =  7.8493,  which 
is  less  than  the  true  value  hy  only  .0046,  and  is  a  much  more 
exact  approximation  than  those  found  in  the  preceding  Article. 

114.3  The  partition  of  the  range  of  integration  into  equal  finite 
parts  and  the  calculation  of  the  element-function  corresponding 
to  each  part,  produces  other  formulsB  for  the  determination  of 
approximate  values  of  definite  integrals;  and  as  these  are  also  of 
considerable  practical  use  in  Mensuration  it  is  necessary  to  de- 
monstrate them. 

Let  the  element- Amotion  be  f(^)  ;  and  let  the  range  w^-^Xq  be 
divided  into  n  equal  parts,  each  of  which=i  j  so  that  ^„— a?Q=»i. 

Also  let  the  difference  between  F(^-(-f)  and  f(^),  which  is 
generally  finite,  since  t  is  finite,  be  denoted  by  af(^)  ;  so  that  we 

^^®  F(a?+f)  =  F(;p)  +  AF(a?),-  (209) 

in  reference  to  which  it  may  be  observed  that  a  becomes  d,  when 
%  becomes  dx.  Let  the  variable  x  receive  another  finite  increment 
tj  then  from  (209), 

F(ar-|-2i)  =  F(a?+f)4-AF(a?+f) 

=  F(j?)4-AF(a?)  +  A{F(ir)-|-AF(a?)} 

=  F(;p)-|-2AF(a?)-f-AAF(a?). 

Let  A  A  be  denoted  by  a^  ;  this  substitution  being  merely  a  mat- 
ter of  notation,  and  independent  of  any  supposition  as  to  whether 
A  denotes  an  operation  subject  to  the  index  law.  Similarly  let  a  a' 
be  denoted  by  a' j  and  so  on;  then 

F(4?  +  2f)   =  F(a?)  +  2AF(d?)  +  A2F(a?). 

Again,  let  x  receive  another  increment  i ;  then 

F(^-|-8f)  =  F(^)  +  8AF(a?)  +  8A»F(ar)-|-A3F(a'); 

the  law  of  the  coefficients  being  evidently  that  of  the  Binomial 
Theorem.  Consequently,  if  a?  is  increased  m  times  successively  by 
t,  we  shall  have 
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^  ^       w*        r  X      tn(in — 1)     „    ,  ^ 

m(»i— 1)  (m--2)    -    ,  ,  /fti/^x 

+  -^—^  j^  3 -^A3F(a?)+...  (210) 

Now  this  theorem  is  generally  true  for  all  positive  and  integral 
valaes  of  iw.  To  accommodate  it  to  the  present  problem,  let  x  be 
replaced  by  j?^,  and  let  a?^  +  mi  =  x;  then 

/      V  .      v^  —  ^0  9      .      V  (•2:'  — ^n)(-^  — ^0  —  *) 

F(2-)  =  F(j?o)  +  AF(a?o)— T-5+AaF(a?o)5^ iXi^"^ — ^ 

4- a3  f  (:r  ^  (^-^o)  (^-^0-^)  (^-^o-2i)  ^.- 

+  A  F(^o) i.2.3.i3. ^--    (^11> 

Hence  by  integration  through  the  range  x^^Xq, 

I  \(x)dx  =  r(j?o)(^«-«^o) 

^      %  2       .1.2       i^       I       3  2        S 

+  lis  -i^  T-^^  -  ^(— o)'+^^(— o)'} 

"^  1.2.3.4      t«       1        5  2 

+ ■   ;   (212) 

Rplacing  x^ — dr^  by  ni,  this  becomes 

/     r(x)<ir  =  «  Jnp(a^„)+^AF(j?o)  +  (-3  "  -2)-i:2^ 
,  /n*  \  A'p(aro) 

+  Vy -  "2-  +  -3 — ^"v  r2.3.4  +  •••  J'  ^^^^) 

the  Bubeequent  terms  of  which  are  easily  calculated.     In  this 
series  let  af(j?o)>  A^FCa?^),  a^fC^^o)  be  replaced  by  the  quantities 
which  they  represent :  for  this  purpose  let  y^,  y^y  y^y  ^s  •  •  •  denote 
'(»o)>  ^(^0  +  0,  F(^o+2»),  F(^o  +  3t).     .;  then,  from  (207), 
AF(a?o)  =  Ayo=  yi-^o; 

A«F(j?o)  =  A^i  — Ayo, 

•imilarly           A»F(afo)  =  y3-8y,+3yi-yo; 
.....) 

PKICE,  VOL,  n. 


(214) 


Digitized  by 


Google 


146  DEFINITE  INTEGRALS.  [114. 

so  that  from  a  geometrical  point  of  view  y^,  y^,  y,,  y,,  ...  are 
equidistant  ordinates  of  the  curve  y  =  f(^). 

Now  these  quantities  af(^o)^  a^v{Xq),.,.  are  called  the  suc- 
cessive differenced  of  t  (Xq)  ;  and  in  all  cases  to  which  the  pre- 
ceding formulae  of  approximation  can  be  successfully  applied^  it 
is  necessary  that  the  values  of  these  differences  should  rapidly 
decrease;  this  circumstance  may  easily  be  verified^  and  it  is 
found  to  be  true  in  all  cases  of  tabulated  functions.  Thus^  if 
f(^)  is  a  rational  algebraical  function  of  n  dimensions^  A*F(ar)  =s  0. 
On  this  hypothesis  then  we  shall  deduce  from  (213)  successive 
approximate  values  to  the  definite  integral. 

Thus,  if  we  omit  all  terms  after  a*f(;Po),  we  have 

Let  n  =  2 ;       J''r  (x)da;  =  |  {y^+^i +1/3}}  (216) 

which  is  a  theorem  frequently  applied  in  mensuration. 

Let  «  =  4 J      f''r(x)  dx  =  ^  {2yo-4yi+5y,}.  (217) 

From  (216)  may  be  deduced  a  rule,  originally  disooyered  by 
Thomas  Simpson,  and  frequently  employed  in  mensuration. 

Let  the  range  jr.— 2^0  be  divided  into  n  equal  parts,  where  n  is 
an  even  number,  each  of  which  =  i ;  then  as  (216)  gives  the  value 
of  the  int^^  for  any  two  consecutive  parts,  taking  the  sum  of 
all,  we  shall  have, 

t'{x)dx  =  ^{yo+4yi+yj+y»+*y8+yi+- • 

•••+y,_,+4y,_i+y,} 

=  3  {yo+y«+4(yi+ys+  •+y.-x) 

+2(y«+y4+--+y-.)}-  (2i8) 

Again,  if  ail  terms  in  (213)  after  A^viXg)  are  omitted,  we  have 
i  '(*)'to  =  »{y«(«-l2-+g--24) 
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Let  n  =  3 ;  then 

j'\{x)dx  =  ^  {yo  +  Syi  +  Sy^+y,}.  (220) 

Let  n  =  4 ;  then 

f\  {x)dx^^  {2yi-y3+2y»}.  (221) 

If  A'p(a?o)  =:  0^  afl  is  the  case  when  y{x)  =s  -^  j?*,  (220)  and 
(221)  give  results  strictly  accurate. 

115.3  An  approximation  may  also  be  made  by  the  following 
process^  which  assigns  certain  limits  within  which  the  true  value 
of  the  definite  integral  lies.  Let  p'(^)  be  the  element-ftmction 
of  the  definite  integral ;  and  let  f'{x)  and  <^\x)  be  two  other 
functions  of  x,  the  values  of  which  are  respectively  greater  and 
less  than  if{x),  for  every  value  of  x  within  the  range  of  integra- 
tion ;  so  that  for  every  such  value 

f\x)>V{x)  >4>\x); 

Moreover  let  us  take /'(a?)  and  4>i^h  ^cl^  that  the  definite  inte- 
grals^ of  which  they  are  the  element-functions^  may  be  determined : 
then  evidently^  by  the  definition  of  a  definite  integral^ 

ry\x)  dx  >  /  V(a^)  dx  >  ['""(f/ix)  dx.  (222) 

*Vo  ^f^  ^^ 

Let  us  investigate  by  this  method  an  approximate  value  of  the 
dx 

^)*' 
within  the  range  of  integration^ 


definite  integral  / :  siuce  for  all  values  of  x  included 

Jo  (1  —  ^ " 


>  ::: ri     >1> 


(l_-p2)*  (1-^3)* 

f^     dx  [^     dx  /•* 

Jo  (1-J?»)*     Jo  (i^a^)^     Jo 
dx  I 

^^2^ 


6  Vo  (1-^ 


•52858>/*— ^>.5;  (223) 


dx 

^)* 

so  that  limits  are  assigned  very  near  together  within  which  the 
value  of  the  given  definite  integral  lies. 

116.]  The  definition  given  in  (200)  suggests  other  means  of 

U  2 
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obtaining  approximate  values  of  definite  integrab,  and  of  ascer- 
taining certain  properties  relating  to  those  values. 

Let  f'(^)  be  the  element-function :  then  if  a?„  is  greater  than 
j7q,  andp'(a?)  does  not  change  sign  within  the  range  of  integration. 


i 


Y\x)dx  has  the  same  sign  as  f'(^).     If  however  p'(a?)  changes 

'^ 

sign,  the  integral  will  be  positive  or  negative,  according  as  the 

positive  or  negative  part  of  the  series  is  the  greater. 

Since,  in  the  series  on  the  right  hand  member  of  (200),  x^^Xq, 
^2— ^i>  •••  ^n~**^n-i  ^^®  ^  quantities  of  the  same  sign,  by  preli- 
minary Theorem  III  of  Vol.  I.  the  sum  of  the  series  is  equal  to 
the  product  of  the  sum  of  all  these  quantities  and  some  mean 
value  of  the  other  factor :  consequently 

i'\\x)doo  =  (a?„-^o)^'{^o+^(^»-^o)}.  (224) 

wherein  0  denotes  an  undetermined  proper  positive  fraction. 
Then,  the  limits  of  the  value  of  the  definite  integral,  given  by 
substituting  0  and  1  severally  for  0,  are  {x^-^x^  ^'(^o)  ^^^ 
{x^-^Xq)  v\x^^),  between  which  the  value  of  the  definite  integral 
lies. 

The  geometrical  intei'pretation  of  (224)  deserves  a  passing  no- 
tice. Let  y  =  ¥\x)  be  the  equation  to  the  curve  Pq  pqp„  in  fig.  16  ; 
Then  as  the  definite  integral  expresses  the  area  p^  p^  m^  m^,  and  as 
MqM^  ztzx^—Xq,  the  equation  shews  that  the  area  is  equal  to  that 
of  a  rectangle  one  of  whose  sides  is  m^m^,  and  the  other  is  an 
ordinate  to  the  curve  corresponding  to  an  abscissa  intermediate 
to  x^  and  Xq, 

If  the  left-hand  member  of  (200)  is  determined  by  means  of  its 
indefinite  integral ;  then 

¥(x^)^t{Xq)  =  (a?„-^o)F'{a?o+^('^n-^o)}>  (225) 

which  equation  has  been  already  found  in  Art.  Ill,  Vol.  I. 
If  the  range  x^—XqIs  infinitesimal. 


Y\x)dx  =  {x,'-Xo)f\v^);  (226) 

which  is  the  first  term  of  the  series,  of  which  the  definite  integral 
is  the  sum. 

If  the  element-function  ^(x)  is  the  product  of  two  fiinctions, 
f{x)  and  <t)(x),  of  which  <p'{x)  has  the  same  sign  for  all  values  of  x 
within  the  range  of  integration;  then 
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f'yix)<t>\^)d^  =  (^i-^o)/W*'(^o)  +  (^a-^i)/(^i)*'(^i)  4-... 

.•.  +  (^n-^-i)*V«-i).     (227) 
Now  the  right-hand  member  of  this  equation  consists  of  a 
series  of  terms,  into  each  of  which  a  factor  enters,  which  is  of  the 
form  (a^j^Xi)  <^'(^0>  and  is  always  of  the  same  sign ;  therefore  by- 
Preliminary  Theorem  III,  Vol.  I., 

=  /{^0-^B  (^,-a?o)}  {(J?i-^o)  4>i^o)  +  (^3-^i)  <^'C^i) -♦•  •  •  • 

=  /{^o  +  ^  (^•-•a^o)}  l<t>\^)  dx,  (228) 

Equation  (224)  is  evidently  a  particular  case  of  this  theorem. 

If  the  indefinite  integi-al  of  the  right-hand  member  can  be 
determined,  this  equation  becomes 


''0 


/(^)*'(^)^=/{^o+^(^»-^o)}{*(^«)-*(^o)}-        (229) 


The  following  is  an  example  of  this  theorem  ; 

/•'•  ,       ,  /*•»-     ,      dx 

I     Y(x)dx  =  /     XY{X)  — 

=  K+^(^»-^o)}F'{^o  +  ^(^»-^o)}log5^.     (230) 

Xq 

Hence  it  follows  that  if  g  and  l  are  respectively  the  greatest 
and  the  least  values  o{f(x)  within  the  range  of  integration, 

G  /  '*it/(x)  dx>     'y{x)  <t>\x)dx  >  L  /  'V(^)  dx.       (231) 

These  theorems  are  frequently  of  considerable  use  in  determin- 
ing the  limits  of  value  of  a  definite  integral ;  and  also  in  shewing 
the  value  which  a  definite  integral  takes  for  a  particular  value  of 
a  constant  contained  in  its  element-function.     Thus  we  may  de- 

termine  the  value  of  /     — —  — -  ,  when  a  =  :c  .     On  compar- 

ing  this  with  the  formula  given  in  (228),  let  f{x)  =  — zr^  * 

which  =  0,  when  x  =  cc  ;  and  =  - ,  when  a:*  =  0,  so  that  the  mean 
value  of  this  factor  is  mean  between  these  quantities.     Also 

/     -— r-^  =  2  /     e-^'dx  =  ( -)  ;  .see  (112),  Art.  100  ; 

*'o  X^  '0  ^fl 
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so  that  /     7 —  =r  0,  if  a  =  00 ; 

•'o        a?* 


r 


^_^,_.  T  =  0,ifa=oo.  (282) 

^0    e*+e  *  a?* 

117.3  O^  ^^®  various  processes  which  have  been  devised  for  the 
purpose  of  approximating  to  the  value  of  definite  integrals^  some 
consist  in  the  development  of  the  element-function  into  a  series^ 
and  in  the  subsequent  integration  of  each  term  separately;  in 
others^  series  are  formed,  either  by  integration  by  parts,  or  by 
some  other  method,  in  general  terms,  and  these  are  applied  to  the 
particular  element- Amotion. 

The  following  series  was  devised  by  John  Bernoulli. 

Let  /  f'(^)  dx  be  the  definite  integral  whose  value  is  required : 
then,  integrating  by  parts,  we  have 

iif\x)dx  =s  x'Bf{x)^jxif\w)dxi 

fxjf'\x)dx  =  ^V\x)^f^V\x)dx', 


L 


r'(x)  dx 


This  theorem  may  be  proved,  and  also  its  general  term  may  be 
foimd,  by  means  of  Taylor's  series;  and  hereby  the  limits  of  the 
value  will  be  determined. 

By  Taylor's  series  we  have 


1^      '  '1.2^""^^   ^     ''1.2...r 
Let  A  be  replaced  by  —a>, 


1        '  '1.2.         '  '1.2.3 


...i-y-rris-es)^^^^; 


so  that  replacing  v(x)  by  JY\x)dXy  and  taking  the  definite  inte- 
gral of  both  members,  we  have 
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omitting  f(0)^  because  it  disappears  in  the  definite  integral. 

II8.3  Other  series  usefiil  for  the  present  purpose  may  also  be 
derived  fix)m  Taylor's  Theorem. 

From  (84),  Art.  74,  Vol.  I,  we  have 


L 


...+r{xo+fl{^.-*o)}^5^;       (235) 

the  right-hand  member  of  which  rapidly  converges,  if  a?^—^?^  is  a 
small  quantity ;  and  if  ^,—^0  is  infinitesimal,  taking  two  terms, 
we  have 

which  is  in  fact  the  same  result  as  (225) ;  and  if  only  the  first 
term  is  taken,  the  result  is  the  same  as  (226). 

Again,  suppose  the  range  a?^— a?^  to  be  finite,  and  to  be  divided 
into  n  parts,  each  of  which  is  equal  to  t,  so  that  dr.— a?o  =  itf ; 
then 

I    V{x)dx  =  /     F'(a?)«te+  /       F'(^)(te  +  ..•  +  /     Y'(x)dff; 

•'jTo  ^xo  *^xo+i  -^dTo+Cn-lX 

and  replacing  the  definite  integrals  by  their  values  in  (236),  we 
have 


V(«)dir  =  »{F'(a?o)+i'(«o+»)+-+»'K+(«-l)»)} 


+  j^{F'>o)+J"(*o+i)+-+y"(*o+(»-l)i)};        (237) 

a  nearer  approximation  may  of  course  be  made  by  including  more 
terms  of  (235). 

119.]  We  come  now  to  a  method  of  approximate  integration, 
which  may  be  very  largely,  and  indeed  almost  universally  applied. 
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It  is  called  the  method  of  integration  by  series.  And  although 
it  is  generally  inexpedient  to  expand  a  function  into  series,  yet  as 
this  may  be  a  case  where  all  other  methods  fail,  we  must  take  the 
expansion  as  the  best  possible  solution,  and  examine  it  as  closely 
as  we  can. 

The  process  suggests  itself  at  once.  Let  the  element-function 
be  expanded  into  a  series  of  terras,  such  that  each  term  may  be 
integrated  separately.  Let  these  integrations  be  effected ;  hereby 
a  new  series  is  formed,  which  is  the  value  of  the  given  integral. 
If  the  sum  of  this  series  can  be  expressed  in  general  and  finite 
terms,  that  sum  is  the  value  of  the  definite  integral ;  but  when 
this  cannot  be  found,  an  equality  will  exist  between  the  definite 
integial  and  the  series,  which  is  often  of  considerable  use,  as  to 
the  definite  integrals  and  the  series.  It  must  be  borne  in  mind, 
that  if  a  series  adequately  expresses  a  function,  the  series  must  be 
convergent :  it  is  necessary  therefore  that  the  series  to  which  the 
definite  integral  is  equal  should  be  convergent :  this  will  always 
be  the  case  if  the  series,  into  which  the  element-function  is 
expanded,  is  convergent  for  all  values  of  the  variable  within  the 
range  of  integration ;  and  may  be  so,  even  when  that  series  is  not 
convergent  for  all  these  values. 

Let  f'(^)  be  the  element- function ;  and  let  us  suppose  ¥\x)  to 
be  capable  of  expansion  into  a  series  of  the  form 

Wo+t*i  +  «^+-  •  +  «*«•+•••> 
which  is  convergent  for  all  values  of  oe  within  the  range  of  inte- 
gration ;  and  let  us  suppose  u^  to  be  the  sum  of  all  the  terms 
after  the  (m  -h  1 )  th,  so  that,  the  series  being  convergent,  r^  becomes 
smaller  the  greater  m  is,  and  ultimately  is  infinitesimal  when 
m  =  00  ;  then  we  have 

F»  =  tto+tti+W2  + +tt^^.E«,  (238) 

I    Y{x)dx  =i  \     u^dw -^^  j    i/jdr-f... 

...-h/  'u^cLv+      *^^dx.       (239) 

Now,  by  (224),  I     R^dir  =  (^»— a?o)  x  some  value  of  r^  in- 

termediate  to  those  corresponding  to  w^  and  jPq;  but  since  R^ 
becomes  infinitesimal,  when  m  becomes  infinite,  so  wiU  also  its 

mean  value;  and  therefore  /  "r^Jo?  becomes  infinitesimal  and 
must  be  neglected.     Hence 
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/  V(d?)£fcp  =  /  \dip-h/  \dx-^  l\dX'\'....        (240) 
The  following  are  examples  of  this  method  of  integration. 

Ex.l     f'     ^  f"(l      ^-i^-^-    ^-^-V^      U 

io  (l  +  ^)*"4  ^^      2""  +».4'^    2.4.6"^   +••/'*' 

~L*     2  5  ■'"2.4  9       2.4.613''"  •••]„• 

>='■^^-'^-,^(l-^o-I5:s-■> 


_         a?^        1    a;* 


1.2  5        1.2.3  7  "  • 

120.]  If  the  element-Ainction  is  capable  of  expansion  by 
Maclaurin's  Theorem,  then  the  theorem  given  in  (289)  takes  the 
following  form.     Since 

F'(^)  =  F'(O)  +y'(0)|  +/"(0)  ^  +... 

••-^'^<Q>i.2.3C(r-i)-^'^"^^"^r:g^^  ^^'^ 

f\'(x)dx  =  [F'(0)a?  +  F"(0)^  +F"'(0)  j^  +... 

•••+^(«>t:257tX>jC"'""(''^>i:25^     (^> 

When  the  series  (241)  is  convergent,  the  last  term  in  (242)  ia 
infinitesimal,  and  must  be  neglected ;  in  this  case 

j''V{»)dx  =  [f(0)«+i''(0)^  -'■''"'(^>r£3  +  •••]'' 

=  f'(0)(^,-*o)+f"(0)^!^j=^*+f"'(0)^^'  +  ...   (248) 

121.]  A  similar  process  may  be  conveniently  adopted  when  the 
element-fonction  is  the  product  of  two  functions,  one  of  which  may 
be  expanded  into  a  convergent  series  by  Maclaurin's  or  some  other 
equivalent  Theorem.     Thus  suppose  y^(x)  =  f{x)  4l{x) ;  and  that 

fix)  =  /(O)  +/'(0)  I  +r  (0)  ^ + ... 

•  •  •  •^-•^^"(O)  1.2.8'''(r-l)  +^^('^>  ITO-J: ' 

PRICB,  VOL.  II.  X 


Digitized  by  VjOOQ IC 


154  DEFINITE  INTEGRALS.  [lai. 

then 

If  the  series  ioxf{x)  is  convergentj  the  last  term  of  this  equation 
must  be  omitted ;  and  we  have 

jfi,x)4>\x)dx  =f{0)  r'<^'{x)dx-\-f'{0)f''il{x)xdx 

in  which  the  original  definite  integral  is  expressed  in  a  series  of 
other  definite  integrals  of  a  more  simple  form.  The  success  of  the 
method  indeed  depends .  pn  the  possibility  of  integrating  the 
several  terms  in  the  right-hand  member.  The  following  is  an 
example  of  the  process. 


Ex 


'0  {(!-»*)  (I _«««»)}* 

Now  the  general  term  of  this  series  is  — : ,  where  m  is 

even :  and  by  (13),  Art.  82,  if  m  is  even, 

P   oTdx     _  (m-l)(m-3)...3.1y, 
X(l-a?2)*""       m(m-2)...4.2      2' 

so  that  substituting  these  in  the  right-hand  member  we  have 
P  dx 

Jo  {(l-^)(l-c2a^)}* 

which  is  a  rapidly  converging  series,  if  «  is  a  small  quantity. 

As  many  examples  of  this  process  will  occur  in  the  sequel,  it  is 
unnecessary  to  add  others  here. 
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Section  7. — On  the  Gamma-Fttnction,  and  allied  Definite 
Integrals. 

122.3  One  of  the  most  important  definite  integrals  both  in 
itself  on  account  of  the  many  peculiar  properties  which  it  exhibits^ 
and  in  its  application  and  the  definite  integrals  allied  to  it,  is 

/    e'^x^^^dx.    As  the  limits  of  this  integral  are  00  and  0,  it  is 
Jo 

evidently  a  function  of  n  only;  and  the  symbol  T(n),  devised  by 

Legendre,  has  been  of  late  ordinarily  employed  to  denote  it;  so 

that  we  have  /•• 

T(n)  =       c-*a?— ^dr.  (247) 

Jo 

For  this  reason  and  for  the  sake  of  a  distinctive  name,  the 
definite  integral  has  been  called  the  Oamma-function.  It  has 
also  been  called  by  Legendre  the  second  Eulerian  Integral,  because 
the  properties  of  it  were  originally  investigated  by  Euler.  I  pro- 
pose in  the  present  section  to  develope  these  properties  in  an  ana- 
lysis of  the  function,  so  far  as  they  fall  within  the  scope  of  a 
general  elementary  treatise  on  the  Integral  Calculus. 

The  definition  of  the  Gamma-fiinction  is  the  definite  integral 
given  in  (247),  and  the  properties  of  it  will,  at  first  at  least,  be 
deduced  from  this  integral,  n,  which  is  the  subject- variable,  is 
called  the  argument  of  the  function. 

The  following  are  other  and  equivalent  forms  of  the  Gtunma- 
function,  and  are  derived  from  (247)  by  transformation. 

(1)  For  e"*  substitute  x;  then 

r(n)  :=f^'  (logi)""'d:r.  (248) 

(2)  For  J?"  substitute  x;  then 

r(n)  =  -  /    c-**£fcp;  (249) 

n  Jq 

so  that  the  definite  integ^ls  given  in  (248)  and  (249)  are  defini- 
tions of  the  Gamma-function,  as  well  as  (247).  Poisson  investi- 
gated the  properties  of  it  in  the  form  (247),  and  Legendre  in  the 
form  (248). 

The  following  is  also  evident,  and  is  a  theorem  of  great  impor- 
tance; /••  r/„\ 

/    e-^x*-^dx=:^}  (250) 

Jo  a 


X  2 
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a  particular  case  of  this  equation,  viz.  when  n  is  positive  and 
integ^,  has  been  proved  in  Ex.  4,  Art.  98. 

128.]  In  the  first  place  I  propose  to  shew  that  T(n),  as  defined 
by  (247),  is  finite  and  determinate  for  all  positive  values  of  n. 
For  this  purpose  let  the  definite  integral  be  divided  into  the 
three  following  integrals,  the  sum  of  which  is  equal  to  it ; 

■f/     e-^'x^'-^dv,    (251) 

where  i  is  an  infinitesimal,  and  x^  is  a  finite  quantity,  to  which  a 
convenient  value  will  be  given.  As  to  the  first  of  these  three 
integrals,  by  (228)  we  have 

Jq  Jo  LwJq  « 

which  is  an  infinitesimal.  As  to  the  second  integral,  the  limits 
of  integration  are  finite,  and  the  element-function  does  not  be- 
come infinite  within  the  range;  consequently  the  definite  inte- 
gral is  finite  and  determinate.  As  to  the  third  integral,  let  x^  be 
that  value  of  x  for  which,  and  for  all  quantities  greater  than 
which,  e~'  is  less  than  a?'~(*+^^ ;  so  that 

1 

< 


^1 

which  is  a  finite  quantity ;  and  consequently  the  whole  definite 
integral  denoted  by  r  {n)  is  finite  and  determinate. 

As  to  ^i;  we  must  shew  that  our  hypothesis  of  its  value  is 
possible;   we  have  assumed  e"'i  to  be  less  than  a?i"^*+^^;   and 

X 

therefore,  taking  logarithms,  r — ?—  is  greater  than  »+l ;  and 

logj^i 

this  is  possible  because  , =  oo,  when  j?  =  1 ;    =  e,  when 

a?  =  e,  and  this  is  the  minimum  value ;   =  oo,  when  a?  =  oo. 

r  (n)  is  also  a  positive  quantity  because  all  the  values  of  the 
element-function  within  the  range  of  integration  are  positive. 

It  is  evidently  a  continuous  function  of  n ;  because  as  n  con- 
tinuously varies,  the  values  of  the  definite  integral  will  also^con- 
tinuously  vary.  The  continuity  of  the  fiinction  may  also  be 
demonstrated  by  means  of  the  n-differential  of  it. 
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Thus^  differentiating  (247)  with  respect  to  n, 

^£^  =  r  e''  log  X  a?«-i  dx ;  (252) 

an  Jq 

which  is  evidently  determinate  for  all  values  of  x  within  the 

range  of  integration ;  and  consequently  r  (n)  varies  continuously 

as  n  varies  continuously. 

124.]  The  following  are  some  values  of  r  (w)  corresponding  to 
particular  values  of  the  argument. 

(1)  Let  n  be  negative;  then,  if  a?i  is  a  positive  finite  quantity, 

r (-»)  =  (%-.,-. .Sr  =  ("9#  +  r  9*.  (258) 

Now,  giving  approximate  values  to  these  two  latter  integrals 
by  means  of  the  theorem  contained  in  (228),  if  0  is  a  positive 
proper  fraction,  and  X2  is  a  value  of  x  intermediate  to  x^  and  00, 

we  have,  r       i  nxi      /»-xi 

r(-n)  =  e-^-iU-L      -h -^ 

=  00  .  (254) 

(2)  Let  n=:0;  then,  employing  the  same  symbols  and  theorems, 

''"'dx 


*  0         •*  •'j'l 


X 


=  00.  (255) 

Thus  it  appears  that  the  definition  of  r  («)  given  in  (247)  is 
applicable  only  when  n  is  a  positive  quantity.  It  will  appear 
hereafter  that  another  definition  may  be  given  of  the  function 
which  will  place  it  on  a  wider  basis,  and  will  not  exclude  all 
except  positive  values  of  n. 

(3)  Let  n  =  1 ;  then 

r(l)  =  /    c-'cfcr  =  1.  (256) 

(4)  Let  n  =  2 ;  then 

r  (2)  =  /    e''xdx 

=  1.  (257) 

Taking  these  values  in  connection  with  (252),  we  can  determine 
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the  general  course  of  the  value  of  the  Gkunma-function ;  or  in 
other  words  we  can  trace  the  curve  y  =  r  (a?). 

Expressing  the  equation  (252)  in  the  following  manner, 

^^i^  =y*  <?-•  log^  j?--i  dx  -/^"'  log  (^)  ^"-^  dx,  (258) 

it  appears  that  —^ — -  is  equal  to  the  difference  of  two  definite 
integrals,  which  are  necessarily  positive ;   the  former  of  which 
increases,  and  the  latter  decreases,  as  n  increases ;  therefore     ,\ 
is  positive,  and  r(n)  has  a  minimum  value  corresponding  to 
that  value  of  »  for  which    '   ^     =  0.     It  is  clear  then  that  r(») 

has  one  minimum  value ;  and  since  r  (0)  =  oo,  r(l)  =  1,  r(2)  =  1, 
that  minimum  must  correspond  to  a  value  of  n  greater  than  1 
and  less  than  2;  and  the  minimum  value  of  r(n)  is  less  than  1. 
Also,  beyond  that  value,  r  (n)  increases  as  n  increases ;  and 
r  («)  =  00  ,  when  n  =  oo  . 

125.3  In  (250)  let  n  be  replaced  by  m'\'nf  and  let  a  be  re- 
placed by  1  +  ^^  where  jzr  is  a  new  variable  independent  of  a? ;  then 

Let  both  members  of  this  equation  be  multiplied  by  r""^,  and 
let  the  xr-integral  be  taken  between  the  limits  00  and  0 ;  then 

/    dzl    e-(i+-)«2r»-i^~+»-idip  =  r(m+n)/    ^f--^.  (260) 

Now,  as  w  and  z  are  independent  variables,  the  order  of  the  in- 
tegrations may  be  changed ;  and  consequently  we  have  &om  the 
left-hand  member  of  (260), 

f    dzl    c-(i+«)«z""* **•+*"*£& 

0  •M) 

/•oo  /•• 

=y    e-'a^-^dxj    e-"{xzY-^  d.xz 

=  r(m)r(n); 

■abstituting  which  in  (260),  and  replacing  z  by  x,  we  hare, 

x'-^dx    _  r(ro)r(»)  .^.. 

'o    (l+ar)-+»  ~  r(»»+n)  '  ^      ' 

In  this  process  no  restriction  has  been  put  on  the  values  of  m 
and  n,  except  that  they  are  positive  quantities. 
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The  integral  in  the  left-hand  member  of  this  equation  has  been 
called  by  Legendre  the  first  Eulerian  Integral  and  is  of  consider- 
able importance  in  its  relation  to  the  Oamma-function.  It  is 
evidently  a  function  of  two  parameters  m  and  n,  and  has  been 
denoted  by  the  symbol  B(m^fi),  being  called  the  Beta-fimction. 
So  that  for  the  definition  of  this  function  we  have 

.       .        r    x'^'^dx         r(m)r(n)  .ofiox 

B(f7t.n)  =  /     -7i rrrrr  =  —, \  •  \MA) 

^   '   ^      Jo    (l+a?)~+»       r(m  +  n) 
If  in  the  definite  integral  x  ia  replaced  by  - ,  then 

X 

Jo  (i+«r+"~yo  (!+«)•+•' 

80  that  the  value  of  the  Beta-function  is  unaltered  by  the  inter- 
change of  m  and  n.  This  theorem  might  also  have  been  inferred 
from  the  symmetry  with  respect  to  m  and  n  of  the  last  member 
of  (262). 

As  the  Beta-function  is  a  function  of  two  variables  m  and  n, 
it  evidently  represents  a  surface ;  and  if  x,  y,  z  are  the  coordinates 
to  any  point  on  it^ 

T{x)T{y) 

and  the  general  course  of  the  surface  may  be  traced  from  the 
previously  known  values  of  the  Oamma-function. 

126].  The  following  are  other  and  equivalent  forms  of  the 
Beta-function^  being  derived  &om  (262)  by  transformation. 


(1)    .(m,  ,)  ^l   ^-j-p^^ 

_  n   x*-^dx        f    x'-^a 


-^dx_ 


In  the  second  of  these  latteE  integrals  let  x  be  replaced  by- ; 

*''*°  .'i    (1 +*)-+•  -Jo  OTxT^'' 

'  •     '^'"'"^  =^0       (1+*)-+-      '  ^      ^ 

io  which  m  and  n  enter  symmetrically,  and  consequently  we  have 
aaoUidr  proof  of  (268). 
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(2)  Let  it,  in  (263),  be  replaced  by  e*— 1 ;  then 

Jrao 
f    (e«-l)— ic-^"'+— i)»£fcr  (265) 

0 

=  r(e'-l)--ic-("'+-i)'^.  (266) 

(3)  In  (263)  let  x  be  replaced  by  j^ ;  then 

B(m,n)  =  /   a?"-i(l-a')«-^d:r  =  r x'^'W-xy-^dx}  (267) 

which  is  a  definite  integral  of  great  importance  in  the  theory  of 
Probabilities. 

X 

(4)  In  (267)  let  x  be  replaced  by  -;  then 

B(iw,n)=/    ^^^,_\ (268) 

.'.     Ix'^-^a-^xY-^dx  =  a~+— iB(m,n)  (269) 

^    ^m+.-llMEi^,  (270) 

r(7»+n) 

(5)  In  (267)  let  x  be  replaced  by  (sin  ^)* ;  then 

B (m,  n)  =  2  /    (sin  ^)2"-i (cos  ^)««-^d9.  (271) 

All  these  values  of  b(i7»,  n)  are  of  course  equivalents  of    , * 

'   '  ^  r(»n-n) 

since  this  is  the  relation  which  exists  between  the  Beta-  and  the 
Gramma-functions;  and  since  by  it  the  Beta-iunction  may  be 
expressed  in  terms  of  the  Gamma-function,  it  is  unnecessary  to 
consider  separately  the  properties  of  both,  so  that  we  shall  hence- 
forth investigate  the  properties  of  only  the  Gamma-function. 

127.^  The  first  fundamental  theorem  of  the  Gramma-function. 

By  (261)  and  (263), 

r(i»)r(n)  _  T*    x^'^dx 
r(m-h«)  "Jo    (l-har)-+-  ' 

Therefore  if  m  =  1,  in  which  case  r(m)  =  r(l)  =  1, 


r(n)     ^  f 
Hn  +  1)     Jo 


(l-ha?)"+i 

1 


(272) 


.'.     r(n  +  l)  =  nr(ii).  (278) 

This  is  the  first  fundamental  theorem  of  the  Gamma«fimction. 
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Tlie  foUowiBg  theorems  are  deductdons  firom  it. 

(1)  Let  n— 1,  »— 2^  »— 8,  ...n^-m,  be  successively  sub- 
stituted for  n  in  (273) ;  then 

r(n)  =  («-l)r(n-l) 

=  (n-l)(n-2)r(»-2) 

=:  (n-l)(n-2) ...  (n-m)r(»-.m).  (274) 

And  replacing  n  by  n-^-m 

T{n+m)  =  (ji+i»-l)(n+m-2)...(n-f  l)nr(n):  (275) 

80  that  r(M  +  fii)  depends  on  r(n).  Consequently  if  the  value  of 
T{n)  18  known  for  all  values  of  n  comprised  between  0  and  1,  or 
between  1  and  2,  or  generally  between  any  two  numbers  the 
difference  between  which  =  1^  the  value  of  the  function  will  be 
known  for  other  real  values  of  the  argument. 

(2)  I£  in  (274)  n  is  an  integral  as  well  as  positive  number, 

r(n)  =  (n-l)(fi-2)...8.2r(2) 
=  («-l)(fi-2)...  8.2.1  r(l) 
=  (n-l)(w-2)...  8.2.1,  (276) 

since  by  (256),  r(l)  =  1.  So  that  if  »  is  a  positive  integral 
nnmber,  r(n)  is  the  product  of  all  integral  numbers  from  1  to 
Ji— 1,  both  inclusive.  For  this  reason  r(n)  has  been  called  the 
&ctorial  function.  Thus  r(n)  is  known  for  all  positive  integral 
nmnbers. 

(8)    If  n  =  0,  then  from  (272), 

m  =  'f 

=  00 ,  since  r(l)  =  1 ; 
which  confirms  the  theorem  given  in  (255). 

Hence  also  we  have  a  particular  form  of  b  (m,  n)  which  deserves 
notice.    Let  m  =:  n  =  a  positive  integer ;  then 

^  '    '        r(2n) 

"■  1.2.8....(2n-l) 

1     1.2.8... (n-1) 

""  2"-U.8.5...(2n-l)' 
The  particular  form  of  the  Oamma-frmction  given  in  (276) 
leads  to  another  definition  of  it  which  we  shall  hereafter  find  of 
eoDsiderable  use.     From  (248)  we  have 
reiCB,  VOL.  n.  Y 
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r(»)  =1^  (log-)      dx; 
and  since  log (-)  =  m (1  —  a?"),  when  m  =  oo ; 

r(n)  =  /    fw""^  (1  —  a?")""*  At,  when  m  =  oo  . 
Let  a?  be  replaced  by  a?*" :  then 

r(n)  =  m*  /   (1— j?)""^a?*"~*£fcp,  when  m  =  oo ; 

=  m*B(m,  n), 

,r(in)r(n)      . 
=  i»"  -)       ^  ;  ,  when  m  =  oo  , 
r(m-f  »)  '  ' 

1.2.3.  .(wi—1)       .     ,  ,«^^ 

if  m  and  n  are  int^ers.  This  equivalent  has  been  taken  by 
Gauss  as  the  definition  of  the  Gramma-function ;  and  from  it  he 
has  derived  in  his  celebrated  memoir*  all  the  properties  of  the 
function. 

128.]  I  may  in  passing  observe  that  (273)  may  be  deduced  by 

integration  by  parts  from  the  definite  integral  which  defines  r(n); 

/•« 

thus  r(n-f  1)  =  /    e'^x^dx 

Jo 

=  nr(n)j 
because  n  being  positive,  the  integrated  part  vanishes  at  both 
limits.     And  if  n  is  also  an  integer,  we  shall  derive  by  successive 
integration  the  theorem  given  in  (276) ;  viz., 

r(n)  =  (»-l)(»-2)...8.2.1. 
And  I  may  also  observe  that, this  being  the  case,  if  m  and  n  are 
both  integers,  (262)  may  be  proved  as  follows  by  indefinite  inte- 
gration; 

x*~^dx 


I 


0    (1  +  a?)'*+" 

L     m+»-l(l+a?)'*+"-Uo  "•■  m+n-lJo    (l+a?)~+— * 

*  CoDimentationea  recentiores  Societatis  Scientiarum  GottingennB ;  Vol.  I> 
Gottingen,  1812. 
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h  (i+^r+* ""»»+»- i-/o  (i+a?r-»— * 

^         (ft-])(n-2)...8.2.1 r_dx_^ 

(»i-|.n— l)(fw+«— 2)...(m+l)Jo    (l+^)*+i 
^  (n~l)(n->2)...8.2.1 

—  (m+»— l)(fin-»— 2)...(ffi  +  l)i» 

^(n-l)(«-.2)...2.1.(m-l)(m-2)...2.1 

""       (jn+fi-l)(i»+n-2) 2.1 

_^  r(m)r(n) 

~  r(wi  +  »)' 
As  the  risk  of  error  is  great  in  a  subject  of  so  delicate  a  nature 
as  the  evaluation  of  definite  integrals^  it  is  expedient  to  verify 
the  theorems^  whenever  verification  is  possible.  Thus^  although 
in  the  general  theorem  given  in  (262)^  m  and  n  are  not  necessarily 
integral  numbers^  yet  the  preceding  process  proves  the  truth  of 
the  theorem  when  they  are  integers. 

129.3  Second  fundamental  theorem  of  the  Gamma-ftinction. 
In  (262),  let  m+n  =  1 ;  then 

'X 


r(«)r(l-«)=y^    ^ 

,  by  reason  of  (72)  Art.  94 ;  (278) 

which  is  the  second  fundamental  theorem  of  the  Gamma-function. 
It  is  subject  to  no  other  condition  than  that  n  and  1 — n  are  both 
positive  numbers :  so  that  n  is  a  positive  proper  fraction. 

From  this  theorem  it  follows  that  if  the  value  of  r  (nj  is  known 

for  all  values  of  n  from  0  to  ^  >^^  ^  ^^  known  for  all  values  of 

n  from  o  ^  ^'     -^^  consequently  from  this  theorem  taken  in 

connection  with  the  first  general  theorem  we  learn  that  if  the 
value  of  r(n)  is  known  for  all  values  of  n  between  two  numbers 

whose  difference  is  ^,  it  is  also  known  for  all  other  values  of  n. 

The  following  are  deductions  from  the  preceding. 

(1)     Since    nr(n)  =  r(»+l), 

r(Un)r(l-w)  =  -J^^^.  (279) 

^        -^    ^        ^       sinnw 

Y  a 
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(2)     Let  n  =  |;  then  firom  (278), 

In  this  equation  let  x  be  replaced  by  j^  ;  then 


^fi)=*p-'''=/.>-'^='*^ 


(280) 


which  value  has  been  already  found  in  (114)^  Art.  100. 

This  may  be  determined  from  (262)  without  the  intervention 

of  (278).    Thus  in  (262)  let  9n  ==  n  =  i;  then 

=s  2  /    = — ^ ,  if  d?  is  replaced  by  w^, 


r 


©-.'• 


(3)    In  (278)  let  n  be  successively  replaced  by 


12    3       n-2     «-l 
then  we  have 


""•      •  ~"  • . . .  — — —  J  — — » f 
n    n    n  n  n 


r(l)r(^=-J^, 

sm- 
n 

r(?)r(!iz2)=  .^ 
>»^    V    n    '        .  2w 


sm- 
n 


sm- 

n 


then  taking  the  products  of  all  the  right-hand  members  and  of  all 
the  left-hand  members  separately^  we  have 

sm-sm —  ...  sm-^ —• 

n       n  n 

Now,  by  (52),  Art.  64,  Vol.  I.,  substituting  2n  for  »,  we  have 
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*^~^  =  («»-.2«oo8-  +  1)  (««-2»C08—  +  1) ... 

...(««-2«co8^^^  +  l).    (282) 

In  this  equation  let  +1  and  —1  be  sueoessively  substituted  for 
»;  then 

n  =  2-»(l-co8^)(l-.co8^)(l-cos^)... 

...(l.cos^^);     (288) 

«  =  2-»(l  +  C08^)(l+C08^)(l+C08^)... 

...(l  +  co8^-^=^);     (284) 

therefore^  taking  the  product  of  these  two  and  extracting  the 
square  root^ 

n  =  2*^ sin- sin —  sin  —  ...  sin ^ ^ ;  (285) 

n       n         n  n 

80  that  substituting  in  the  denominator  of  (281)^  and  extracting 

the  square  root, 

ISO.]  The  form  of  the  preceding  equation  suggests  the  means 

\ogv{x)dw. 

Let  us  first  consider  /  log  T{x)dx,  and  suppose  the  range  of  inte- 

gration  to  be  1  — t,  where  t  =  -  and  is  an  infinitesimal;  so  that 

the  value  of  logr(j7)  at  the  inferior  limit,  being  oo ,  may  be  ex- 
cluded; then,  if  n  ss  00 , 

j\ogv{x)dx  =  |logr(i)  +logr(-)  +logr  (-)  +  ... 

ss  -  log  2ir,  when  n  =  oo  • 

•••     riogr(«)<ir  =  ^log2ir.  (287) 
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\ogT{x)dx^  J  \ogv{x)dX'\- 1      \ogT{x)dx 

1  r~ 

=  2log2Tr+y   logr(a?+l)diF 

=  2^og2'n  +j   logxdx+l  \ogT(x)dr. 


i: 


\ogT{x)dx  =  ^log2ir  +  n(logn-l).  (288) 

131.]  As  a  primary  object  of  this  research  however  is  the 
determination  of  the  value  of  r(n)  for  all  positive  values  of  n,  we 
must  investigate  other  general  properties  of  the  function,  so  as  to 
supply  the  deficiencies  of  the  two  former  general  theorems.  They 
are  sufficient  for  the  determination  of  values  of  r(n),  wheniihe 
values  are  known  for  all  numbers  lying  between  two  numbers,  the 

difference  between  which  is  ^;    but  they  fail  to  give  the  latter 

values.  In  the  course  of  the  inquiry  too  we  shall  be  led  to  some 
new  and  important  theorems  of  the  Gbmma-function,  and  to 
another  proof  of  Gauss's  definition  of  it. 

Taking  the  n-differential  of  the  Gamma-function,  as  in  (252), 

we  have  d.vin^        /*" 

^±i!!i  =  /    e-^x^-nogxdx.  (289) 

an         Jq 

Now  by  an  artifice  due,  I  believe,  to  M.  Cauchy*,  which  is  of 
great  use  in  the  evaluation  of  definite  integrals,  we  may  replace 
log  X  by  any  definite  integral  which  is  equivalent  to  it ;  and  if 
the  limits  of  this  equivalent  are  constant,  the  order  of  the  inte- 
grations is  arbitrary;  and  they  may  consequently  be  taken  in 
that  which  is  most  convenient  to  the  problem. 

Thus,  since  i         r* 

-  =   /    e-^'dz; 

X  Jo 

f 1— <fe;  (290) 

z 

replacing  logx  in  (289)  by  this  value,  we  have 

an  Jq  Jq  z 

=y     —  |c-y    e'^x^'-^dX'^]    €-(*+->*j:"-idiF>,  (291) 

*  Exercises  d' Analyse,  tome  II,  p.  379.    Paris,  1841. 
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Bat  /    tf-'o?***  <ir  =  r  (n),  by  the  definition  of  the  Gramma- 

fonction;  and  by  (250),  f  e'(^-^')'af''"^(kff  =  ,^^^\^;   bo  that 
Jo  (l4-^)" 

sabstitnting  these  in  (291),  and  placing  r  (n)  outside  the  sign  of 

integration,  we  have 

and  dividing  both  sides  by  r  (n), 

dn  Jo     I  (l+^r)*)   z 

Let  the  n-integnd  of  this  equation  be  taken  for  the  limits  n 
and  1;  then,  bearing  in  mind  that  r(l)  =  l,  so  that  logr(l)  =  0. 

This  equation  may  be  simplified.  For,  if  n  =  2,  r  (2)  =  1, 
and  log  r  (2)  =  0 :  accordingly 

^-Jo  r  +     log(n-z)     s^' 

.-.     logr(«) 

=jr{a+z)--(l+z)-  +  («-l)xr(l+z)-}^j3^j.(295) 

To  simplify  this;  let  l4-^  =  c"';  then 

logr(«)  =fJ^(n-l)e-^-'.:i^\^.  (296) 

Hence,  taking  the  n-differential, 

132.3  ^^^  equations  lead  to  another  fundamental  theorem  of 
the  Gunma-Ainction,  which  was  discovered  by  (Sauss,  and  is 
given  by  him  in  his  previously  cited  memoir.  The  theorem  is 
more  commonly  called  the  third  fimdamentiEJ  theorem  of  the 
Ghunma-ftmction ;  and  is  useful  in  reducing  the  number  of  par- 
ticular values  of  the  function  which  must  be  determined  by 
direct  calculation. 
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Let  the  valae  of  (298),  when  n  =  1,  be  — e;  so  that 
rf.loffr(n),  ,  ,x       r*  <  I    )  dz 

the  quantity  being  negative,  because,  when  n  =  1,  r  (n)  decreases 
as  n  increases ;  then 

rf.logr(n)  /■•  (    1  I       )  dz 

Let  l-^-z  be  replaced  by  -;  then 

Let  n  be  successively  replaced  by  n+~, »  +  -,... 11  +  - — z ; 

T  T  T 

and  let  the  sum  of  (800)  and  of  all  these  several  terms  be  tak^ ; 
then 

£kg|r(»,r(»+l)r(.+  ?)...r(.+  rrl)}     ^ 

=  -'•"^0  {nrp-n:i['fc>  (801) 

if  z  is  replaced  by  jzf . 

Also,  let  n  be  replaced  by  rn  in  (800) ;  then 

rf.logr(r»)  Pl— jg''*-^  .  .«^^. 

and  subtraoting  this  from  (301),  we  have 
.        r(n)r(n+l)...r(»+!l:d) 

=  -rlogr.  (808) 

Let  the  definite  integral  of  this  equation  be  taken  for  the  limits 
n  and  -;  then,  since  by  (286), 

'      r(l)r(?)r(?)....(:^)=^' 
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r(«)r(»+l)r(«+?)...t(«  +  ?l=l) 

r-l    J. 

fc  {2v)  »  r«"''"r(rn);  (804) 

wluch  is  the  third  fundamental  theorem  of  the  6amma-function« 
The  following  are  particular  forms  of  this  general  theorem. 

Let  r=  2;  r(«)r  (»+  g)  =  2^r(2»);        (805) 

let  r  =  8;  r(n)r(n+ i)  r(n+ |)  =  ^r(3n);         (806) 

consequently^  if  n  =  ^,  from  (805)  we  have  r  (^j  =  w*,  as  we 

have  determined  several  times  heretofore. 

We  have  said  that  the  theorem  is  useful  for  the  reduction  of 
the  number  of  values  of  r(n),  which  must  be  found  by  direct  cal- 
culation.    In  illustration  of  this,  suppose  that  the  values  of  r(n) 

are  required  for  all  arguments  at  an  interval  of  ^th  between  two 

successive  integers.     By  the  first  general  theorem  these  values 

depend  on  those  of  r(n)  at  an  interval  of  ^  th  between  0  and  1 ; 

thatis,onr(g),  ^(g)'  ^(fi)'  ^(e)'  ^(e)*  Of  these  the  third, 

viz.  r  (^j,  =  r(g)  =  «*,  and  is  known.     Also,  by  the  second 
general  theorem,  we  have 

And  by  (806),  if  »  =  i,    r(l)  r(|)  =  2*»*r(|).  (809) 

Conseqaently  if  r  ^^  j  is  known,  all  the  others  are  known.  In  other 

similar  cases  the  number  of  the  valnes  of  the  Ghunma-fonction, 
which  most  be  determined  by  direct  arithmetical  snmmation,  may 
be  tedaoed  by  means  of  the  theorem  contained  in  (804). 
nicB,  VOL.  n.  z 
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138.]  We  now  come  to  the  investigation  of  series  for  the  direct 
calculation  of  logr(n).     Returning  to  (297)  we  have, 

and  this  is  eyidently  a  convergent  series  for  all  values  of  n,  except 
negative  integers. 

Let  us  take  the  n-integral  of  (311),  between  the  limits  n  and 
1 ;  then  as  from  (297)  and  (298)  we  have 

li^),,,.,.  .  ,,  =  (•  |^_  j^|^.-.,s,„ 

therefore 

iifl!l'..  =  (x-l).(>-^,).(^-^)....<«„ 

the  right-hand  member  being  a  convergent  series,  e  is  called 
Euler^s  Constant,  and  is  of  greater  importance  in  analytical  in- 
vestigations than  any  other  constant  except  those  denoted  by  ir 
and  e;  the  analytical  value  of  it  is  given  in  (312) ;  the  numerical 
value  will  be  determined  hereafter. 

Let  us  agaiu  take  the  n-integral  of  <313)  between  the  limits 
n  and  1 ;  then,  as  r(n)  =  1,  when  n  =  1,  and  logr (»)  =  0, 

logr  (.)  _  -.(.-1)  +  (?=l_l„g:)+(!=l_l,>g^) 
In  this  series  let  n  =  2 ;   then,  since  logr  (2)  =  logl  =  0, 

.=(^_,.,«)+(i_,„i)^(i_^)+...,  <„5, 

multiplying  which  by  (n— 1),  and  subtracting  from  (814),  we 
have 
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logr(«)  =  (ii_l)log  j-logY+  (»_l)logg-log^i-  + 

+  («-l)log^-log^^±2=i  +  ....    (816) 

Let  the  sum  of  all  the  terms  after  the  mth  in  this  series 
=  log  (1 +«) ;  where  »  =  0,  when  m  =  oo ;  then 

logr(n)  =  (n-l)logY-logj4-(»-l)log2-log?i-+... 

+  („.l)log!?±I-.logti±^ld+log(l  +  t);  (817) 

1.2.8. ..m(m-hl)*"i       ,.      ^      i.  .     ^ 

'^W  =  n(n+l)(ii-f  2)  ...(n^m^l)  ^^""'^^  "^^"  ^=  "^^  ^  =  Q- 

1.2.3. ..(w-1)  ,      ,  ,„,^j^ 

—  ■  m",  when  m  =  oo.       (318) 


»(»4-l)(»4-2)...(n+»»-l) 
This  is  Ghrass^  definition  of  v(n),  and  is  the  equivalent  which 
his  already  been  proved  in  Art.  127. 
From  (315)  we  have  the  following  value  of  b  ; 

B  =  i-*"2'*"3"^*""^w*  "**^^'^'  ^*^^^  m  =s  00  .      (319) 

The  numerical  value  of  e  may  be  determined  by  this  series ;  but 
the  calculation  is  very  long  and  laborious* 

134.]  The  calculation  of  r(n). 

In  (311)  let  91+1  be  substituted  for  n;  then 

iPlogr(n+l) 1,1,1,      . 

rf««  *"  (»+  1)2  ■*■  (»4-2)2  "*■  (»+8)2  ■*"•••' 

.     d^logr(fi-hl) 

=  (-ri.2.3...(r-l)|^,  +  ^  +  ^  +  ...|;(320) 
Also  for  the  sake  of  conciseness  let 

«r  =  p+i+^+....  (321) 

Now  appljring  Maclaorin'a  Theorem  to  log  r(l  +  n)  =  T(n),  say; 
F(0)  =  0,  since  r(l)  =  1  j   /(»)  =  ll££l(l±^).  therefore 
/(O)  =  -B,  by  (312) ;  and  f"(0),  ...  are  given  by  (320),  so  that 
logr(l  +  «)  =:-E»  +  S,y-S3^  +^4^-...;       (322) 

z  2 
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this  series  however  is  not  sufficiently  convei^nt  for  purposes  of 

calculation. 

w*        It'        >i* 
Since  however  log  (1+n)  =  n  — o"+"q —  "Z"*"  "•' 

therefore  by  addition, 

logr(l  +  n) 

=  «log(H-n)  +  (l^B)j+(s3-l)y^(S3-l)^+...,   (823) 

which  is  a  series  sufficiently  convergent.  Also  another,  more 
<^onvergent,  may  be  deduced  from  it. 

Replace  n  by  — »;  then  logr(l— n) 

=  -log(l-n)-(l-E)j+  (8,-1)^ +(8^-1)^  +  ...;     (824) 

and  subtracting  this  from  (828),  we  have 
Iogr(l +n)— log  r  (1  — ») 

Now,  by  (279),  logr(lH-n)  +  logr(l— n)  =  log   .^^    ;  there- 

smnv 

fore,  adding  this  to  (326),  and  dividing  the  result  by  2,  we  have, 

1        yi        V        It         **'  li      1— w      ,,        .11 

logrd  +  n)  =  ^log^j^  +  _log^^  +a-«)i 

-(8,-l)^-(8,-l)^-....(826) 

Since  now  it  is  only  necessary,  as  before  observed,  to  calculate 
r(n)  for  all  values  of  n  between  two  numbers  whose  difference  is 

^,  it  will  be  sufficient  to  apply  the  preceding  formula  for  all 

1 
values  of  n  between  0  and  ^ ;  or  by  reason  of  the  third  funda- 

^  1 

mental  theorem,  between  0  and  a  quantity  less  than  ^ ;  thus,  as 

n  is  a  small  quantity,  (326)  will  give  the  required  value  with  great 
facility*  These  are  also  convenient  numbers,  because  they  give 
those  values  of  r(n)  near  to  which  it  has  its  minimum  value. 

It  is  necessary  however  to  determine  the  value  of  e. 

Let  n  s=  1  in  (326);  then  log  r(l  +  it)  =  logr(2)  =  0;  and 
1,        nir(l— n)  1,      1       ,  ,  .    ^ 

5'°»(TT^)ri5T»  =  2^°«a'  ^'^^^  «  =  ii  so  that 
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1-B  =  ilog2  +  |(Sa-l)  + 1(85-1) -h^(S7-l)  +  ...;  (827) 

whence  it  is  found  that  E  s  .57721566 ;  (828) 

which  is  the  arithmetical  value  of  Euler's  Clonstant'^* 

185.]  We  may  also  hereby  determine  the  value  of  n  for  which 
r(l  +»)  is  a  minimum^  and  thus  complete  the  remarks  as  to  the 
oourse  of  the  function  made  in  Art.  124. 

When  r(l  +  »)  is  a  minimum,       \i         ^  ^^  *^^  consequently 
'  ^^y" —  =  0.  Nowtaking  the  n-diflferential  of  (828),  we  have 

0  =  -j^  +  l-B  +  (s,-l)n-(S3-l)ii«+(84-.l)n3...; 

and  if  the  coefficients  are  calculated,  it  will  be  found  by  a  process 
of  approximation  that  n  lies  between  .4  and  .5 ;  and  that 

l  +  n  =  1.461682 (829) 

We  can  also  hence  deduce  an  expression  for  the  sum  of  a  series 
of  terms  in  harmonic  progression :  for,  from  (800)  we  have, 

rf.logr(»)  Pl-^r— 1 

dn  Jo     1— z 

=  /    {l+2r  +  2r*+...4-^*"*}rfz,  ifwisaninteger; 

=  1  +  1  +  14.  ..4--^;  (380) 

1^2^8^    ^n-1'  ^       • 

which  gives  an  analytical  expression  for  the  sum  of  the  harmonic 

series.     ■'   j° may  of  course  be  replaced  by  either  of  its 

values  given  in  Art.  181. 

186.]  If  we  accept  Gauss'  definition  of  the  Oamma-function, 
given  in  (277),  the  fundamental  theorems  may  be  deduced  from 
it ;  thus  we  have 

1.2.3...  (m—1)  ,     , 

ii(»  +  l)(n  +  2)...(»n-w— 1) 

.-.  r(«-|.l)  =  ,    .Vw^.'o/^T^^     ,m*-^Swhenm=oo;  (881) 
^       (ii+l)(«+2)...(«  +  m) 

*  On  certain  discrepancies  existing  in  the  calculated  values  of  k,  see  an 
Article  by  Oettinger,  Crelle's  Journal,  Vol.  LX.  p.  375. 
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r(»+l)         nm  , 

.  .    — TT-r^  =  — ; —  =  ^f  when  m  =  00 ; 
r(«)  n-j-m        ^  ' 

.-.    r(»  +  l)  =nr(»);  (882) 

which  is  the  first  fundamental  theorem  of  the  Ghunma- Amotion. 
Again,  replacing  n  by  —  n  in  (831), 

/I       V  1.2.3...  (m—1)  ,  . 

therefore 

-        V    ,1        X  (1.2.8... !»)« 

P(l+n)r(l— n)  =  j^ ~-r^ ^^ — ^—5 5- ,  when  m  =  00, 

(l«_n*)(2*— n2)...(iii2— n*)' 

^(i-?)('-^)S-$)--(i-5)' 

irn 


,  by  (185),  Art.  89,  Vol.  I ;        (888) 

which  is  the  second  fundamental  theorem  of  the  (jamma-function. 
The  third  theorem  may  be  proved  by  a  similar  process. 

187.]  A  remarkable  value  of  r(it  4-  l)j  when  »  ss  00 ,  may  also 
be  deduced  iromWallis'  value  of  v,  which  is  given  in  (15),  Art.  82. 
Since  r(n+l)  ==  1.2.8...n, 

r(n4-l)  _  1  2  8      »—l  n  .gg^ 

n*      ^  n  n  n"    n     n' 
which  is  a  small  fraction  of  1,  and  evidently  is  infinitesimal  when 
n  is  infinite ;  let  this  quantity  =  /(n) ;  so  that 

1.2.8...»  =  nV(»);  (886) 

where  f{n)  is  an  infinitesimal,  when  n  =  00  .     Now  by  Wallis' 
Theorem,  when  n  is  an  integer. 

It       22.42.6«...(2n-2)«2» 


- ,  when  «  =  oc ; 
(nir)*  =  " 


2        1.3».5»....(2»-1)» 
2.4.6...  (2n-2)2» 


1.8.5...(2n-l) 

_  2».4».ffl....(2»-2)«(2n)* 
~     1.2.3.4...(2»-1)2»    ' 

_  {1.2.8...(n-l)»}'2''« 
~     1.2.8...{2»-1)2»    ' 

_  i>'»{/(n)}«2»» 
~    (2«)«"/(2»)  * 
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^.^        /(2n)      ^  {/(n)}«. 
(2irx2n)*         2w» 
whicli  is  a  functional  equation  of  the  form,  ^(2n)  =  {^(«)}*; 
and  of  which  evidently  a  solution  is  <j)(n)  =  e**,  where  a  is  an 

undetermined  constant :  so  that  ,  ss  c**,  and  consequently 

(2irn)*  ^         ^ 

(835)  becomes 

1.2.8...n  =  »" (2ff »)*«••,  when  «  =  oo  . 

Now  to  determine  a ;  replace  n  by  «+ 1 ;  then 

.1.2.8...n(»4-l)  =  (»+l)*"*-M2ir(n+l)}*e»C+i),  when»=co; 

and  dividing  the  latter  by  the  former 

and,  taking  logarithmsi  \n  +  o)^^ff (^  4-  -)  —  — «;  whence,  by 
evaluation,  when  n  =  oo  ,  a  =:  ~1 ;  and  tlAis, 

1.2.8...»=  (2ir)*n*+*e-*,  whenn  =  oo  .         (886) 

This  result  enables  us  to  correct  the  error  of  the  approximate 
formula  (208),  Art.  118,  and  to  give  a  more  general  theorem. 

Let  us  suppose  c  to  be  the  ratio  of  the  first  to  the  second  member 
of  that  formula,  so  that  c  nearly  =  1 ;  then 
w(m  +  l)(m+2)...(m+n-l)  =r  cm-"'+*€"'n*+*-*fi-*,  (887) 
when  n  =  00. 

Letm  «=  1;  then  1.2.3...n  =  Ctf*"'*n»'^*,  when  n  ss  oo; 

(2  If)* 
and  equating  this  value  to  that  given  in  (886),  c  =  ; 

hence  from  (887), 

m(m+l)(m-h2)...(m+«-.l)'=:  (2 ir)* (—)"'-* n»e~-*-i,    (888) 
when  n  =  00. 

Aldo  (888)  may  be  fnrther  simplified ;  since 

,   ,  1.2.8...n  ...      , 

^(*^>  =  «,^«>-i-^^  '    (^^^     ^\  ^      *  whenn  =  oo; 
m(m+i) ...  (j»-f-»— 1) 

»i(m+l)(«+2)...(m+n-l)=l:|^::2tt->, ; 

p(m) 
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whicb  is  a  general  fommla,  of  which  (886)  is  the  particular  case, 
when  m  =  1.    Also  in  (389),  let  m  ^  ^ :  then,  since  r  (5)  =  »*, 

1.3.5  ...  (2n-l)  =  2*+*n*c^*,  when  n  =  00.        (340) 

138.]  Many  other  curious  and  important  properties  of  the 
Oamma-ftmction  may  be  deduced  from  the  preceding  equations, 
and  will  be  found  in  monographs  on  Eulerian  Integ^rals,  and  in 
treatises  where  these  properties  are  specially  investigated.  They 
scarcely  fall  within  the  narrower  scope  to  which  this  treatise  is 
limited :  and  I  must  refer  the  student  to  other  works  for  them. 
I  purpose  to  conclude  this  section  with  the  application  of  the 
Oamma-fnnction  to  the  evaluation  of  some  important  definite 
integrals,  and  to  the  theory  of  series. 

Let  us  first  consider  the  more  general  form  of  the  Qamma- 

function ;  viz.  /    e~**'*ar*""^  dx. 

In  this  integral  let  —ax'^  be  replaced  by  — a?j  then 


i.l  ^  TO  ' 


f\ — ^.-1^  ^  _i_  [%-.^;-i  =  _::^.         (841) 

*'o  mam  Jo  maf^ 

The  following  are  particular  cases  of  this  result 

and  as  the  value  of  this  last  integ^  is  not  changed  when  s  is 
replaced  by  —a?, 

r  e'^^dx  =  2  r  «"-- 'Ar  =  — .  (843) 

«/.«  Jq  a 

Hence  we  have  the  following  integrals ; 


but 


=  e<fi — ; 
a 


sm^Iarly,  /  e-^'^-'^'iirss  e?  — ; 
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therefore,  by  addition, 


a 


(343) 
Also  by  subtraction, 

o 
e-a«*«(g26*_g-«te)^   _   0.  (344) 


•/—a 


If  in  these  integrals  b  is  replaced  by  6\/— 1,  we  have 

>  (345) 


(346) 


2a 
c-«'**sin2Aj?Ap  =  0. 
Next  let  us  take  the  more  general  form  of  the  Beta-function 

^Vo    (1-fajf  )"*+*' 
Let  a^  be  replaced  by  x ;  then 

/o    (l+«^)~-^-"  ra?-4    (l  +  a?)-+* 
1      /»  n\ 

ra>    ^^  *^' 

1    ^(^)^(>^  +  ^-S 
""  rat  r(m  +  «) 

If  in  this  last  expression  m+n  =  1, 

=  ^  cosec  — ,  by  (278),  Art.  129.     (347) 
rar  *■ 

which  is  indeed  the  same  result  as  (17),  Art.  82. 
Hence  also,  if  r  s=  2fi, 

r  X^-^dx    _        TT 

.'o    l  +  fl^**  ""  2na*' 
which  result  may  be  proved  by  common  integration. 

189.]  The  values  of  the  two  integrals    /    e~"*a?*"'^  cos  hx  cfcr, 

•  0 

PRICE,  VOL.  II.  A  a 
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/•OD 

and  /     tf-**^*"^  sin  bxdXy  when  n  is  a  positive  quantity  greater 

than  unity,  also  depend  immediately  on  the  Oamma-function. 
/•• 
Let  c  =  /    «"•*  a?*~^  00a  bxdx; 
Jo 

B  =  /    e"""*^*~*  sm  badx; 
Jo 

Jo 

=  — -f"L-.-,  by  (250)  Art.  122. 
(a  — iv— 1)* 

Let  a  =  A:  cos  a,  b  =  A:  sin  a,  so  that  **  =  a*4-J^;  then 

r(n)  ^ 

c-f  8V--1  =  /  o  .  ,g,n(oos»a4-  V  — Ismna); 

so  that  equating  possible  and  impossible  parts,  and  replacing  c 
and  s  by  their  values, 

,     c"«*  X*-  ^  cos  bx'  dx  =    — - -^ ;  (348) 

.     e-^-isinJ^ete=^?^^^^^^;  (849) 

which  results  have  already  been  found  by  Cauchjr^s  method  in 
Art.  104. 

It  will  be  observed  that  in  the  preceding  process  of  evaluation 
the  exponent  of  e  contains  an  impossible  as  well  as  a  possible 
part,  and  it  may  consequently  be  supposed  that  the  method  is 
not  rigorously  exact.  Mu6h  might  be  said  on  the  subject  j  let 
it  however  suffice  to  say  that  as  the  possible  part  of  the  exponent 
is  negative,  and  as  only  positive  values  of  ^  are  included  within 
the  ran(ge  of  integration,  the  results  are  doubtless  correct.  They 
may  also  be  verified  in  the  following  way. 

Expanding  cos  bx  we  have 

_  r(n)  _  ^  r(»+2)  b*       r(»+4)  _ 

~   a'        1.2     o»+»     "•'1.2.8.4     o«+*  ■•' 

_  r(«)  j         n(n+ 1)  y      n(«+ 1)  («-|-2)  (»  +  8)  6*  ) 

~    a'   i  1.2     a*"*"        ~"r2.8.4  a*      "r 


X 

i 
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/:-^.«.a,*=i|'{(iw=ijr%(i_^nj»)-} 

r(n)cosna 


if  d  =  a  tan  a.     Similarly  may  (349)  be  verified. 


(860) 


140.3  If  in  the  preceding  expressions  0  =  0^  then  a  =r  - ;    and 
(348)  and  (849)  become^  when  ti  is  a  positive  quantity, 

y  *  ^-1  cos  &p  rf^  =  ^  cos  y ,  (851) 

fx^'Umbwdx  =  -^  siny  i  (852) 

Hence  alsoj  replacing  r(n)  by  its  value  given  in  (278), 


nv 


/•SO 

1— n  being  a  positive  proper  fraction. 

Let  1  ^n  be  replaced  by  m,  when  m  is  a  positive  proper  fraction ; 

f =- gee——;  (o55) 

0        J?~  2r(m)         2  ^      ^ 

f^  Bin  bxdx       ttA**"^  tow  /ok^v 

/    m —  =  €%   /    vCosec-s->  (o5o) 

Jo        ^  2r(m)  2 

Hence  if  m  =  1,  which  is  its  superior  value, 

r!i£i£^=|;  (867) 

which  is  the  value  already  determined  in  (76),  Art.  94. 
If«  =  i, 

feoslucdx  __  C'axibxdx  _i''t\^,  (858) 


smce  r  y^ 


A  a  a 
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Hence^  if  a?  is  replaced  by  aP'y 


f     cosba^dx  =  /     Binba/^dx  =  — ;— 
0  -'o  2Til 


2*4* 


(359) 


Hence  also,  /    ^'^'^^dx  =  /    {cosAa?2+  V— Isinfta?^}  dx, 

Jo  Jo  

(I  +  vZ-Dtt* 


Hence  also 


(360) 


,   r€^^-^dx  =  \e^^'^  (361) 


(362) 


And  if  in  this  last  integral,  x  is  replaced  hy  x-h-ry 

Also,  from  (355)  and  (356),  we  have 

/     m —  =  ow    ,(sec-^  +  V— Icosec-^J.      (363) 

•'o         0?"*  2r(7w)\        2  2  ' 

141.]  Also  from  these  formulae  two  other  integrals  of  consider- 
able importance  may  be  deduced. 

By  reason  of  (250),  Art.  122, 

r  ,-  r(n) 

''o  (a— a?v  — 1)* 


r(n) 


(a+^V^3i)»; 


(a2  4-  a^'Y 

and  dividing  both  members  by  a?*",  and  then  making  them  the 
element-functions  of  an  a?-integral  between  the  limits  oo  and  0, 
we  have 

=  /    e-^z^-^dz       e«^~i^ 

=  s— T-rlsec-^ -h  V— Icosec-—-     /     r*"+*~-^c  "rfr 
2r(m)^         2  2   >'./o 

=  0-4.-H.  1    /   \  { sec-^r-  +  >/  —  1  cosec  -^ ) .  (364) 
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In  the  left-hand  member^  let  a  =  ^  cos  a,  x  =.k  sin  a^  so  that 
J  =  a  tan  a ;  then 
r*C08iia+  \/— 1  sin  no  dx 

=  *r-i.x-l -,    ,    ,    ,-T  (sec  -jr-  4-  v  — 1  cosec  -.-  I;  (365) 
and  equating  possible  and  impossible  parts^ 
..  cos  (ntan"*-)rfar  „/      .         -ix 

.'.        (a2+^)5^-  2a«+-^    r"(m)r(n)    '^^'^  2~  '       ^       ^ 

..  sin  («tan"^-)rfj?  «,      .         iv 

/o         (fl*+;r«)3ci«  2a-^-^    r(m)r(n)    ^^^    2   '    ^     '^ 

where  a  is  a  positive  quantity^  m  +  ^ — 1  is  a  positive  quantity^  and 
m  is  a  positive  proper  fraction. 
If  in  these  last  formulse  x  is  replaced  by  a  tan  6,  then 

p8in«(?(cos6)"-2(cot ^)- rf^  =  ^  r(m-hyt--l) ^^^^^ i^ 

Jv  V        /      V        /  2    r(/»)r(w)  2  ' 

If  in  this  last  equation  m  =  1, 

-^— -  (cos  ^)*  1  do  =:  -'  (370) 

Bind   ^        '  2  ^ 


f 


142.]  Another  important  use  of  the  Gamma-function,  and  of 
its  allied  integrals,  is  the  evaluation  of  a  definite  integral  in  terms 
of  a  series,  and  conversely  the  summation  of  a  series  in  terms  of 
a  definite  integral.  This  method,  however,  is  only  an  application 
of  the  general  process  of  development  explained  in  the  preceding 
section;  and  especially  of  that  particular  form  given  in  Art.  121; 
but  it  is  useful,  because  the  same  definite  integral  may  be  made 
to  enter  into  every  term  of  the  development  by  reason  of  the 
properties  of  the  Gamma-function,  and  consequently  will  be  a 
common  factor.  Moreover  we  shall  hereby  arrive  at  certain  series 
which  have  been  called  hypergeometrical,  the  series  being  of  the 
U-pe  of  geometrical  series,  but  the  coefficients  of  the  several  terms 
being  more  complex. 

The  following  is  the  fundamental  theorem  on  which  the  appli- 
cation depends. 
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Let  F  (^)  be  a  function  of  Xy  expanded  into  a  convergent  series 
of  the  form, 

P(a?)= Ao/(a?,0)  + Ai/(jr,l)  +A,/(J7,2)+ . . .  +  Ajk/(j?,*)  + ... ;  (371) 
and  let  both  sides  of  this  equation  be  multiplied  by  i^{x)  dx,  and 
let  the  j?-integral  be  taken  between  the  limits  x^  and  ^o,it  being 
supposed  that  none  of  the  element-functions  is  infinite  for  any 
value  of  its  subject- variable  between  these  limits;  and  let  us 
moreover  suppose  that 

f%MA^,k)dx  =  Bj'^<f>(x)f{x,0)dxi  (872) 

then 

/_'^(^)F(a?)rfj? 
=  {A0B0  +  A1B1+  ...  +AikB*  +  ...}  lif>(x)f{x,0)dx.        (873) 

Thus^  if  /    <t>(x)f{x,  0)dx  is  known,  the  definite  integral  in  the 

left-hand  member  of  (373)  will  be  given  in  terms  of  a  series ;  and 
conversely  the  series  will  be  given  in  terms  of  a  definite  integral. 

If  the  value  of  /  V(^)  ^  (^)  ^  ^^  known,  the  sum  of  the  series 

will  be  known  also.    The  following  are  examples  of  the  process. 

143.3  Let  us  in  the  first  place  employ  the  Gamma-function  for 

the  purpose  of  forming  the  definite  integrals ;  and  let  us  suppose 

t{x)  to  be  a  convergent  series  in  ascending  powers  of  or;  so  that 

F(^)  =  ao+aia?  +  a,a?*-f  ajar»+...;  (374) 

/•• 

then      /    e"'  o?*""^  F  (a?)  dx 
•'0 

0  •'0  •^o 

=  aor(n)  +  air(n+l)  +  aar(n+2)  +  ...  (375) 

=  r(n){ao  +  ain+aan(»  +  l)  +  a5n(nH-l)(n+2)+...}.    (876) 

.-.     ao+ain+aan(»+l)  +  fl3n(»+l)(n+2)+... 

1      r* 
=  — — /    ^-•a?*-i{ao+«,a?+aa«»+,..}dir.    (877) 
r  (n)  Jo 

The  followiug  is  an  example  of  the  process ; 

/    e^' x""-^  cos  (2 bx^)dx 

'       r      2n  ft*      2«n(n+l)  ft*       2»n(n+l)(»+2)    ft"     ^      )  . 
=  r(n)|l-.y-j-+— j-3— j-^ j-3^5 0:8  "^r 
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and  if  n  =  ^  > 

=  ir*c-^.  (878) 

Again^  let  us  suppose  f  {x)  to  be  a  convergent  series  in  ascend- 
ing powers  of  c"* ;  so  that 

P(j?)  =  flo  +  «i«'"*  +  «2«"'*'-*-«2«"^'+-   ;         (879) 
then 

/•OB 

+0,/    «-(»+»»«— »dir+...   (880) 
_  -   *'("^  ^  -     r(»)     .  „     r(«) 

and  consequently,  if  6  z=  1, 
Jo 

andif  cTq  =  Oj  =  a,  =  ...  =1, 

144.]  In  the  next  place  let  us  employ  the  Beta-function,  and 
its  equivalent  in  terms  of  the  Gramma-function,  for  the  purpose 
of  forming  the  definite  integrals ;  and  let  us  suppose  f  (j?)  to  be 
a  series  in  ascending  powers  o{  x;  so  that 

v{x)  =  flo+ai^+aa^+«3^+-  •;  (384) 

the  series  being  convergent  for  all  values  of  x  between  1  and  0 ; 
then 

r^.--!  (1  - jr)»-i  r{x)  dx  =:aQ  /  ^~-i  (1  -a?)—*  dx 

+  «!  /   a^ (1  -ar)»-idr+a,  /   a?*+i  (1-a?)— » dp+ ... 

_      r(m)r(n)  .  _  r(m+l)r(n)         r(OT  +  2)r(n) 

-  "«r(i»  +  n)"*""»r(»i+ ii  +  l)'^''»r(m+n  + 2)  "*"■•• 

r(»)r(n)J     .        m     .  »»(m+l)  )     ,«aKv 

r(m+n;  t  m  +  n      '(»»+ii)(m+n  +  l)  j 
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Hence 

_  r(m)r(n)  ^.      r     ^         .  r{r  +  l)         wi(m+l)  ,  ) 

"  T{m+n)   i    '^lm-\-n    "^     1.2     (w+n)(m  +  n+l)      ^y 

If  in  this  equation  r  =  m  +  n, 

.'0 

r(m)r(n)(        ^  ^  ,  ^(^-H)   o     m(m  +  l)(m4  2)  ) 

^r(m)rW     ^ 

r(wH-n)  '         '^  ^       ' 

Hence  also,  if  in  (386)  a  =  1, 

__r(m)r(n)(         r     m     r(r  +  l)         m(m-l-l)  ) 

~  r(m  +  w)   (    "^  T  7/1  -I-  n~lL.2     (m+n)  (m  +  n  +  l)       '  "  ) 

but  /V-(l-.)-'-  =  ^4^):J^^ 

.'0  r(f»+»— r)  ' 

•      1  J.  L    "*      4.  !l*!±i)        »»(»»+ 1) 
**       """Im  +  n"^     1.2     (m-in)(»»  +  «+l)'^"" 

^r(>»  +  >»)r(n-r)     ^^^ 
r(n)r(m4-n— r) 
If  in  this  hat  series  r  =  1,  then 

1  ^  fn(m-\-l)  __  r(m+w)r(n— 1) 

mTn"       (i»  +  n)(?w-f /i+l)      '"  ~  r(n)r(m+n  — 1)* 

=  ^  +  ^"\  (389) 

n— 1 

The  value  of  the  following  integral  may  also  be  determined  by 
means  of  the  properties  of  the  Beta-function. 

Jo    l'\-2xco8a-\^x^^Jo    (l-hx)^}         (l  +  ^)»  V^^^'aM 
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This  however  is  only  a  particular  ease  of  a  much  more  general 
theorem  which  is  of  use  in  the  higher  applied  mathematics. 

145.]  In  (386)  let  n  be  repla<5ed  by  n-m,  then 

1  I  ^""fl  I  ^(^-f  l)^*(>^+lLa  ,  r(r+l)(r4-2)m(i»+l)(m-h2) 
1  n   "^     1.2     nin-^-A)     ^        1.2.3         »(w  +  l)(w-|-2)      "^ 

=         ^y ^  Tar*-!  (1  -d?)"-~-i  (l-ap)-'-Ar.     (391) 

r(i»)r(»— w)Jo  V         /  V  /  V       / 

The  series  in  the  left-hand  member  of  this  equation  is  that  in 
pursuit  of  the  properties  of  which  Gauss  has  been  led  into  his 
inquiries  respecting  the  Gramma-function.  His  original  memoir 
was  read  to  the  Academy  of  Sciences  at  Gottingen  on  Jan.  30, 
1812,  and  is  contained  in  the  first  volume  of  the  Commentationes 
Beoentiores  of  that  Society.  The  series  is  evidently  a  function  of 
four  variables,  r,  w,  n,  a,  and  is  the  general  type  to  which  very 
many  known  series  conform.  This  is  the  reason  why  he  has  in- 
vestigated its  properties.  Let  it  be  denoted  by  the  symbol 
r(r,fli,fi,a),  so  that 

1  +  ''*fl  .  ^(^-hJ)  »*(^+1)  o     r(r+l)(r-h2)  m(m+l)(m-f2) 

1  a     "^     1.2     n(»i-l)      ■*■         1.2.3         n(«-hl)(n-f 2)       "^  ' 

=  p(r,w,n,a)   (392) 

This  series  is  evidently  convergent  for  all  possible  values  of  a,  less 
than  1 ;  and  for  all  impossible  values  of  a,  of  which  the  modulus 
is  less  than  1 .  Hence,  under  these  circumstances,  the  right-hand 
member  of  (391)  may  be  used  as  the  equivalent  value  of  it.  The 
function  f  (r,  tn,  n,  a),  is  called  the  Gaussian  Function,  and  the 
univalent  series  is  called  the  Gaussian  series. 

PRICE,   VOL.  II.  B  b 
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"The  following  are  particular  cases  of  the  series. 

,,       x«       -.      w*         m(m— 1)    ,     m(w— l)(m— 2)    «, 
(l+ar  =  l+-j-«+  -W«'+  1.2.8 «'+••• 


=  p(w,— m,ii,— fl). 


a       a'  a' 


r3 


«*   =   l+T+T-77-|- 


1"^  1.2^  1.2.3^  •• 

=  F  (1,  m,  1,  — ) ,  when  m  =r  oo  .  (894) 

m ' 

1      /^       V  fl*       «^       ^*    . 

logd  +  a)  =  a-y  +  -3---^+... 

=  ap(l,l,2,-a).  (895) 

sina  =  a  p  (r,  w,^,  ^TI^")'  ^^^'^  r  =  m  =  oo  .  (897) 

cos  a  =  F  ( r^  *'*'  o '  1 — ) '  w^*^'^  r  =  m  =  oo  .  (898) 

/w+1       -m+1      8       ,.     .»\ 
smma  =s  wsmap(— ^,     — - — ,    ^,     (8ina)*j> 

so  that  the  properties  of  all  these  functions,  as  well  as  of  many 
others  which  are  developable  into  series  of  the  form  (892),  are  the 
same  as  those  of  the  right-hand  member  of  (391). 

In  all  these  cases,  when  a  =  1,  we  have  from  (391)  and  (392), 

F(r,w,n,l)  =     .^^^^^       .  \\^'^{\^xY'^--'^dx 
r(w)  r(n — m)  Jo 

_r(n)r(n-m-r)  ^^^^ 

r(n— i»)r(«— r) 

146.3  In  these  latter  applications  of  the  (3amma-function,  the 
argument  will  frequently  be  negative;  and  we  have  shewn  in 

Art.  124,  that  the  function,  as  defined  by  /    e"'  d?*~^  do?,  is  always 

infinite  when  n  is  negative,  fiilt  these  latter  applications  are 
legitimate  deductions  from  the  fundamental  theorems  of  the 
Gamma-function ;  so  that  it  is  clear  that  they  express  properties 
of  a  function  of  wider  extent  than  that  of  the  definite  integpnd. 
Consequently  a  wider  definition  must  be  given  to  the  function. 
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That  due  to  Gmss  and  given  in  (818)  is  sufficient  for  the  purpose; 
as  it  holds  good  for  negative  as  well  as  for  positive  values  of  the 
aigument.     The  following  theorems  are  easily  deduced  from  it. 
r(l-»)  s  -nr(-n);  (400) 

r(l+„r(-,)=-3JL-,  ,401, 

r,-.,r(-»+l)r(-,+  ?)...r(-,+  n=i) 


=  (2ir)'"i"r2+'*'*r(-nr).        (402) 


From  (401)  it  is  evident  that,  if  n  is  an  integer,  r  (— n)  =  oo, 
sinoe  sinnir  =  0.  So  that  the  Gamma-function  is  infinite  for 
all  n^ative  integral  values  of  the  argument;  and  will  be  finite 
when  n  is  not  an  integer. 

If  «  =  «,  from  (401)  we  have 

r(-l)=  -27r*;  (408) 

...      r(.|)=|.i  (404) 


Skction  8. — The  Logarithm-Integral. 

147.]   The  definite  integpnd    /    s is  closely  allied  to  the 

Gamma-function,  being  indeed  the  form  taken  by  that  function, 
as  expressed  in  (248),  when  n  =  0 ;  except  that  in  this  case  the 
superior  lioait  is  the  general  value  x^.  This  integral  moreover 
deserves  notiee,  because  it  is  one  of  the  few  which  have  been 
tabulated,  tlie  necessary  calculations  having  been  made  by  Soldner 
of  Munich  as  long  ago  as  the  year  1809.  The  integpral  is  also 
instrumental  in  the  determination  of  many  other  definite  integrals, 
and  occmB  in  the  solution  of  certain  physicU  problems. 

Soldner  devised  the  symbol  li.x^  to  denote  it:  It  being  the 
initial  letters  of  logarithm-integral,  by  which  name  he  called  it. 
Thus  we  have  for  the  definition  of  the  logarithm-integral 

H..,  =  f"^.  (406) 

..'o    iog  X 

B  b  2 
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Let  X  in  the  right-hand  member  be  replaced  by  e'* ;  then 

li.x^^^r      ?I^;  (406) 

which  may  also  be  taken  as  the  definition  of  the  logarithm-inte- 
gral. 

If  j?^  is  greater  than  1,  the  range  of  integration  in  (406)  includes 
a  value^  viz.  a?  =  0,  for  which  the  element-function  =  oo ;  we 
must  therefore  divide  the  integral  into  two  parts  and  take  the 
principal  value  of  each,  making  the  range  of  each  approach 
infinitesimally  near  to  1 ;  so  that  if  %  is  an  infinitesimal,  we  may 
express  (406)  in  the  following  form. 


(407) 


and  the  value  of  this  is  to  be  determined,  when  1  =  0. 

Now  by  the  definition  of  B,  Euler's  Constant,  given  in  (298), 
when  i  =  0, 

re-*dx  _  r      dx 

Ji         X      "  Ji    xii-^-x)' 

=  -E-log^i-^.  (408) 

Also,  taking  the  second  integ^  in  the  right-hand  member  of 
(407),  expanding  e~',  and  integrating,  we  have 

=  .og^^_,og..-(!^-M^-...,   (40.) 

omitting  terms  involving  i  and  its  powers,  which  must  be  neg- 
lected.    Consequently,  substituting  in  (407),  we  have 

«.^.  =  K  +  log!og^.+log^.+  (i^+  ^^  +  ....(410) 

If  x^  is  less  than  1,  although  in  (406)  the  element-fimction 
never  becomes  infinite  within  the  range  of  integ^tion,  yet  the 
preceding  process  is  not  applicable,  because  the  result  contains  the 
term  log  log  x^;  and  this  is  impossible  when  x^  is  less  than  I, 
for  logo?^  is  in  that  case  negative,  and  log  log  d?^  is  the  logarithm 
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of  a  negative  quantity.  In  this  case  let  us  suppose  {^n)"^  to  be  the 
subject-variable  of  li ;  then  from  (406)  we  have 

&.  —  =-/      ; 

and  if  we  expand  the  element-frinction,  and  integ^te  as  in  the 
preceding  case^ 

«.l  =  B+loglog.._log..-H  ^-  $1^  +...;  (411) 

in  which  every  term  is  real^  since  <r»  is  g^reater  than  1.  Thus  by 
(410)  or  (411)  the  logarithm-integral  may  be  calculated  for  all 
values  of  the  subject- variable ;  and  they  have  been  employed  by 
Soldner  for  that  purpose ;  but  it  is  beyond  the  scope  of  this  work 
to  enter  into  the  details  of  the  calculation. 

148.]  As  another  instance  of  the  logarithm-integpral^  let  the 
subject- variable  be  (1  +^J ;  so  that  by -(405), 

/'»       dx 


log(l+a?) 


Now 


l+x)"  »\         2''"  3        4  ■*"  ■■■> 


log(l+«) 


1  i  a?  J7*  a?*  ) 


where  a^^,  Aj,  Aj,  . . .  are  coefficients  of  the  successive  powers  of  a?, 
which  may  be  calculated  by  the  process  of  Derivation^  as  explained 
in  Art.  95  of  Vol.  I.     The  values  thereby  found  are 

_  _1        _1  _1        _19 

Ao-   1,    A,   -~,A,--g,    A3    _-,A4--.j2g,.... 

Now  as  d?  =  0  occurs  within  the  range  of  integration,  and  is 
that  value  for  which  the  element-function  becomes  infinite,  the 
definite  integral  must  be  divided  into  two  parts,  and  we  have 

=  B+Aologa?,+A,^ +A,^+A,^-^5^  +  ...;    (412) 
the  sum  of  all  the  quantities  in  the  definite  integral^  which  arc 
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independent  of  the  powers  of  x^  in  the  series^  being  equal  to  B 
when  0?,^  is  an  infinitesimal,  becanse.in  that  case 
«.(1+«J— logar,  =  B. 

The  following  are  indefinite  integrals  which  are  expressed  in 
terms  of  the  logarithm-integpral. 

(8)  /^  =  «.«••  (4)  fi^dx  =  U.^. 

(5)  f f!^  =  e-«/».e-+«.    (6)  [^r^ =  «log*. 


(7)/«. 


xdx  =z  xli.x^li.jfl. 
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CHAPTER  V. 

ON  SUCCESSIVE  INTEGRATION   OP   AN  EXPLICIT  FUNCTION 
OF  ONE  VARIABLE. 

149.3  ^  ^^®  preceding  Chapters,  so  far  as  integration  with 
respect  to  any  one  variable  has  been  considered,  the  infinitesimal 
ekment  which  is  the  subject  of  integ^tion  has  been  an  infini- 
tesimal of  the  first  order :  and  consequently  the  integral  of  that 
infinitesimal  element  has  been  a  finite  quantity.  In  the  general 
theory  of  integration  however,  no  restriction  is  put  on  the  order 
of  the  element ;  the  element  may  be  an  infinitesimal  of  any  order; 
and  the  effect  of  integration  on  it  will  be  the  reduction  of  that 
order  by  unity.  Thus  if  an  element  is  of  the  nth  order,  the  first 
integ^  of  that  element  will  be  an  element  of  the  (n— l)th 
order;  and  the  integral  of  that  element  will  be  of  the  (n— 2)th 
order,  and  so  on ;  until  ultimately,  if  the  integration-process  is 
carried  on  so  far,  the  nth  integral  will  be  a  finite  quantity. 

Now  we  will  suppose  the  superior  limit  in  all  these  successive 
int^rations,  to  be  the  same  general  variable  a?,  the  inferior  limit 
being  constant  although  arbitrary  in  each  case.  It  is  evident 
then  that  each  integration  will  introduce  an  additional  term, 
which  will  be  a  function  of  the  inferior  limit.  It  is  convenient 
to  represent  this  additional  term  by  a  constant;  and  thus,  in  the 
entire  process,  n  additional  terms,  or  n  arbitrary  constants  will  be 
introdaced ;  and  the  final  integral  is  not  considered  complete 
unless  it  contains  them. 

150.]  Suppose  f(j7)  to  be  a  Amotion  of  x  finite  and  continuous 
for  all  values  of  its  subject- variable  within  the  range  for  which 
we  employ  it ;  and  suppose  its  derived  functions  to  be  f'(^), 
i'{x)^ . . .  F"  {x)y  and  to  be  subject  to  like  conditions :  then, 

W{!B)dx  ^  F(a?)  +  c„  (1) 


ifXx^dx  =  i'(«)+c^„  (2) 

yr"(*)<fc  =  F"-i(ip)+c,;  (8) 
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and  therefore  from  (2) 

=  F(^)  +  c„_ia7  +  c,.  (4) 


Similarly 

///■ 


v''\w)da:(tedaf  =  v(3P)  +  o^_^^^  +c^„ia?-|-c„;        (5) 

and  therefore^  abbreviating  the  notation  by  writing  /    da?*  for 

J  I  ,,.dx  dXf  when  the  latter  series  involves  n  symbols  of  integra- 
tion, 

...  +  c»-ia?+c„,    (6) 

Ci,C2,  ...c^  being  n  arbitrary  constants.     This  is  the  general 
expression  for  the  nth  integral  of  an  element  of  the  nth  order. 

The  following  are  particular  cases  of  the  preceding  general 
form. 


/■ 


^  =  OXT.-^''-1.2.'>-l)+   ■+''-'^+°- 


r»-l 


/»  ^»f  /111  1\) 

151.3  Many  useAil  theorems  of  successive  integration  may  be 
deduced  by  means  of  the  Calculus  of  Operations,  of  which  a  con- 
cise account  is  g^ven  in  Chapter  XIX.  of  Vol.  I.  In  the  first 
Chapter  of  the  present  volume  the  reciprocal  relation  of  the  dif- 
ferential calculus  and  the  integral  calculus  has  been  explained,  and 
the  processes  of  the  latter  have  been  proved  to  be  inverse  of  those 
of  the  former.  Also  the  inverse  character  of  the  symbols  of  the 
latter  calculus  relatively  to  those  of  the  former,  has  been  exhibited 
in  Art.  7,  Chapter  I.  Now,  as  the  operations  of  differentiation  and 
derivation  are  subject  to  the  commutative  and  distributive  laws, 
and  as  the  symbols  of  the  operations  are  subject  to  the  index  law, 
so  will  the  symbols  of  the  inverse  operations  be  also  subject  to 
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the  same  laws;  and  the  transition  from  the  symbols  of  one  calculus 
to  those  of  the  other  will  consist  in  only  a  change  of  sign  of  the 

index.     Thus^  as  d  and  /  are  the  symbols  of  differentiation  and 
integration  respectively,  we  have  as  in  Art.  7, 

/=rf-;  (7) 

elx  =  (-J-)    ;  (8) 

and  as  these  symbols  are  accordant  with  the  index  law^ 

JjJ.  ..ton  symbols  =/'  =  «?"" ;  (9) 


/• 


<dop' 

These  laws  are  applied  in  the  following  examples ;  care  being  of 
conrse  taken  to  select  those  cases  which  satisfy  the  required  laws. 

,,--,.        rf*sin(mj?+a)  «   .    /  v\ 

Ex.  1.     Smce \—- ^  =  »i*sm  lma?+o+nTr); 

cw?*  ^  2' 

therefore  replacing  «  by— n, 

/    sin  (ma? -f  a)  cte*  =  — j-sin(ma?  +  a— n^j; 
and  if  n  =  1, 

/sin(f?M?+ o)dir  =  — sin(»M?  +  a— ^j 

= cos(9i»^  +  a). 

m 

Similarly  /   cob mxdx'*  =  — jpCos(»M?  — n^j; 

and  if  11=  \,jeoBmxdx  =  — cos^fiw?— ^j 

1    . 
=  —  sm  mx. 
m 

Ex.  2.     By  Ex.  6,  Art.  54,  Vol.  I,  if  m  =  a  tan  <f>, 

— ^       , '  =  (a*  +  m^)^ «•*  sm  {mx -f  »<^) ; 

".it-  •         J  -       e**sin(iiM?— nA) 
(a«+m>)» 
and  if  n  =  1, 

c**8in(ma?— ^) 


/" 


/• 


^Binmxdx  = 


(aHm*)* 
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152.]  Again,  taking  Leibnitz^s  Series  for  —^  ,  where  u  and  v 

are  explicit  functions  of  x,  and  making  n  negative,  we  have,  as  in 
Art.  425,  Vol.  I, 

I   uvdx''  =  ul   <'^*— ^^/       t?(te*+^ 

Let  n  =  1 ;  then 

fuvd^  =  ujvds-%j\d^+^j\d^-...;  (12) 
and  if  v  =  1, 

which  is  Bernoulli's  Series  for  the  determination  of  an  integral ; 
see  equation  (233),  Art.  117. 

Equation  (11)  will  apparently  not  give  a  finite  result  for  the 
integral,  unless  the  series  in  the  right-hand  member  is  continued 
to  an  infinite  number  of  terms ;  or  unless  the  derived  functions  of 
ti  should  vanish  after  a  certain  term.  The  limit  of  the  sum  may 
however  be  determined  by  the  following  process. 

Considering -j-  to  affect  u  only,  and  Ida;  to  affect  v  only,  and  in 

the  right-hand  member  of  the  equation  separating  symbols  of 
operation  from  their  subjects,  we  have 


/ 


uv 
ax  J  iM     ax^  J  ) 


and  taking  symbols  of  operation  only, 
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remembering  that  the  sjmbol  in  the  left-hand  member  refers  to 
the  integral  of  uv,  whereas  those  on  the  right-hand  side  refer  to 
either  «  or  t?  according  to  the  preceding  hypothesis.  In  the 
symbolical  form  the  limit  can  easily  be  expressed  by  means  of  the 
general  expression  for  the  limit  of  Maclaurin's  Series. 
In  (14),  let  n  =  1 ;  then 

f  h 

juvdx  =  ,     a     uv;  (16) 

',    /d.=/^|l  +  ^/d.}".  (17) 

The  preceding  theorems  are  deduced  from  laws  of  expansion, 
and  from  developments  which  the  integration-symbol  is  subject 
to,  and  are  thus  far  independent  of  any  condition  as  to  their 
subjects.  Certain  conditions  however  are  requisite,  and  are  the 
same  as  those  which  have  already  been  explained.  That  is,  if  the 
final  results  are  determinate,  the  integrals  must  be  definite,  and 
none  of  the  elements  must  be  infinite  within  the  range  of  inte- 
gration. 

153.]  The  following  cases,  in  which  certain  subject  element- 
functions  are  supplied,  will  be  usefrd  in  the  sequel. 

vdx  =  — ;  then 

1 


(l+i^) 


rf\-' 


e^u 


since  ^  affects  u  only :  and  consequently, 

(^■fa)  "tt  =  «-•*  r ttc«*  «te».  (19) 

and  if  n  =  1, 

(^  -I-  a)     tt  =  c-«*  J  ttc«'  dx :  (20) 

both  of  these  formula  will  be  of  great  use  in  the  sequel. 

c  c  a 
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£  r  £ 

Again,  in  (16),  let  u  =  c«,   tt  =  a?" ;    so  that  /  rdr  =  flc«  ; 

=  ae«{a?"-awj?*-i  +  a'n(n-l)a'»-»-...}.    (21) 
Again,  in  (1 2)  let  u  =  e"' ;  so  that  —  =  ae",  -^  =  a^e**  .  . ; 


1+- 
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CHAPTER  VI. 

THE  APPLICATION  OF  SINGLE  INTEGRATION   TO  QUESTIONS  OF 

GEOMETRY. 

Section  1. — Rectification  of  Plane  Ourves  referred  to  Rect- 
angular Coordinates. 

154.^  In  the  present  Chapter  I  propose  to  consider  some  of 
the  most  simple  applications  of  single  integration  to  questions  of 
geometry,  reserving  the  more  complex  problems  of  space  until 
the  higher  parts  of  the  Integral  Calculus,  which  are  required  for 
their  solution,  have  been  more  fully  developed.  And,  in  the  first 
place,  I  will  shew  how  this  calculus  enables  us  to  determine, 
either  exactly  or  approximately,  the  length  of  a  plane  curve 
between  two  given  points  in  terms  of  the  coordinates  of  these 
points.  Its  length  will  thus  be  compared  with  that  of  a  straight 
line ;  and  hence  the  process  has  been  called  the  Rectification  of 
Curves. 

Let  y  =/(a7),  or  p(^,  y)  =  c,  be  the  equation  of  a  plane  curve 
referred  to  rectangular  coordinates ;  and  let  it  be  required  to 
determine  the  length  of  the  curve  between  the  points  {x^,  y^ 
and  {x^,  y^) ;  that  is,  to  determine  the  length  of  a  straight  line, 
along  which,  if  the  curve  is  made  to  roll  (not  to  slide),  the  ex- 
tremities of  it  will  coincide  with  those  of  the  curve.  Now,  adopt- 
ing the  notation  of  Vol.  1,  Art.  218,  let  ds  be  an  infinitesimal 
length-element  of  the  curve,  then  the  required  length  is  the  inte- 
gral of  ds  between  the  specified  limits ;  but 

ds^  {dx^^dy^}^;  (]) 

and  therefore  the  required  length  =  I  {dx^  +  dy*}^;  (2) 

the  integral  being  taken  between  the  given  limits. 

Let  s  represent  the  length  of  the  curve ;  then  if  the  equation 
is  y  =  f{x),  so  that  dy  =  f\x)dx, 

ds=  {l'^(f{x)Y}^dx; 
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And  if  the  equation  to  the  curve  is  of  the  form  x  =  /(y),  bo  that 
dx  =:f'{y)dy,  then 

s=f'\l  +  {/\y)Y}^dy.  (4) 

As  the  radical  expression  in  (1)  involves  an  ambiguity  of  sign 
which  is  continued  in  (3)  and  (4),  and  as  «  is  an  absolute  length, 
we  must  choose  that  sign  which  the  circumstances  of  the  problem 
require ;  that  is,  ds  and  dx  or  dy  must  be  taken  with  the  same 
or  different  signs  according  as  x  and  y  increase  or  decrease  when 
s  increases. 

Although  I  have  given  the  general  formulae  (3)  and  (4)  which 
express  the  length  of  a  curve  as  a  definite  integral,  yet  in  the 
sequel,  as  the  following  examples  shew,  it  will  be  more  convenient 
to  deduce  the  expression  for  8  directly  firom  the  equation  to  the 
curve. 

155.^  Examples  of  rectification  of  plane  curves. 

Ex.  1.     The  circle;  see  fig.  3. 

Let  the  centre  be  the  origin ;  and  let  the  arc  ap«,  whose  length 
is  required,  begin  at  a,  and  be  measured  firom  a  towards  b  ;  so 
that,  if  AP  =  *,  CM  =  a?,  x  decreases  as  s  increases ;  let  ojc^  =  x^; 
then  since  a?^  +  y*  =  a^, 

^rfa?_£fy_rf£,  ^       . adx 

.  • ,  the  length  of  the  arc  ap^  =  / 

=  I  acos~^-J  "  =  acos"^— 5.      (5) 

/o  ^adx 
; 

*•.     The  perimeter  of  the  circle  =  2ira.  (6) 

Hence  also  if  om^  =  Xq,  then 

— fldr 

=    a  cos  *  - 

L  aJ;ro 

=  a  scos"*-^  — cos^i— i  . 
(a  a  1 


the  arc  p^p^  =  /    


(7) 
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Ex.  2.     The  Parabola;  fig.  4. 

Let  the  are  op^,  whose  length  is  required,  begin  at  the  vertex  ; 
let  CM.  =  x^y  M«  p.  =  y.;  and  let  the  equation  to  the  parabola 
be  y*  =  4oj?.     Then 

dy  ^  dx  ^         ds  .      //    «.  (y*+4a2)*rfy. 

2a  ^  "y"  ~  (yB  +  4a»)4'         '  *  ""  2o  ' 

=  ^[|(y»+4fl*)*+2a«log  {y+(y*+4o»)4}  J 

-  4^ +  « loff  2^  '        (») 

■8  spears  by  equation  (80),  Art.  39 ;  and  as  y^  may  be  the  ordi- 
nate to  any  point  on  the  parabola,  we  may  replace  it  by  the 
genend  value  y,  so  that  the  length  of  the  arc  of  the  parabola 
banning  at  the  vertex  is  equal  to 

V      .     .   .1        ,     y  +  (y«+4g«)* 
£(y.+4««)*+«log J-^ 

And  if  for  y  we  write  2{ax)^y 

the  length  =  (aar-f  a^)Hglog^*'^^'l"*"'^^* .  (9) 

a* 
Thus  if  ;r  =  a,  the  length  of  the  arc  between  the  vertex  and 
the  extremity  of  the  latus  rectum  is  equal  to  a{2*  +  log(l  +  2*)}. 
Ex.  8.     The  Cycloid. 

(1)  Let  the  highest  point  be  origin^  see  fig.  5 ;  and  let  the 
arc  begin  at  the  vertex;  then  since 

y  =  (2aa?— a?^)J+aversin"^-, 

a 

dy            dx         ds  ,        /2a\i, 
^- -     =  —  = j;        .-.     <&  =  (—)  dip. 

(2a-x)*       x^       (2a)*  ^x' 

.\     the  length  of  op,  =  /     (— )  dx  =  2(2aa?J*;  (10) 

Jq      ^  X  ' 

and  as  x»  may  be  the  abscissa  to  any  point  on  the  curve^  we  may 

replace  it  by  the  general  value  x;  and  then 

8  =  2(2ar)*;  .-.     «» =  iax.  (11) 

/'•«/2a\* 
Henoe  the  length  of  ob  =  /     y — )  dx 

=  [2(2ax)*]'*  =  4a;  (12) 
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consequently  the  whole  length  of  the  cycloid  is  8a ;  that  is,  four 
times  the  diameter  of  the  generating  circle. 

Since  (11)  expresses  a  general  relation  between  the  length  of 
an  arc  of  the  cycloid  measured  from  the  vertex  and  the  abscissa 
to  the  extremity  of  that  arc,  it  may  be  and  frequently  will  be 
employed  hereafter  as  the  eqiiation  to  the  cycloid.  If  oqa,  fig.  5, 
is  the  generating  circle  of  the  cycloid,  the  equation  shews  that 
the  arc  OP  =  twice  the  chord  oq. 

(2)     Let  the  starting  point  be  origin;  see  fig.  6,  and  let 
OM  =  a?,     MP  =  y;     om.  =  a?„     m,p.  =  y^;     so  that 

X  =  aversin"^-— (2ay— y*)*. 
dx  dy  €fe 


y        (2ay--y^)^       (2ay)* 
=  -[2(2a)*(2a-y)i]*' 


^0 

r 

Jo 
=  2(2a)*{(2a)*-(2a-y,)*};  (13) 

=  4a; 
which  result  is  the  same  as  that  found  in  the  former  case. 
Ex.  4.     The  Tractory ;  see  fig.  2. 

Let  the  required  arc  begin  at  a  ;  and  let  the  ordinate  at  its 
extremity  be  y^ ;  then  since 

— rfy  dx  ds . 


y          {a^-y^)^       «  ' 
the  required  arc  =  / 

=  [-alogy]'" 


=  alogf ;  (14) 


and  writing  for  y^  the  general  value  y,  we  have 


s  s=  a  log-  .  (15) 
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Ex.  5.    To  determine  the  values  of  m  and  n,  for  which  the 
enrFes  expressed  by  the  equation  a~y"  =  ^"•"*'*  are  rectifiable. 

m  m  +  n 

Since  a*y  =  ^  *  , 

n 


,=y|l  +  (?L±i?a"-)%^[*£fo;  (16) 

on  comparing  which  with  equation  (86)^  Art.  43^  the  conditions 
requisite  for  integration  by  rationalization  are,  that  either  - —  or 
"5 f-  5  should  be  an  integer. 

From  the  former  of  these  conditions  we  have 

m+n       S  5  7        ,  .,-. 

-S-  =  2>o'  =  4>or  =  g,...;  (17) 

and  from  the  latter 

— —  =  j,  or  =  g,  or  =  g,....  (18) 

Ex.  6.  In  the  curve  whose  equation  is  ay^  =  a^,  shew  that 
the  length  of  the  arc  from  the  origin  to  the  point  (x,  y) 

=  ^  {(4a+9^)»-(4a)»}. 

Ex.  7.     To  determine  the  length  of  the  arc  of  the  catenary, 
measured  from  its  lowest  point  to  any  point  on  the  curve ;  see 


If'  'l 

If'        _'i 


and  taking  a  general  value  w,  which  will  refer  to  any  point  on 
the  curve,  for  the  superior  limit, 


-I'li' 


PRICB,  VOL.  II.  D  d 
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=  ?{4-e-i};  (19) 

which  is  the  same  result  as  that  found  in  Ex.  4^  Art.  293^  Vol.  I. 
Hence  «a  =  y2_^2.  (20) 

consequently  the  arc  measured  from  the  lowest  point  of  the 
catenary  is  equal  to  the  side  of  a  right-angled  triangle^  of  which 
y{=  MP)  is  the  hypothenuse^  and  a(=  Mn)  is  the  other  side; 
that  is^  AF  =  pn.  This  result  is  also  evident  by  reason  of  the 
relation  which  exists  between  the  equitangential  curve  and  its 
evolute,  which  is  the  catenary. 

Ex.  8.    Prove  that  the  whole  length  of  the  hypocycloid  whose 
equation  is  a?*+y'  =  a*,  see  fig.  10,  is  equal  to  6«. 

c*  + 1 
Ex.  9.     The  equation  to  a  curve  being  e^  =  -j — r- ,  prove  that 

the  length  of  the  arc  between  {Xq,  y^)  and  (a?»,  y J 


=  log 


e^o — e~'o 


156.]  The  process  of  rectification  is  frequently  simplified  by 
the  use  of  a  subsidiary  angle,  the  form  of  which  is  suggested  by 
the  equation  to  the  curve.  The  following  are  examples  of  this 
method. 

Ex.  1.  Let  the  circle  referred  to  the  centre  as  origin  be  ex- 
pressed by  the  two  equations  a?  =  a  cos  ^,  y  =  a  sin  ^ ;  then 

cbff  =  ^asiaOdB,    dy  =  a  cos  Od$; 

,\     da  =  ad$; 

s  =  a(e,^0^),  (21) 

if  s  is  the  length  of  the  arc  between  the  points  to  which  $^  and 
0Q  correspond.     Thus 

the  length  of  the  quadrant  =  al  dO 


Ex.  2.     It  is  required  to  find  the  length  of  the  evolute  of  the 
ellipse  defined  by  the  equation  (-)  +  (~-j    =  !• 


P 
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Let  the  curve  be  expressed  by  means  of  the  two  simultaneous 
equations  x  =  a(cos^)^  y  r=  /3(sin^)^; 
.-.    ife=:— 3o(co8d)*Bindrfd,     dy  =  8 )3  (sin d)* cos d rfd, 
A  =  3  {o^  (cos  ^)« -f  /}« (sin  Gf)^  sin  e cos  B  d0 

=  -5}--^  +  — ^cos2e?|  rf.cos2e?. 

therefore  the  whole  length 

=  ^sj^\^^^±Z^oos2eYd.cos2e 

=  4^::i^'.  (22) 

It  a  =  p,  the  result  is  the  same  as  that  given  in  Ex.  8  of  the 
preceding  Article. 

Ex.  8.  Determine  the  length  of  the  arc  of  the  parabola^ 
x^+  y^  s  ah  contained  between  the  coordinate  axes. 

Let  X  sz  a(co8$)\    y  =  a(sind)*; 

/.     dx  =  — 4a(cos  0)^ sin OdO,     dy  ^  4a(sin 0)^ cos  6 dO ; 

.-,     d9  =  4a{(cos^)*+(8in^)*}*sin^cosdrfd 

=  -  -^  {l  +  (cos2d)n*d.cos2d; 
2* 

.-.     the  length  of  the  arc  =  -  -^  /^  {1  +  (cos  2d)»}*d.cos2^ 

=  a+^log(2*+l).  (28) 

Ex.  4.     The  cycloid  being  defined  by  the  equations 
X  =  a(l— cosd),      y  =  a(tf4-sin^), 
prove  that  the  length  of  the  arc  beginning  at  the  vertex 

=  4  a  sm  ;r . 

157.^  Li  all  the  preceding  examples  of  rectification^  the  value 
of  the  definite  integral  which  expresses  the  length  of  the  curve 
has  been  determined  by  means  of  the  indefinite  integral :  this 
however  is  plainly  not  possible  in  all  cases^  and  we  are  obliged  to 
have  recourse  to  those  methods  of  evaluating  definite  integrals 
which  have  been  explained  in  Chapter  lY .  The  number  of  such 
cases  iff  infinite;  and  consequently  I  shall  consider  only  those 

nd  2 
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which  have  some  special  interest.  The  most  important  perhaps 
is  that  of  elliptic  arcs ;  on  account  of  the  forms  of  the  definite . 
integrals^  the  geometrical  properties  derivahle  from  them^  the 
large  number  of  problems  whose  solutions  depend  on  these  in- 
tegrals^ the  history  of  these  functions^  and  the  treatises  which 
have  been  written  on  them ;  and  especially  on  account  of  the 
large  generalizations  and  developments  which  double  periodic 
functions,  more  general  than  elliptic  integrals,  have  received  at 
the  hands  of  Abel  and  Jacobi,  and  which  are  now  being  reduced 
into  systematic  treatises.  As  however  it  is  beyond  the  scope  of 
the  present  work  to  give  a  systematic  account  of  these  dis- 
coveries and  of  the  properties  of  these  high  transcendents,  I  may 
refer  the  student  to  (1)  Theorie  des  fonctions  doublement  p6iodi- 
ques,  par  M  M.  Briot  et  Bouquet ;  Paris,  Mallet-Bachelier,  1859: 
(2)  an  Appendix  by  M.  Hermite  to  the  new  edition  of  Lacroix's 
Differential  and  Integral  Calculus ;  edited  by  M  M.  Hermite 
and  J.  A.  Serret,  Paris,  Mallet-Bachelier,  1862  :  (3)  Theorie  der 
Elliptischen  Functionen,  von  Dr.  H.  Dur^ge;  Leipsig,  Teubner, 
1861 :  (4)  Die  Lehre  von  den  Elliptischen  Integralen  und  den 
Theta-Functionen  von  K.  H.  Schellbach;  Reimer,  Berlin,  1864. 
I  propose  however  to  take  the  simple  problem  of  the  rectifica- 
tion of  the  arc  of  an  ellipse.     Let  the  equation  to  the  ellipse  be 

$  +  $  =  1;  (24) 

and  let  us  suppose  «  to  be  measured  in  such  a  manner  that  s 
increases  as  a?  increases;  then  if  e  is  the  eccentricity  of  the 
ellipse,  and  a?  and  Xq  refer  to  two  points  p  and  p^,  see  fig.  9,  on 
the  curve,  x  being  greater  than  ^Q,'and  s  being  measured  firom 
the  point  nearer  the  minor  axis  towards  the  major  axis, 

Now  the  indefinite  integral  of  the  element  in  the  right-hand 
member  of  this  equation  cannot  be  determined ;  (see  Art.  80).  As 
however  e  is  less  than  unity,  and  a?  is  less  than  a,  we  may 
employ  the  method  of  Art.  121,  and  expand  one  of  the  factors  of 
the  element-function  into   a   converging  series,  in  ascending 

powers  of  — ,  and  thereby  obtain  an  approximate  value  of  the 
integral.     Let  us  assume  the  arc,  whose  length  is  required,  to 
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b^^  at  B,  the  extremity  of  the  minor  axis,  so  that  in  (25) 

dTp  =s  0;  then  since 

(g'-e'g')*  _        a        f^  _  £^\* 

_        a        5        e'g'   ■     e«^       LS.tfiafi         ) 
(o«-««)*  r       2o»       2.4.0*       2.4.6a«      •**  V 
the  arc  bp,  see  fig.  8, 

f'_dx_  <  1  _  jf^      J^  _  1^^_     >    ,«-. 
~Vo(o«_«2)*r       2o«        2.4.a*       2.4.6a«      •J'^'*"^ 

and  the  length  of  the  quadrant  of  the  ellipse 

but  by  equation  (13),  Art.  82,  if  n  is  even, 

•/o  a-(a«-a?>)* ""      n(n-2)...4,2      2' 

="{-a)''--iQ*«'-JO''--i'<-' 

and  therefore  the  perimeter  of  the  ellipse 

=  ..a|l-(^)V-^QV->(S|)V-...|.<»», 

158.]  Although  the  length  of  an  elliptic  arc  cannot  be  ex- 
pressed generally  in  finite  terms  of  the  rectangular  coordinates 
of  its  extremities,  yet  some  properties  of  the  arcs  may  be  de- 
duced from  the  differential  of  the  arc  given  in  (25),  and  from  other 
equivalent  expressions,  which  deserve  a  passing  notice. 
Let  the  ellipse  be  defined  by  the  two  equations 

d?  =  aco8  0,        y  =  6sin0;  (80) 

then,  supposing,  as  heretofore,  s  and  op  simultaneously  to  increase, 

ds  =  -a{l-€«(cos*)»}*d<^,  (81) 

s  =  -a  ^{l-c"  (cos  </>)>}*  dl^.  (82) 

Hence  the  perimeter  of  the  ellipse 

=  4a  r{l-««(co8*)«}*d^  (88) 

-'I 
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Again,  taking  the  equation  to  the  ellipse  given  by  (24),  if  r 
is  the  acute  angle  between  the  ^-axis  and  the  tangent  at  (x,  y), 
da  may  be  expressed  in  terms  of  r  and  dr,  as  follows ; 

dy       b^x 
tan  r  =  —  -/•  =  -=—  I 
dx       a^y 

o*sinr  ft*eosr  ,„,. 

.*.  X  = T,  y= ;;  (34) 

{a2(8inr)2+i2(cosr)«}*    "^      {a^sinrf  ^  b^Qo^r)^}^ 

and  if  p  =  the  radius  of  curvature  of  the  ellipse  at  (a?,  y), 

^  ""  'a^b^  "  {a2 (sin 7)2  +  62 (cos 7)2} 5' 

Now  ds  =z  pdr;  consequently  replacing  p  by  its  equivalent 

^ 't^^ ,  (35) 

{^2  (sin  7)2 +  62  (cos  7)2  }5 

-      «(l-^Wr  (36) 


{l-62(eo8  7)2}4' 

the  positive  sign  being  taken,  so  that  8  increases  as  7  increases : 
consequently 

*  =  a  (1  -c«)  r -, ;  (37) 

4{1-<^(C0S7)2}5 

which  is  another  expression  for  the  length  of  an  elliptic  arc. 

159.]  The  definite  integrals  given  in  (32)  and  (37)  bear  a 
remarkable  relation  to  each  other  depending  on  the  equation 
connecting  ^  and  7.  Equating  the  two  values  of  x  given  in  (30) 
and  (34),  we  have 

co8*  =  — -^^^^;  (88) 

{1—^2  (cos  7)2}' 

sin  7  cos  7 
.•.     cos  0  cos  7  = 


{l--^(cosr)2}4' 

rf.COS0COS7=-i{l-i^(cOS7)2}irf7+  ^--^  f  (39) 

Now,  multiplying  this  equation  by  ae^,  and  taking  the  integral 
of  it  for  the  limits  7  and  7o,  and  taking  <^  and  <f)Q  to  be  the  values 
of  ([>,  at  the  points  to  which  7  and  7^  correspond,  we  have 

at^  (cos  0  cos  T— cos  ^q  cos  7o) 

=  -« /U-^*  (COS  r)«}*rf7  +  «(l  -'^)f\^     J"      ^^^, .    (40) 

•^To  •'to  { 1  —  C*  (cos  t)2}« 
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Of  the  two  definite  integfals  iH  the  right-hand  member^  the 
latter^  by  reason  of  (37),  represents  the  length  of  the  arc  contained 
between  two  points  to  which  r  and  Tq  correspond,  and  which  arc 
is  measured  from  the  minor  axis  towards  the  major  axis ;  and  by 
reason  of  (32)  the  former  with  a  positive  sign  represents  the 
length  of  the  arc  contained  between  two  points  to  which  ^  and 
il>Qy  when  they  are  equal  to  r  and  Tq  respectively,  correspond,  and 
which  arc  is  measured  from  the  major  axis  towards  the  minor 
axis,  because  a  increases  as  0  increases ;  so  that  if  o*  and  s  denote 
respectively  the  former  and  the  latter  definite  integrals  in  (40), 

*— 0"  =  ae^  {cos0  cos^t—cos^q  costq}.  (41) 

Let  X  and  Xq  be  the  abscissee  to  the  extremities  of  Sj  and  ^  and 
(q  the  abscissas  to  those  of  a ;  then  or  ==  a  cos  </>,  x^tzi  a  cos  ^q, 
(  =  a  COST,  (q  =1  a  cosr^;  so  that  (41)  becomes 

that  is,  the  difference  between  the  length  of  two  elliptic  arcs, 
determined  under  the  preceding  conditions,  is  expressed  as  a 
function  of  the  abscissae  of  their  extremities.  The  discovery  of 
this  theorem  is  due  to  Fagnani. 

This  theorem  is  exhibited  geometrically  in  fig  9;  let  pp^  be 
the  arc  whose  length  is  «,  p  and  Pq  being  the  points  to  which  r 
and  Tq  correspond :  viz.  PqTq  o  =  Tq,  pto  =  r;  and  let  ron  =  ip, 
RpONQ  =  ^o>  where  ^  =  t,  (p^  =  Tq*,  and  from  r  and  r^  let  the 
ordinates  rn,  r^  n^  be  drawn,  cutting  the  ellipse  in  q  and  Qq  ; 
then  the  arc  qQo  =  (t;  andoM  =  x,  oUqz=:Xq;  ON=sf,  o^q  =  ^o; 
and  therefore  from  (42) 

1*^0  — ^Qo  =  — {OMXON  — OM^XON^}.  (43) 

If  Pq  is  at  B,  that  is,  if  the  arc  is  measured  from  the  extremity  of 
the  minor  axis,  then  Tq  =  0,  a?^  =  0,  (pQ  =  0,  (q  =  a,  ^nd  q^  is 
at  A ;  in  which  case, 

BP  — AQ  =     — OMXONj  (44) 

a 

the  abscissae  of  the  points  p  and  q,  being  connected  by  the  equation 
(88),  which  in  terms  of  x  and  ( is 

04-a2  J?2_^2f2^g2^2f2  _  Q.  (45) 

From  o  draw  a  perpendicular  oz  on  the  tangent  to  the  ellipse 
at  the  point  p  which  is  (x,  y) ;  then 
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PZ*  ss  OP*— OZ* 


e*^ 


80  that  (44)  takes  the  geometrical  form^ 

BP^Aq  s  PZ. 

If  the  points  p  and  q  coincide^  then  (  ss  Xj  and  from  (45) 

;i?=l{fl(a-4)}i; 

,-.     BP— AP  =  a— ft; 
that  is^  the  difference  of  the  arcs  into  which  the  elliptic  quadrant 
is  divided  is  equal  to  the  difference  of  the  semi-axes. 

160.]  Before  we  leave  the  subject  which  is  treated  of  in  the 
present  section,  it  is  desirable  to  say  a  few  words  on  certain 
forms  of  a  general  character  of  those  curves  which  being  expressed 
in  terms  of  x  and  y,  are  susceptible  of  rectification;  that  is,  to 
consider  under  what  circumstances  we  can  find  a  general  int^^ 
of  A2  =  da^  +  dy\ 

Now  a  general  form  which  evidently  satisfies  this  equation  is 
ds^  =  {dx  cos  a—dy  sin  o)*4-  (dr  sin  a+  fify  cos  of,       (46) 
where  a  represents  an  arbitrary  angle :  and  it  is  satisfied  by 
ds  s=  <£rcosa--c2ysina, 

0  s  ctrsina+^ycosa; 
whence  integrating 

s  ss  X  cos  a— y  sin  o+/(a)> 
0  =  ^sina+ycosa+<^(a); 
where  /(a)  and  ^(a)  are  two  arbitrary  constants  of  integration. 
Now  to  combine  these  so  that  they  may  form  an  envelc^  and 
thus  a  curve,  let  us  take  the  a-differential  of  each ;  then 
0  =  — or  sin  a— y  cos  04-/^(0), 
0  =  ^cosa— y8ina+^'(a); 
,-.     </>(a)  = -/'(a), 
if/ia)  =  -r(a); 
and  consequently  we  have 

g  s=  xoosa— ysina+/(a) 

0  =  arsino+ycoBa— /'(o)     J-  i^T) 

0  =  j?cosa— ysina- 


»+/(a)     1 
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where /represents  an  arbitrary  function;  and  hence  we  have 

0?  =  sin  o/'(a)  +  cos  af\a)  '\ 

y  =  cos  a/'(a)-Bin  af\a)  V  (48) 

•=/(«)+/»;  J 

the  values  of  which  manifestly  satisfy  (1). 

There  are  also  other  general  forms  which  satisfy  (1) :  such  as 

y  =  *{l-(0(a))2}*  +  t/r(a), 

where  ^  and  ^  denote  arbitrary  ftmctions :  and  taking  the  a-dif- 
ferentials  we  have 

0  =  **»  +  !, 

hence  we  have  the  system  of  equations 
*«=  {«_«}«+ {y-t^(o)}» 
0  =  (a?-a)+{y-t^(«)},^'(a), 
0  =  _l_{^'(a)}'  +  {y-^(«)}^», 
which  are  plainly  equivalent  to  those  by  ^leans  of  which  the 
equation  to  an  evolute  is  determined  from  that  to  the  involute : 
and  which  is  accordant  with  the  fact  that  all  evolutes  are  rec* 
tifiable. 

It  is  worth  observing^  that  if  the  equations  to  a  plane  curve 
in  terms  of  x  and  y  are  of  the  form  of  the  second  and  third  in 
(47)^  or  of  the  first  two  in  (48)^  the  length  of  the  curve  is  given 
by  the  remaining  one  of  each  group. 


Sbction  2. — Rectification  of  Plane  Curves  referred  to  Polar 
Coordinates. 

161.^  Let  r(r,^)  =s  0  be  the  equation  to  a  plane  curve  in 

terms  of  polar  coordinates ;  and  let  it  be  required  to  determine 

the  length  of  the  curve  between  the  points  {r^,  0^),  and  (Tq,  0^) : 

Now  if  d!t  is  an  infinitesimal  length-element^  by  Vol.  I,  Art.  269^ 

ds^  {dr^  +  r^d^}*; 

,-.     s::^J[dr'^r^d0^}K  (49) 


PRICE^  VOL.  II.  EC 
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the  integral  being  taken  between  the  limits  assigned  by  the 
conditions  of  the  problem. 

If  the  equation  to  the  curve  admits  of  being  put  into  the  form 
r  =  /((?),  then 

dr  =/'(d)d9; 

s^r\{fie)y+{f(e)y}ide.  (50) 

And  if  the  equation  to  the  curve  is  put  into  the  form  6  ^f(r), 
so  that  do  =zf\r)dr, 

*  =  r"{H-ra(/'(r)H*rfr.  (51) 

162.^  Examples  of  rectification  of  plane  curves  referred  to 
polar  coordinates. 

Ex.  1.     The  spiral  of  Archimedes  naeasured  from  the  pole. 

Let  the  equation  to  the  curve  be  r  =  a^;  so  that  dr  =r  add; 

=  l[e  (1  +  ^)*+iog  {d+d  +  ep)*}]'" 

=  |{^,(i+0*+log(^.+  (i+0*)};         (52) 

and  if  «  is  expressed  in  terms  of  r^, 

.  =  r=(^±r^*  +  ^iog^>+<^^-^^»')* .         (58) 

Ex.  2.     The  Logarithmic  Spiral. 
Let  the  equation  to  the  curve  be  r  =  a* ;  then  since 
dr  =  log  a.cfi  d$  =  log  a.r  dO, 

•Vo  logo 

{l  +  (logrt)n*,  ,  ,... 

=  log  a         ^^•-*'<»>'  ^^*^ 

a  result  which  immediately  follows  from  the  fact  that  the  curve 
cuts  all  its  radii  vectores  at  a  constant  angle^  and  therefore  that 
the  difference  between  any  two  radii  vectores  is  equal  to  the 
projection  of  the  length  of  the  curve  between  the  corresponding 
points  on  a  line  to  which  it  is  inclined  at  the  constant  angle. 
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Ex.  8.     The  Circle,  the  extremity  of  a  diameter  being  the  pole. 
In  thifi  case  the  equation  is  r  =  2a  cos  ^;  consequently 
ds  s  2ade; 

.-.     *  =  2a(d,-^o)-  (55) 

K  the  are  begins  at  the  extremity  of  the  diameter,  ^^  s  0 ;  so 
t*^*  *  =  2a  d. ;  (56) 

and  if  ^.  =  jr,  the  semi-perimeter  =  ira. 

Ex.  4.     The  whole  length  of  the  cardioid,  whose  equation  is 
r  s=  a(l+cos^),  is  8a. 

Ex.  5.     If  the  equation  to  the  lemniscata  is  r"  =  a*  cos  2  0,  and 
8  =  the  length  of  a  loop, 

J  a  (o*-.r*)*         -^-f  (cos2d)* 
This  last  value  may  be  expressed  in  terms  of  the  Gamma-function. 
For  let  20  be  replaced  by  |  — 2(?;  then 


•'0 


de 


0   (8in2d)* 
In  (271),  Art.  126,  let  m  =  n  =  ^;  then 


^0   (l 


de 


sinfloostf)*  ~"      ^  (sin2fl)*         ^4    V 


r 


.-.    .-.J-l.-»{r(l)}'i    «d  r(i)=(l)'i!».»i     (67) 
which  gires  a  g^metrical  interpretation  of  r  y-A  • 

168.]  If  the  equation  to  the  curve  is  given  in  terms  of  r  and 
p,  then,  by  Vol.  I,  Art.  271,  (28), 

d,  =  -^;  (58) 

...     .^(-^-,  (59) 

the  integral  being  taken  between  limits  assigned  by  the  problem. 

16  9 
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Ex.  1.     To  find  the  length  of  the  involute  of  the  circle,  whose 
equation  is  r^  =  a^+p^,  between  any  two  given  points  on  it. 

/••••  rA;  _  J^  2x  (60) 


and  if  s  begins  at  the  point  where  the  involute  leaves  the  circle, 
Vqsz  a;  and 

s  = 


f^-a*_pt  (61) 


2a         2a 

Ex.  2.]  It  is  required  to  find  the  whole  length  of  the  hypo 
cycloid  whose  equation  is  a?*  H-y*  =  a*;  see  fig.  10. 
The  equation  in  terms  of  r  and  j?  is  3^*  =  a^-^r^i 


.\     the  whole  length  =  —8  /  ' 

^  (4r*— a*)* 

^  ^8^[(4r»-a*)*]'=6a. 


(62) 


Sbction  8. — The  Rectification  of  Curves  in  Space, 

164.]  The  infinitesimal  length-element  of  a  curve  in  space, 
whether  plane  or  non-plane,  has  been  determined  in  Art.  341, 
Vol.  I,  and  is  given  by  the  equation 

ds  =  (&?»+rfy2^rf;r2)*;  (63) 

so  that,  by  integration  between  the  given  limits,  the  length  of 
the  arc  of  the  curve  may  be  found. 

If  the  equations  to  the  curve  are  given  in  the  form  x  =  f(z), 
y'sz  ^(;2r),  then 

dx=f(z)dz,        dy  =  4>\z)dz; 
.-.     *=  {(/'(^))'  +  (*'(^))*+l}*d^;  (64) 

**> 
If  the  equations  are  given  in  terms  of  another  variable,  say  <f>, 
and  are  of  the  forms 

^  =/(*),  y  =  FW,  z  =  ylf(4>); 

then      dof  =  f(<p)  d4>,    dy  =  f'(<^)  dip,    dz  =:  i^'(</>)  d<l> ; 

»  =  /  .  {(/'(*))*  +  (P'W)»+  (V''W)*}*  d<t>.  (66) 
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And  if  the  equations  are  given  in  the  form 

y(^,  y,  z),  =  0,  f{Xy  y,  z),  =  0,  (67) 

efo  may  be  found  by  means  of  the  total  differentials  of  these  two 
functions. 

Ex.  1.  To  determine  the  length  of  the  helix  between  two  given 
points. 

Taking  the  equations  to  the  curve  as  found  in  Vol.  1,  Art. 
347,  (32), 

X  =  acos0,  y  =  asin^,  z  =  kaif>; 

.\     dx  =  — fl8in<^rf<^,      dy  =  acos0rf<^,      dz  =  kad<l>; 
dtl'  =  dx^^dy^-^dz^  =  d'{\-\-]fi)d4>^; 

If  the  arc  begins  at  the  point  where  z^  =:  0,  then 

*  =  —j^  ^n>  (68) 

a  result  which  also  follows  immediately  from  the  geometrical 
generation  of  the  curve. 

Ex.  2.  To  determine  the  length  of  the  curve  formed  by  the 
intersection  of  two  right  cylinders,  of  which  one  is  parabolic  and 
perpendicular  to  the  plane  of  (y,  a?),  and  the  other  is  cycloidal  and 
I)erpendicular  to  the  plane  of  (a?,  z). 

Let  the  equations  to  the  director-curves  of  the  cylinders  be 

y2  =  4 CO?;    and    z  =  aversin-^  -  +(2(m?— a^)*; 

X  X 

and    .^l   (c+2a)*^ 

=  2(<!+2o)*ar,*.  (69) 

Ex.  8.  Prove  thst  the  length  of  the  cnrre  of  interBection 
of  the  elliptic  cylinder,  a«y«+i»jr«  =  a«A»,  with  the  sphere 
«*+y*  +  «'  =  a*,  is  equal  to  2wa. 
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In  Vol.  XIII  of  Liouville's  Journal  is  a  memoir  by  M.  J.  A. 
Serret  which  contains  a  solution^  by  a  process  somewhat  simihir 
to  that  given  in  Art.  160,  of  the  equation 

and  observations  on  the  mode  of  solution  will  be  found  in  Art.  8 
of  Note  I,  appended  to  Liouville's  Edition  of  Mongers  Application 
d' Analyse. 

165.].  It  is  frequently  more  convenient  for  purposes  of  rectifi- 
cation, as  well  as  for  other  problems  which  will  be  subsequently 
investigated,  to  refer  the  position  of  a  point  in  space  to  polar 
coordinates,  the  system  of  which  is  as  follows. 

Let  E,  fig.  42,  be  the  point  in  space  whose  position  is  to  be 
determined.  Take  a  fixed  point  o  for  origin,  and  through  it 
draw  a  plane  which  I  will  call  the  fundamental  plane,  and,  to  fix 
our  thoughts,  will  assume  to  be  horizontal.  Through  o  draw  oz 
perpendicular  to,  and  also  any  line  o^  in,  the  fundamental  plane. 
Join  OB ;  OB  is  the  radius  vector  of  e  and  is  denoted  by  r,  and 
the  angle  eo;?,  at  which  oe  is  inclined  to  oz,  =  B,  Let  a  plane 
be  drawn  through  oz  and  oe,  and  let  on  be  the  line  in  which 
this  plane  cuts  the  fundamental  plane ;  then  as  these  two  planes 
are  perpendicular  to  each  other,  on  is  the  projection  of  oe  on  the 
fundamental  plane,  on  is  called  the  curtate  radius  vector,  and  is 
denoted  by  p ;  so  that  on  =  p  =  r  sin  d.  Also  let  another  plane 
be  drawn  through  oz  and  ox,  and  let  <^  be  the  angle  between  it 
and  the  plane  ;?oe;  or,  what  is  the  same  thing,  let  ^  be  the 
angle  ;roN;  then  these  quantities  r,  6,  if>  completely  determine 
the  position  of  e,  and  are  consequently  called  the  polar  coordinates 
of  e;  so  that  when  they  are  given,  the  place  of  e  is  also  given. 
This  system  is  equivalent  to  a  spherical  system  of  coordinates, 
and  is  that  by  which  position  on  the  surfckce  of  the  earth  is 
usually  determined,  o  is  the  centre  of  the  earth,  oz  is  the  polar 
axis,  the  fundamental  plane  is  the  plane  of  the  equator,  the  plane 
zox  is  that  fit)m  which  longitude  is  measured,  and  in  the  English 
system  passes  through  Oreenwich  Observatory ;  thus  ^  is  the 
longitude  and  0  is  the  co-latitude,  and  when  they  are  given, 
position  on  the  surface  of  a  sphere  is  given. 

If  r  is  of  given  length,  and  6  and  0  vary,  the  extremity  of  r 
describes  a  sphere.  If  ^  is  constant  and  ^  varies,  r  describes  a 
right  conical  surface,  which  intersects  a  spherical  surface  along  a 
parallel  of  latitude.     If  0  is  constant  and  B  varies,  r  describes  a 
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meridian  plane.  '  It  is  evident  that  the  sphere,  the  cone,  and  the 
meridian  plane  intersect  orthogonally  at  every  common  point. 

To  compare  this  system  with  that  of  rectangular  coordinates, 
let  the  Amdamental  plane  be  that  of  {x,  y) ;  and  in  it  let  oy  be 
drawn  perpendicular  to  oo? :  let  B  be  (XjffyZ)-,  then,  since  om=:^^ 
MN  =  y,  NP  =  ;2r ;  OB  =  r,  ON  =  p,  zo'R  =  0,  xonf  =  ipf  therefore 

z  =  r  cos  ^,  )         ^  =  p  cos  <^  =  r  sin  ^  cos  0,  )  ^^q. 

p  =  r8ind;)         y  =  psin4>=:rsin^sin<^;) 

and  by  means  of  these  equivalents,  an  equation  may  be  trans- 
formed from  one  system  to  another. 

In  reference  to  the  problem  of  rectification,  let  the  preceding 
equivalents  for  a?,  y,  z  be  differentiated;  then  we  have 
dx  =  sin^cos^rfr+rcos^cos^rf^— rsindsin<^{;I^, 
dy  =  sin^  sin^dr  +  ycos^sin^^i^^+rsindcos^^i?^, 
dz  =  cos^rfr  — rsin^dd; 

.-.     d9  =  (ite»  +  c?y^H-rf^*)* 

=  {rfr2-fr«d9«4-r»(sin^)2d<^«}*.  (71) 

This  last  expression  however  may  be  determined  as  follows. 

As  (i!9  is  the  distance  between  two  points  infinitesimally  near 
to  one  another  in  space,  let  b  and  h  be  the  two  points,  see  fig.  42, 
where  b  is  (r,  ^,  0),  and  h  is  (r-f  rfr,  ^  +  rfd,  ^  -I-  rf0).  Let  bj  =  rfr ; 
and,  ^  being  constant,  let  the  radius  vector  ob  revolve  through  an 
infinitesimal  angle  dA  in  the  meridian  plane  thus  determined,  so 
that  b  describee  the  small  circular  arc  bf  which  =  rdO;  and 
finally  let  the  meridian  plane  revolve  through  an  infinitesimal 
angle  d4>}  whereby,  $  being  constant,  b  describes  the  small  circular 
arc  Bi  which  =  NQ  =  pd4>  =  r sinddf<^.  Now  these  three  lines 
EF,  BI,  BJ,  which  meet  at  b,  form  such  a  system  that  each  is  at 
right  angles  to  the  other  two ;  they  may  consequently  be  con- 
sidered a  system  of  rectangular  coordinates,  which  assigns  the 
coordinates  of  the  point  h  ;  and  consequently,  as  bh  =  (2^, 

ds  =  {dr»-!-r«dd«-hr3(sind)«rf<^2)*. 

Ex.  1.     Determine  the  length  of  the  curve  of  intersection  of 
the  right  cone  and  the  sphere  whose  equations  are  respectively 
0  =  a,  and  r  =  a. 
Here  ds  =  asinad<^; 

the  whole  length  =  2  ir  a  sin  a.  (72) 
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Ex.  2.  A  sphere  of  radius  a  is  intersected  by  a  right  circular 
cylinder  whose  diameter  is  a  and  which  passes  through  the 
centre  of  the  sphere ;  find  the  length  of  the  curve  of  intersection. 

The  equations  of  the  sphere  and  the  cylinder  are  respectively 
r  =:  a,  and  p  =z  a  cos  ^ ;  so  that  sin  0  =  cos  ^ ;  and  consequently 


=  4ay'{l4-(cos0)2}*rf<^ 


^0 

on  comparing  which  with  the  expression  for  the  perimeter  of  an 
ellipse  given  in  (38),  Art.  158,  it  appears  that  the  length  of  the 
curve  is  equal  to  that  of  an  ellipse  of  which  the  major  axis  =  Zia^ 

and  the  eccentricity  =  — . 

Ex.  3.  Determine  the  length  of  the  curve  of  intersection  of 
the  right  cone,  whose  equation  is  ^  =  a,  with  the  skew  helicoid 
whose  equation  is  rcos$  =  A^. 

^  =  *  tan  a  /    {(cosec  a)*-h  0^}*  d<lf 

=  *^«  |^{(cosec«).+  *n*+(ooBec«)nog*±i(^±^*|. 

This  problem  may  also  be  stated  in  the  following  form.     Find 
the  length  of  the  path  described  by  a  point  which  moving  on . 
the  surface  of  a  right  circular  cone  uniformly  recedes  &om  the 
vertex  while  its  meridian  plane  revolves  uniformly. 

In  this  aspect  the  equations  are,  r  =  at,  ^  =  a,  <^  =  bt,  where 
/  is  a  variable,  and  a  and  b  are  constants ;  and  the  expression  for 
^  is  of  the  same  form  as  the  preceding. 

Ex.  4.  Find  the  equation  to  that  curve  on  the  surface  of  a 
sphere  which  cuts  all  the  meridian  lines  at  the  same  angle  a. 

Let  the  radius  of  the  sphere  =  a;  then  ss  adO  is  the  projec- 
tion of  (Is  on  the  meridian  line,  the  differential  equation  of  the 
curve  16  ado  =  cos  ads;  whence  we  have 

=  cot  a  d(f>. 


sm^ 


.-.     tan-  =  €*«<*«,     . 
the  limits  being  such  that  0  =:  ^,  when  0  =  0.     Hence  from  the 
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differential  equation  of  the  curve^  if  8  is  measured  from  the  point 

It 
where  ^  =  ^ ,  ^  ==  0, 

s  =  a  see  a  ^^  —  ^jj 

BO  that  when  the  curve  reaches  the  pole  and  d  =  ?r>  «  =  -^sec  a ; 

in  which  case  ^  =  oo ;  whence  it  appears  that  the  number  of 
revolutions  made  by  the  curve  on  the  surface  of  the  sphere  is 
infinite.     The  curve  is  called  the  Loxodrome. 


Section  4. — Investigation  of  various  properties  of  Curves  de- 
pending on  the  length  of  the  Arc  and  other  quantities  in  terms 
of  which  the  equation  is  expressed.  The  Intrinsic  Equation 
of  a  Curve. 

166.]  In  the  preceding  sections  we  have  expressed  the  length 
of  a  curve  between  two  given  points,  in  terms  of  the  coordinates 
of  those  points  or  at  least  of  one  of  the  coordinates.  I  propose 
now  to  investigate  other  theorems  of  curves  depending  on  the 
length  of  the  arc  between  two  given  points,  and  certain  properties 
of  the  curve  at  these  points;  and  in  the  first  place  I  will  take  the 
inverse  problem,  and  find  the  equation  of  a  curve  in  terms  of  x 
and  y,  when  an  equation  is  given  in  terms  of  s  and  of  one  or  both 
of  the  coordinates  x  and  y. 

Let  us  suppose  the  relation  between  s,  x,  and  y  to  be  given  in 
the  explicit  form        ^  ^  ^(^^  y),  (73) 

then      ds^(^)dx-^{^)dy,  (74) 

which  will  give  an  equation  in  terms  of  x,  y,  dx,  dy ;  and  from 
which  in  many  cases  the  integral  equation  may  be  deduced  by  the 
processes  already  explained;  in  other  cases  processes  will  be 
required,  which  belong  to  a  more  advanced  part  of  our  treatise. 

Ex.  1.     Let         8  =  a?cosa-f  ysina-fc; 
.'.     ds  =  dx cos  a+dy  sin  a; 
dx^-^dy^  =  (cosa)*&?*-t-2sinacosaeterfy-f  (9ino)*dy2. 
(sin  a)2  rfa?^ — 2  sin  a  cos  adxdy  +  (cos  a)^  rfy*  =  0, 
sm a dx^cos  a  dy  =  0; 
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and  taking  the  integral  between  the  limits  x^  y  and  Xq,  y^,  we 

have  ^-^0  _  y-yo.  (75) 

cos  a  sin  a 

which  expresses  a  straight  line  perpendicular  to  the  line 
^cosa+ysina  +  ^  =  0, 
Ex.2.  •  **  =  a?2  +  y*. 

.'.     sds  =  xdx-^ydy; 
(^H-y2)(£fe2H-rfy«)  =  (xdx+ydy)^, 
y*  da^'-Zxy  dx  dy-^-x^  dy^  =  0; 

X       y  ' 


(77) 


^0     yo' 

which  is  the  equation  to  a  straight  line  passing  through  the 
origin ;  and  which  evidently  satisfies  the  given  relation. 

Ex.  3.        *«  =  %ax.         .-.     d$  =  [—)  dx; 

x{dx^^dy^)  =  2adx^; 
,        /2fl— a?\*,  2a— ^      , 

.'.     y  =  aversin-i-  +(2ax-'X^)^;  (78) 

which  is  the  equation  to  a  cycloid^  whose  vertex  is  at  the  origin, 
and  the  radius  of  whose  generating  circle  is  a.  The  problem  is 
evidently  the  inverse  one  to  that  of  Ex.  3,  Art.  155. 

Ex.  4.  If  ^  =  ax^,  the  equation  to  the  curve  in  terms  of  x 
and  y  is  a?*4-y*  =  **,  where  4a*  =  9i*. 

This  example  is  a  particular  case  of  a  more  general  problem. 
Determine  the  values  of  m  and  n,  when  the  equation  to  a  curve 
can  be  expressed  in  finite  terms  of  x  and  y,  the  defining  property 
of  the  curve  being  «•*+*  =  a**  a?*. 

Ex.  5.  If  «*  =r  y^'^a^,  the  curve  is  the  catenaiy  whose 
equation  is  «  i  t    .     -t  ) 

Ex.  6.     What  plane  curves  satisfy  the  equation  s  ^  ad? 
ds  =  adO; 
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r  =  dO; 

.-.     r  =  acos^; 
whieh  is  the  equation  to  a  circle^  whose  diameter  is  a,  and  whose 
pole  is  at  a  point  on  the  circumference. 

Ex.  7.    I{g  =  a-^,  the  equation  to  the  curve  is 


^l\eKe^^. 


Ex.8.    If^  =  atan-i^,theny«-t-a^  =  a^ 
ax 

Ex.  9.     If  ^  =s  atan"^  -=— ,  then  r  =  acos^. 
dr 

Other  examples  involving  a  relation  between  the  length  of  a 
CQr?e,  and  quantities  contained  in  the  equation  to  the  curve  will 
be  given  hereafter^  when  the  integrals  of  more  complicated  func- 
tions have  been  investigated. 

167.]  The  fundamental  relations  which  exist  between  the 
length-element  of  a  curve,  its  projections  on  the  a?-  or  on  the 
jr-«xis,  and  the  angle  at  which  either  the  tangent  or  the  normal 
at  the  point  (x,  y)  is  inclined  to  the  a?-axis,  suggest  another  mode 
of  expressing  a  curve  which  is  a  sufficient  defining  property  of  it. 

Two  quantities  are  of  course  sufficient  to  define  the  plane  curve; 
tnd  I  propose  to  take  the  length  or  the  length-element,  and  the 
angle  which  the  normal  makes  with  the  ^-axis,  for  the  purpose; 
we  shall  hereby  obtain  a  relation  which  will  express  the  length 
of  the  arc  as  a  function,  implicit  or  explicit,  of  the  angle  at  which 
the  noimals  at  its  extremities  are  inclined  to  each  other.  As  this 
equation  is  evidently  independent  of  any  origin  or  of  any  system 
of  coordinates  to  which  the  curve  may  be  referred,  it  has  been 
Bamed  by  Dr.  Whewell*  the  intrinsic  equation  to  the  curve. 

Let  dx  and  dy  be  the  projections  of  ds,  the  length-element,  on 
the  axes  of  x  and  y  respectively,  and  let  t^  be  the  angle  which 
the  normal  at  (^,  y),  makes  with  the  j?-axis,  and  let  p  be  the 
radios  of  corvatore  at  the  point  {Xj  y) :  then 

JfL^Jy-^ds:  (79) 

Bin  ^      COS  t/f 

also      da^pdxjf.  (80) 

^  See  two  Memoira  by  Dr.  Whcwcll  in  vol.  VIII,  p.  659,  and  vol.  IX. 
P-  ISO*  of  the  Cunbridge  Philosophical  Tranaactiona. 

Pfa 


Digitized  by  VjOOQ IC 


220  THE  INTRINSIC  EQUATION  OP   A  CURVE.  [l68. 

Now,  if  by  means  of  these  equations,  and  that  of  a  curve  given 
in  terms  of  x  and  y,  x  and  y  are  eliminated,  the  restdting  equation 
is  of  the  form 

F(«,  Vr)  =  0,  (81) 

and  this  equation  is  the  intrinsic  equation  to  the  curve. 

If  the  equation  to  the  curve,  of  which  the  intrinsic  equation  is 

rdB 
to  be  found,  is  given  in  polar  coordinates,  then  if  <^  =  tan~^  -^ , 

dylf  =:  d$  +  d<l>;  (82) 

and  by  means  of  this  equation  and  that  to  the  curve,  a  relation 
may  be  determined  in  terms  of*  and  yjf,  of  the  form  (81). 

The  process  of  finding  the  intrinsic  equation  by  means  of  the 
ordinary  equation  in  terms  of  x  and  y,  or  of  r  and  $,  may  of 
course  be  inverted,  and  the  general  equation  may  be  found  from 
the  intrinsic  equation,  if  the  requisite  integrations  are  possible. 

168.]  Examples  of  intrinsic  equations. 
Ex.  1.     The  intrinsic  equation  of  the  circle. 
If  in  (80)  we  replace  p  by  o,  which  we  will  take  to  be  the 
radius  of  the  circle, 

*  =  axjf,  (83) 

which  is  the  intrinsic  equation  to  the  circle. 

Ex.  2.     The  intrinsic  equation  of  the  parabola,  y^  =  4iax. 

-*  =  |  =  (;)*^. 

.•.     X  =r  a(tan^)*. 

dx  =  2atan\/r(sec^)*di/r, 

dx 
ds  =  -; — -  =  2a  (seci/r)^  rfi/r. 
sm  <^ 

Consequently  if  8  begins  at  the  vertex  of  the  parabola,  at  which 
point  ^  =  0, 

*  =  a|logtan(^  +  ^) +tanV^8ecV^>;  (84) 

also    p  =  -r-  =  2a(sec\Ir)3. 
Ex.  3.     The  intrinsic  equation  of  the  ellipse. 

*Vo{l-ca(sinVr)2}4' 
which  result  is  identical  with  that  given  in  (37),  Art.  158. 


(85) 
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Ex.  4.     The  intrinaic  equation  of  the  cycloid. 
y  z=  (2ap— j?*)*-faver8in'"^-. 

ay  ^       V2a— a?' 

X  =  2a(8in\/f)*.  (86) 

■_M  dx 

Therefore  ds  =  -; — -  =  4iacoa\lfd\lf  ; 

sint^  ^    ^  ^ 

s  =  4a(8int^— sin^/r^).  (87) 

If*  begins  at  the  highest  point  (the  vertex)  of  the  cycloid, 
y^Q  =  0,  so  that  in  this  case  «  =  4a  sin  t^. 

\  Ex.  5.  The  intrinsic  equation  of  the  catenary  whose  equation  is 

ys-lc^H-c^Lis     8  =:  a{cotVr— cot\/ro}; 

and  if  8  begins  at  the  lowest  point  of  the  curve,  8  =  a  cot  t^. 
In  this  case         p  =:  -^a  (cosec  \jf)^. 

Ex.  6.  In  the  curve  whose  equation  is  j?*-f- y*  =  «*,  if  8 
begins  when  yjf  =  0, 

8  =  ^(l-cosZV^)  =  y  (sinV^)».  (88) 

8a   .    ^ 

Ex.7.    Ify  =  e«i 

5  I  I        li      (l+sui^Kl-^sin^))       ,^Q. 

8  r=z  a  -{ cosec t/f— cosec ^o—  s^og  Ti = — 7^7^ -^ — 7^;  f .     (89) 

(  ^  ^^2    ^  (1— sinVf)(l  +  sin\/ro)>       ^     '      • 

Ex.  8.  If  r  =  a*;  then  in  the  formula  (82),  rf<^  =  0;  and 
dyfr  =s  d$;  80  that  $  =  V^— V^o>  where  ^q  is  the  value  of  ^  when 
<^  =  0;  then        ^  ^  {l  +  (loga)«}*a*rf^; 

.,     ,  =  ii±Oog_an*(,^.i)  (90) 

log  a 

^  {l±(l2g^a-*o (a*-aM  (91) 

log  a 

if^  =  0,  when  $  =zO;  that  is,  when  ^  =  t/r^. 

Hence  also  p  =  {l  +  (loga)2}*a*-*o. 


Digitized  by  VjOOQ IC 


222         INVOLUTES  OP  PLANK  CUR  YES.         [169* 

Ex.  9.     Find  the  intrinsio  eqaatioii  to  the  Epicycloid  whose 
equations  are 

d?  =  (a  -j-ft)  cos  6^b  cos  —=-—  6, 

b 


y  =  (a -I- i)  sin  B^b  sin  B. 


\  (92) 


From  the  preceding  equations  and  (79)  we  have 

•    «  +  */*      •  /.  >i  «+*  i. 

sin  — r—  ^— sin^  cos  d— cos  — ^ —  B 

sint^  cost^  a  +  £ 

.-.     Bin(?~-^  +  V^)=  sin(^+t/f);. 

Now  let  us  suppose  %  to  begin  at  the  cusp,  where  ^  =  0,  and 
^  =r  -;  so  that  \/r  decreases  as  b  increases ;  then  we  have 

sin- 


which  is  the  required  intrinsic  equation. 

'HbrsOf  the  epicycloid  becomes  the  cardioide,  and  (94)  becomes 

,  =  16a(8m^)'.  (95) 

And  in  this  case  ift/f=— tt,  8=:Sa,  which  is  half  the  perimeter 
of  the  cardioide. 


Ex.  10.  The  intrinsic  equation  to  the  involute  of  the  circle  is 

IT 

2 


•=i(+-i)"-         w 


Section  5. — Involutes  of  Plane  Curves. 

I69.3  Another  geometrical  problem  of  considerable  interest, 
which  requires  single  integration  in  its  solution,  is  that  of  the 
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discovery  of  an  involute  of  a  curve,  when  the  curve  is  given* 
Our  investigation  will  comprise  the  determination  of  certain 
general  formulse  which  express  reciprocal  properties  of  evolutes 
and  involutes,  and  the  application  of  these  formulse  to  certain 
examples. 

Let  An,  fig.  11,  be  a  part  of  the  curve  whose  involute  is  to  be 
found.     Let  on  =  ^,  Kn  =  17,  and  let  the  equation  to  An  be 

17= /(f);  (97) 

let  the  length-element  of  this  curve  be  da;  and  let  pn  be  the 
tangent  at  n,  whose  extremity  p  is  the  generating  point  of  the 
involute;  so  that  pnis  the  radius  of  curvature  of  the  involute. 
Let  pn  =  />,  then,  by  Vol.  I,  Art.  292,  equation  (40), 

d<r  =  dp; 
.-.     p  =  ff+c;  (98) 

c  being  a  constant,  the  value  of  which  depends  on  the  position 
of  the  point  on  ah,  at  which  a  begins.  Thus  in  fig.  11,  if 
AH  =  0-,  and  HP  =  AH,  then  <r  =  p,  and  c  =  0;  and  if  pn  be 
longer  than  An,  then  c  is  the  excess  of  length ;  that  is,  if  a 
string  of  the  length  pn  is  wrapped  round  An,  and  ultimately 
becomes  a  tangent  at  a,  c  is  the  length  of  the  string  that  re- 
mains when  the  wrapping  is  complete. 

Let  OM  =  a?,  MP  =  y ;  then,  since  -=^  =  tan  htn, 

sinnTN  _  cosnTN  __    1  ,  /gov 

drj  rff       ""  da 

and  from  the  geometry  of  the  figure, 

X  =s  ON  — NM  =  f— p  j^, 

aa' 

dri 
y  =  Nn— HE  =  n  —  p-y^' 

in  which  equations  p  must  be  expressed  in  terms  of  f  and  r\ ; 
and  (  and  17  having  been  eliminated  from  them  and  (98),  the 
resulting  equation  will  contain  or  and  tf  only,  and  be  that  to  the 
required  involute. 

170.]  From  (100)  by  differentiation  we  have 


(100) 


dy  =  drj^dri^pd.^  =  -pd.^; 


(101) 
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But  by  Art.  285,  Vol.  I,  (21)  and  (22),  the  numerator  and  de- 
nominator of  the  right-hand  side  of  (102)  are  proportional  to  the 
direction-cosines  of  the  tangent  of  the  evolute ;  and  therefore  we 
conclude  that  it  is  perpendicular  to  the  tangent  of  the  involute. 
Again,  squaring  and  adding  the  two  equations  (101),  we  have 

But  if  p'  is  the  radius  of  curvature  of  the  evolute  at  the  point 
(f,  r,),  then,  by  Vol.  I,  Art.  285,  (19), 


ds  d<r  ^ 

•  •     —  =  i  ~r'f 
P  P 

but     d<r  =:  dp ; 

and  therefore  by  means  of  (34),  Art.  811,  Vol.  I, 

P_  _   ,   Bdsdh {dxd^y^dyd^x)  -  ds^  (<fa d^y-dy  d^x) 

p    "■  -  {dxd'^y^dyd^xf  '    ^^^^ 

For  a  problem  in  illustration  of  these  equations,  I  will  suppose 
P  =  kp,  so  that  p  ^        dp 

P  * 

but  if  ^  and  yjr  are  intrinsic  coordinates,  ds  =  pd\lf; 

.'.     ^^.kdylr; 
P 

.'.    p=za^*,    and    «  =  |c**;  (104) 

which  is  the  intrinsic  equation  to  the  curve. 

171.]  Examples  of  involutes. 

Ex.  1.     To  find  the  involute  to  the  catenary,  the  generating 
point  being  in  contact  with  it  at  its  lowest  point. 

By  equations  (19)  and  (20),  Art.  155, 
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IT 

a  r  i        -f 1 

<T« 

=  ^_0»  =  p2. 

.      da 

•  d„ 

y 

=,- 

V        ''  =  ^" 

a 
•cr-. 

0* 

=  f- 

-(a«- 

y^)*; 

'•'     r, 

"  y' 

f  =  a?+(o»- 

y)*; 

y 

0  t 

=:  aloi 

"oV     ' 

t: 

the  equation  to  the  tractory,  the  form  of  which  is  evident  from 
fig.  7. 

Ex.  2.     To  find  the  equation  to  the  involute  of  the  cycloid, 
the  generating  point  being  in  contact  with  it  at  its  vertex. 

Let  the  cycloid  be  placed  as  in  fig.  12;  and  let  ON=£y  isnzsrj', 
OUssx,  MP  =^  y ;  then  the  equation  to  the  cycloid  is 

f  =  aversin-^-  4-(2aiy— w*)*; 
a 

d£  dft 


(2a-.ij)*        ri^       (2a)*' 
.-.     a  =  2(2a»7)*  =  p; 
y  rr  Tj-217,  X  =  f-2(2ai7~i;2)i^ 

=  -^;  =f-2(-2fly-y2)*; 

.-.     n^-il>  f  =  a?+2(-2fly-y2)*; 

therefore  by  substitution 

X  =  aversin"*^^— (— 2ay— y*)*; 

the  equation  to  a  cycloid  in  an  inverted  position,  as  opd  in  the 
figure,  and  lying  below  the  axis  of  x. 

Ex.  8.    To  find  the  involute  of  a  point. 
Let  the  coordinates  of  the  point  be  f  =  a,  17  r=  6;  and  let 
PBIOE,  VOL.  n.  G  g 
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c  =  the  length  of  the  string  which  is  attached  to  the  point,  and 
whose  extremity  generates  the  involute ;  then 

which  is  the  equation  to  a  circle  whose  centre  is  at  the  point,  and 
whose  radius  is  equal  to  c. 

As  the  involute  of  a  point  is  a  circle,  so  conversely  the  evolute 
of  a  circle  is  a  point. 

Ex.  4.  To  find  the  equation  of  the  involute  of  the  semicubical 
parabola  whose  equation  ia27aif  z^  4p,  the  length  of  np  being 
longer  by  2  a  than  the  arc  An.     Fig.  18. 

dri  rff  da  dtr 

2p  ~  9a^  "^  (T^^  +  sT^V)*  ^  2f4(f+8a)*' 


*=(^°)V. 


3  (8  a)* 
Now       p  =  (T+2a,hj  the  condition^  of  the  problem; 
2(fH-8g)* 

p    =    ; ; 

8(3a)*    ' 
therefore  by  equations  (100), 

(  =  8a?-f  6a,  and  £  =  -f-; 
4a 

.'.     y*  =  4a(a?+2a); 

the  equation  to  a  parabola,  situated  as  in  the  figure. 

172.3  On  involutes  of  curves  referred  to  polar  coordinates. 

Let  AP  be  the  curve,  fig.  14,  whose  involute  is  to  be  deter- 
mined ;  and  let  its  equation  be 

r^f(p).  (105) 

Let  pp'  be  the  tangent  at  p,  p'  being  the  generating  point  of  the 
involute.     Draw  from  the  pole  s,  st  perpendicular  to  pp',  and  by' 
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perpendicular  to  pV,  which  is  the  tangent  to  the  involute  at  p'. 
Then  sp  =  r,  by  =  />;  sp'=  /,  8^=  p';  and  our  object  is  to 
find  the  relation  between  /  and/?'.  Let  ds  represent  a  length- 
element  of  the  original  curve ;  and,  since  pp'  is  the  radius  of 
curvature  of  the  involute  at  p',  let  pp'  =  p  ;  then,  by  (40), 
Art.292,Vol.  I,  rfp'  =  ds. 

.-.     p'  3=  s±e; 
and  from  the  geometry, 

/a  =/>«+/*,  (106) 

r»  =  /a+p'2-2p>';  (107) 

and  after  the  elimination  of  r,  jp,  s  from  these  equations  there 

will  remain  an  expression  in  terms  of  /  and  p\  which  is  the 

equation  to  the  involute. 

Ex.  1.     To  find  the  equation  to  the  involute  of  a  circle. 
Let  the  centre  of  the  circle  be  the  pole  :  then,  if  a  =  the  radius, 
its  equation  in  terms  of  r  and  p  is 

r=.pz:za; 
whence  (106)  gives    r'^—p'^  =  a*; 
which  is  the  equation  to  the  involute  of  the  circle. 
This  equation  however  may  be  found  in  the  following  way. 

In  fig.  31,  let  QSA  =  $,  so  that  the  arc  aq  =  a$ ;  then,  if  «  is 
the  origin,  and  p  is  (a?,  y),  pq  =  ad,  and 

y  =  asin^— a^cos  tf )  n08^ 

a?  =  acosO+adsindy 
which  simultaneous  equations  are  those  to  the  involute  of  the 
circle.    From  them  we  have 

3^  +  y^  =  a2-|-a«tf»; 
^cos^+ysin^  =  a; 

a  ^  a 

which  is  the  equation  to  the  involute  of  the  circle  in  terms  of  ^ 
and  y. 

Also,  since  from  (108)  dy  =  a0  sin  BdO,  dv  =  a0cos0d$, 

^  ydx^xdy 
^  "        da 
=  —aO; 
.-.  p'  =za^fi 

Gg  a 
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Ex.  2.  To  find  the  equation  to  the  involute  of  the  logarithmic 
spiral. 

Let  a  be  the  constant  angle  at  which  the  curve  cuts  all  the 
radii  veetores ;  then  its  equation  is 

p  =  rsina.  (109) 

Therefore,  see  fig.  15,  if  pp'  is  equal  to  the  length  of  the  curve 
from  the  pole  to  the  point  p,  and  if  pp'  =  /,  by  (54),  Art.  162, 

p'  =  r_*L  =  r8ec«.  (110) 

Jo  cos  a 

Prom  (107),  completing  the  square, 

=  r2-j9« 

=  r*(eosa)^; 
.-.     p   =  p'+rcosa; 
and  substituting  for  p  from  (110), 

p'  =  r  sec  a— r  cos  a 
=  rsina  tan  a; 
.-.     from  (106),   /*  =  p'^+p^ 

=  p'^  +  r^{smaf 

=:/2^y2(eoto)» 

=  p^  (cosec  a)' ; 
.".    j/  =  /sin a; 

the  equation  to  a  logarithmic  spiral,  similar  to  the  original  one; 
that  is,  which  cuts  all  its  radii  veetores  at  a  constant  anglcj  the 
same  as  that  of  the  original  spiral.  From  (110)  it  is  evident  that 
psp'  is  a  right-angle,  and  therefore  spV=  spy  =  a :  the  involute 
therefore  is  also  the  locus  of  the  extremity  of  the  polar  subtangent. 


Section  6. — Various  problems  of  Plane  Geometry  solved  by 
means  of  Single  Definite  Integration. 

173.]  Curves  and  classes  of  curves  are  generally  defined  by 
means  of  some  salient  geometrical  property,  and  the  equation  of 
the  curve  is  the  expression  of  this  property  by  means  of  mathe- 
matical symbols.  Now,  as  many  of  these  principal  properties  are 
only  capable  of  expression  in  terms  of  difierentials,  it  is  evident 
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tbat  the  equation  wluch  defines  a  curve  or  a  class  of  curves  may 
be  given  in  terms  of  these  differentials  in  combination  with^  or 
independent  of,  finite  coordinates,  whether  rectangular  or  polar. 
When  the  equation  is  given  in  this  form,  it  is  called  the  differen- 
tial equation  of  the  curve;  and  it  is  frequently  necessary  to 
obtain  the  finite  equation  from  the  differential  equation.  For 
this  purpose  integration  is  required. 

The  problem  in  its  most  general  form  is  entirely  beyond  the 
present  power  of  mathematical  analysis.  Many  special  forms  of 
it  however  are  capable  of  solution ;  and  although  in  a  subsequent 
part  of  this  Treatise  other  methods  will  be  investigated,  yet  it  is 
expedient  at  once  to  apply  to  such  problems  the  process  of  single 
definite  integration  so  far  as  it  is  applicable,  both  for  the  sake 
of  the  geometrical  problems,  and  for  the  illustration  of  the  process 
of  integration,  which  it  so  well  exhibits.  In  some  of  the  following 
examples,  integration  will  be  performed  more  than  once;  but 
only  a  series  of  successive  integrations  will  be  required,  and  these 
will  be  of  the  nature  explained  in  Chapter  V,  Art.  149,  150. 
In  all  cases  the  limits  will  be  given,  and  the  integrations  will  be 
definite. 

174.]]  I  will  in  the  first  place  take  that  class  of  problems  in 

which -^  is  given  in  terms  of  x  and  y  in  a  simple  form,  capable 
ax 

of  integration.  This  equation,  geometrically  interpreted,  assigns 
the  law  of  the  ratio  of  the  simultaneous  increments  of  the  coor- 
dinates at  any  point  of  a  plane  curve  in  terms  of  those  coor- 
dinates ;  that  is,  gives  the  value  of  the  geometrical  tangent  of 
the  angle  between  the  tangent  to  the  curve  f|.t  any  point  and 
either  of  the  rectangular  axes,  in  terms  of  the  coordinates  of  the 
point 

Ex.  1.     Let^  =  — ;  and  let  us  assume  that  the  curve  passes 
ax       y 

through  the  origin,  so  that  when  a?  =  0,  y  =  0. 


2adx; 

0 


=  4ax. 


Ex.  2.      •:r^  =  -^  -  i  and  let  us  suppose  a:  =  a,  when  y  =  0. 
ax  y 
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/Jy^y-^jy 


wdx  =s  0; 
...    y«+a?»-a«  =  0; 

Ex.  8.    -^  =  ( — -— )  ;  Mid  let  ufl  suppose  that  the  origin 
ax       ^    X     ' 

is  on  the  cnrye. 

_  r*{%a—x)dx 

=  (2aa?— «*)*+aversin""^-; 

which  is  the  equation  to  a  cycloid^  of  which  the  yertex  is  the 
origin. 

175.]  The  process  is  similar  when  -r-~  is  g^yen  in  terms  of  of 

.  .  dy 

andy.  In  this  case  howeyer,  as  the  first  integration  will  produce^ 

it  is  necessary  that  the  value  of  this  quantity  at  the  limits^  or  at 
least  at  one  limit,  should  be  given.  This  condition  requires  that 
the  direction  of  the  axes  should  be  given.  Also,  as  the  second 
integration  will  produce  a  finite  equation  in  terms  of  x  and  y,  of 
which  the  values  at  one  limit  at  least  must  be  given,  this  con- 
dition assigns  the  place  of  the  origin. 

Ex.  1.   -j^  =  —3-;  and  let  us  suppose  ^  =  0,  when  ^  s 00 ; 

y  =  0,  when  iP  =  00. 

4y 


Jo       '  dx  ""^co      x^ 


dy^_  ^f^. 


!?y-'Jli^^ 


—  i 
X 


.-.    xy  =  a*. 
If  the  values  at  the  inferior  limits  were  such  that  when  a?  =  a, 
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^  =  0^  y  =:  0^  80  that  the  curve  should  touch  the  ^-axis  at  a 

dx 

distance  =  a,  from  the  origin ;  then 

-^---+1- 

.•.    xy  =  (4?— a)*. 

Ex.  2.   -r?  = 5 ;  and  let  us  suppose  when  y  =  a,  -^  =  0, 

_        cur  y  CM? 

*  =  0. 


Cd»  idyd^y  _  p  — 2o^rfy 
''  Jo         rf^      "•(        y^      ' 

^    {a«-y*)*      ^ 
(a2— ya)i  =  a?; 


a?2  +  ya  =  a». 
Ex.  8.     If  -^  =  y,  and  a?  =  0,  and  ^  =  0,  when  y:=^a,  then 

a  f  £        ^1 
y=::^{ea^e   «}. 

176.]  Geometrical  problems  depending  on  the  integration  of 
differential  quantities. 

Ex.  1.     Find  the  curve  of  which  the  subnormal  is  constant. 

Taking  the  value  of  the  subnormal  given  in  (41),  Art.  219^ 
Vol.  I,  we  have 


and  taking  the  origin  to  be  on  the  curvCj  we  have 

y2  =  2ax. 

Ex.  2.    Find  the  curve,  of  which  the  subtangent  is  constant. 

£ 

y  =  ea. 

Ex.  8.  Find  the  equation  to  the  curve,  of  which  the  tangent 
is  constant. 

Taking  the  value  of  the  tangent  given  in  (42),  Art.  219,  Vol.  I, 
we  have  ,        ^k 

y 
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if  we  suppose  y  to  decrease^  as  x  increases.     Let  us  also  assume 
y  =  a,  when  ^  =  0 ;  then 

Jo  Ja       y 

^-/•M—^ y—\dy; 

...         ,  =  «log£±l^_(«._y.)*;  (Ill) 

which  is  the  equation  to  the  equitangential  curve ;   see  Vol.  I, 
Art.  200,  equation  (27). 

Ex.  4.  Find  the  equation  to  the  curve  whose  normal  is 
constant. 

In  this  case,  by  (42),  Art.  219,  Vol.  I, 

and  assuming  a?  =  0,  when  y  =  a,  we  have  a?*+y*  =  «'• 

Ex.  5.     Find  the  equation  to  the  curve  all  the  normals  to 
which  pass  through  the  same  point  (a,  b). 
This  property  is  expressed  by  the  equation 
(j?— (!)&?+ (y—i)rfy  =  0; 
...     (j?-a)»+(y-.A)»  =  c>; 
which  is  the  equation  to  a  circle,  whose  radius  is  c. 

Ex.  6.  Find  the  curves  in  which  the  sum  of  (1)  the  abscissa 
and  the  subnormal,  (2)  the  ordinate  and  the  subnormal,  is  con- 
stant. (1)     (-,._^)2^ya  _  ^. 

(2)    a?+y+alog(a— y)  =  c. 

Ex.  7.  Find  the  curve  in  which  the  tangent  is  equal  to  the 
radius  vector  of  the  point  of  contact. 

y   -^  X  ^  b-     ^a 

.-.      (1)     1=?;  (2)     xy^ab; 

so  that  the  required  line  is  either  straight,  or  an  equilateral  hy- 
perbola, according  as  the  lower  or  the  upper  sign  is  taken. 
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Ex.  8.  Find  the  carve  which  cuts  all  its  radii  vectores  at  the 
same  angle. 

Let  this  angle  be  isai'^c;  then  r-r-  =  c; 

dr  _de, 

r  ^   c  ^ 

and  let  us  suppose  r  ^  a,  when  0  =  0;  then 

.re  ? 

loff-  =  -:  .'.     r^aec^ 

^  a       e' 

Ex.  9.  Find  the  curve  in  which  the  perpendicular  on  the 
tangent  is  equal  to  the  part  of  the  tangent  intercepted  between 
the  foot  of  the  perpendicular  and  the  point  of  contact. 

This  is  a  particular  case  of  the  preceding  example ;  that^  viz.^ 
in  which  c  =  1 ;  so  that  the  equation  of  the  curve  is  r  =  atfi. 

It  may  also  be  solved  in  the  following  way ;  by  the  condition 
we  have  j^  =  r*— ^;  so  that  r*  =  2;?*; 

^  -  ^1*    «  II  +  — , 

du       dr 

u         r 

.•.     r  =  a€*. 

Ex.  10.  The  curve  in  which  the  polar  subtangent  is  constant 
is  the  reciprocal  spiral. 

Ex.  11.  The  curve  in  which  the  polar  subnormal  is  constant 
is  the  spiral  of  Archimedes. 

Ex.  12.  Find  the  curve  in  which  the  perpendicular  from,  the 
origin  on  the  tangent  is  equal  to  the  abscissa. 

p  =  rco8$ ; 

«y      ^v«         •      du^ 
.-.    »*(secd)«  =  tt«  +  -^; 

.•.     r  =  2a  cos  0. 

Ex.  13.  Find  the  curve  of  which  the  radius  of  curvature  is 
equal  to  a.  ^^f^ 

.-.     r»  =  2ap', 

r  =  2acos0. 
raicB,  VOL.  n.  h  h 
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Ex.  14.     If  ^  =  ar,  the  equation  to  the  curve  is 

2a 
1+oos^ 

Ex.  15.    K  the  angle  between  the  radius  vector  and  the  curve 
=  0,  the  curve  is  a  circle. 

Ex.  16.     If  the  subnormal  is  equal  to  the  abscissa^  the  curve 
is  a  hyperbola. 

Ex.  17.     If  the  radius  of  curvature  =  p,  the  curve  is  the 
involute  of  the  circle. 
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CHAPTER  VII. 

THE  APPLICATION  OF  SINGLE  DEFINITE  INTEGRATION  TO 
THE  THEORT  OF  SERIES. 

SEomoN  1. — On  the  Convergence  and  Divergence  of  Series. 

177.]  The  subject  of  series  has  come  under  our  notice  many 
times  in  the  preceding  parts  of  our  treatise,  and  in  various  forms. 
At  one  time  processes  have  been  investigated  for  the  development 
of  functions  into  series;  as  Maclaurin's  and  Taylor's  theorems, 
and  others  subordinate  to  and  cognate  to  them ;  at  other  times, 
as  in  the  Integral  Calculus,  the  sums  of  series  have  been  deter- 
mined :  that  is,  functions  have  been  found  of  which  the  given  - 
series  are  the  developments.  These  two  processes  are  evidently 
inverse  to  each  other.  Now,  when  a  ftmction  is  developed  into  a 
series,  that  series  taken  to  a  finite  number  of  terms,  or  even  to  an 
infinite  number  of  terms,  cannot  always  be  assumed  to  be,  and 
used  as,  the  equivalent  of  the  function ;  it  is  necessary  to  calculate 
what  has  been  called  '^  the  remainder''  in  the  theorems  of  Mac- 
laurin  and  Taylor:  and  it  is  only  when  this  remainder  fulfils 
certain  conditions,  that  the  series  can  be  used  as  an  adequate 
equivalent  of  the  function.  Similarly  there  are  certain  conditions 
which  a  series  must  satisfy  when  it  is  adequately  represented  by 
a  given  function,  or  when  in  other  words,  the  series  can  be 
summed,  and  that  function  is  the  sum ;  and  there  are  also  certain 
limits  of  the  variable  within  which  the  summation  is  possible,  and 
outside  of  which  it  is  impossible.  These  thus  far  have  not  been 
discussed;  and  I  have  assumed  only  that  knowledge  of  the 
subject  which  will  be  found  in  ordinary  treatises  on  algebra. 

The  subject  however  requires  more  complete  and  precise  inves- 
tigation, and  arises  now  in  the  regular  course  of  our  Treatise  on 
the  Integral  Calculus ;  because  single  definite  integration  supplies 
a  theorem  on  convergence  and  divergence  of  series,  which  deter- 
mines whether  a  given  series  is  capable  of  summation  or  not ;  and 
which  is  of  wider  application  than  any  heretofore  suggested.  It 
is  indeed  one  of  the  most  important  applications  of  the  calculus 

H  h  2 
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in  its  relation  to  algebra  and  algebraical  development.  Definite 
integration  also  yields  a  new^  and  in  some  respects  a  more  con- 
venient form  of  the  remainders  of  the  theorems  of  Taylor  and 
Maclaurin ;  and  gives  development  of  certain  functions  in  periodic 
terms^  which  are  not  only  curious^  but  are  also  important  in  the 
application  of  pure  mathematics  to  questions  of  physics.  The 
investigation  of  these  theorems  will  occupy  the  present  chapter; 
but  previously  to  that  inquiry  it  is  desirable  to  give  a  succinct 
account  of  series. 

178.]  A  series  is  a  succession  of  terms^  of  which  the  number 
is  infinite^  placed  one  after  another  in  a  given  order^  and  formed 
according  to  an  uniform  and  determinate  law^  so  that  each  term 
is  a  function  of  the  place  which  it  holds  in  the  series.  The  func- 
tion which  expresses  each  in  terms  of  its  place  gives  the  law  of 
the  series ;  and  it  is  evident  that  the  place  of  a  term  in  a  series 
cannot  be  changed  without  a  change  of  law  of  the  series. 

The  following  are  the  forms  of  series  which  we  shall  take ; 

tti  +  tij-ftis-f +tt^+tt«+i4-...;  (1) 

/(a)+/(a+l)+/(a+2)  +  ...+/(a+n-l)4-/(a+»)  +  ...;(2) 

JL       1  1  1  1 

/(«)  V(a+1)  "^7(^+2)  "^■••V(«  +  n-l)+/(a+n)-^-'^ 

the  «th  or  the  general  term  being  respectively  ««,/(a+»— 1), 

=: =-  •  and  consequently  the  law  of  the  series  is  given,  when 

/(a  +  »— 1)  ^        J 

these  terms  are  expressed  as  functions  of  n. 

For  conciseness  of  notation  we  shall  express  these  series  sev^- 

ally  by  the  symbols  2*  «,;  ^^fi^);  ^af^y  which  indicate 

the  sum  of  a  series  of  terms  formed  by  assigning  to  «  all  integer 
values  from  the  inferior  limit  to  infinity.  This  notation  is  ana- 
logous to  that  of  a  definite  integral. 

A  series  is  said  to  be  convergent,  when  the  sum  of  an  infinite 
number  of  terms  of  it  is  a  finite  quantity ;  and  this  finite  quantity 
is  called  the  sum  of  the  series. 

A  series  is  said  to  be  divergent,  when  the  sum  of  an  infinite 
number  of  terms  of  it  is  infinite ;  in  this  case  it  is  said  that  the 
series  cannot  be  summed. 

Thus  if  Sm  is  the  sum  of  the  first  n  terms  of  the  series  giv^n 
above,  if  the  series  is  convergent,  8„  is  finite,  when  n  =  oo.     If 
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the  series  is  divergent^  8«  ==  oo^  when  n  =  oo.      When  n  =  oo, 
the  sum  of  the  series  is  denoted  by  s. 

The  sum  of  all  the  terms  of  a  series  after  the  nth  is  called  the 
remainder  of  the  series.  Let  it  be  denoted  by  b  ;  then  taking 
the  form  of  the  series  given  in  (1)^ 

B  =  tt»+i  +  tt,+8+...  (4) 

=  s-s^.  (5) 

It  is  to  be  observed  that  although  the  sum  of  a  convergent 
series  is  a  finite  quantity^  yet  A*eqaently  that  quantity  cannot  be 
determined  in  the  form  of  a  definite  function.  It  may  be  capable 
of  expression  as  a  definite  integral^  which  does  not  admit  of 
evaluation ;  or  it  may  be  expressed  as  a  ftmction  of  certain  letters 
contained  in  the  series^  as  the  notation  of  Art.  145  signifies :  but 
in  many  cases  it  does  not  admit  of  more  definite  determination. 

The  remainder  of  a  convergent  series  is  infinitesimal^  when  n 
=  00  j  so  that  s^  and  s^^,.  differ  by  an  infinitesimal^  which  must 
be  neglected  when  n  =  oo.  Hence  it  follows  that^  when  a  series 
is  convergent^  not  only  must  u^  be  infinitesimal^  and  consequently 
be  neglected^  when  n  =  oo  ,  but  also  b,,  which  is  the  sum  of  all 
these  infinitesimals^  must  also  be  an  infinitesimal^  and  be  neg- 
lected when  n  =  00.  Thus  although  the  vanishing  of  each  term^ 
when  n  =  00^  is  true  of  all  convergent  series^  yet  this  circumstance 
does  not  afford  a  sufficient  test  of  convergence.  It  is  a  necessary 
characteristic,  but  is  evidently  not  a  sufficient  criterion. 

It  will  be  observed  that  these  definitions  have  respect  to  the 
terminal  terms  of  the  series ;  that  is,  those  for  which  n  =  oo ; 
thus  although  a  series  may  begin  divergently  and  continue 
divergently  for  a  given  number  of  terms,  yet  if  it  ultimately  con- 
verges, it  will  satisfy  the  condition  of  convergence,  and  will  be 
classed  as  a  convergent  series. 

179.]  Before  we  enter  on  the  investigation  of  a  strict  criterion 
of  convergence,  it  is  worth  while  to  examine  two  series  of  typical 
forms  :  viz.,  series  in  geometrical  and  in  harmonical  progression  : 
for  we  shall  hereby  exemplify  certain  phenomena  of  series,  the 
number  of  the  terms  of  which  is  infinity ;  and  we  shall  shew  the 
necessity  of  either  determining  the  convergence  of  a  series  when 
it  and  the  function  of  which  it  is  supposed  to  be  the  development 
are  used  as  equivalents :  or  of  ascertaining  the  remainder  so  that 
an  exact  equality  may  exist  between  the  function  and  the  series 
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tK^ther  with  the  remainder.     Let  us  in  the  first  place  take  the 
geometrical  series 

a,    or,    ai^y ar*"'^...  (6) 

of  which  ar*'^  is  the  «th  term.    Then  for  the  sum  of  the  series  to 

n  terms  we  have  r*  — .  1 

s.  =  a?^.  (7) 

r— 1 

If  r  is  less  than  1,  then,  when  «  =  oo,  r*  =  0,  and 

8  =  = ;    E  =  s— s>  =  = =  0.  (o) 

and  consequently  the  series  is  convergent. 
Ifr  =  l, 

=  anr"""^  =  an,  if  r  =  1. 
••.   8  =  00,  when  n  =  oo ; 

so  that  the  series  is  divergent. 

If  r  is  greater  than  1,  then,  when  n  ==  oc,  r*  =  oo,  and  the 
series  is  also  divergent. 

Thus  a  series  in  geometrical  progression  is  convergent  for  all 
values  of  r,  the  common  ratio,  less  than  I ;  and  is  divergent  for 
all  values  of  r  not  less  than  1. 

If  however  we  had  without  examination  assumed  the  seried  in 
geometrical  progression  to  be  convergent  for  all  values  of  r,  and 
had  omitted  the  remainder,  then  we  should  have  had 

8  =  j^  =  a  {H.r+r2+r3+...}.  (9) 

Now  in  this  series  let  us  suppose  a  =  1,  r  =  2;  then 

-1  =  1+2+4+8+.. . 
a  result  which  is  evidently  absurd ;  and  consequently  proves  that 
the  left-hand  member  of  (9)  cannot  be  employed  equivalently  for 
the  right-hand  member,  unless  r  is  less  than  1.     If  however  the 
remainder  is  introduced  we  have  an  exact  equality ;  and  then 

a{l  +  r+r»+...+r"-i}  =  a^^; 
and  if  a  =  I,  r  =  2,  as  before, 

-1  =  1  +  2  +  4+...+2--1-2",  (10) 

which  is  a  correct  result.    This  is  an  instance  shewing  the 
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necefisity  of  detennining  the  remainder  in  the  theorems  of  Mac- 
laurin  and  Taylor ;  and  shews  how  erroneous  results  may  be  when 
these  theorems  are  applied^  and  either  the  resulting  series  are  not 
convergent^  or  the  remainders  are  not  determined.  It  is  for  this 
reason^  that  in  the  former  parte  of  our  treatise^  we  have  never 
employed  series  as  the  basis  or  subject-matter  of  argument^  until 
the  convergence  of  them  has  been  demonstrated. 

Again^  let  us  consider  the  following  series  in  harmonieal  pro- 
gression. 

this  may  be  expressed  in  the  foUowing  form ; 

_      1       /I      1\       /I      1      1      1\ 
«  =  ^  +  2+(8  +  i)+(5  +  6  +  7  +  8)+" 

/I  1  1  \ 

••^(;m+sT2+ ■+2^)+-' 

now  each  group  within  brackets  is  evidently  greater  than  ^ ;  and 

as  the  number  of  such  groups  is  infinite,  the  sum  of  the  series 
is  infinite,  and  consequently  the  series  is  divergent.  This  is  an 
example  in  which  u^  s=  0,  when  n  =  oo,  and  yet  the  series  is  not 
convergent. 

This  series  may  also  be  expressed  in  the  following  form,  firom 
which  a  remarkable  result  arises,  and  shews  the  divergence  of  the 
series. 

1111 
^  =  ^+172^273  +  0^4:5  + 

1  1  1 

+  2. 8  +  8. 4  +  4. 5+"-- 

1        J_ 
+  8.4  +  4.5+'- 


,,111 

=  ^  +  ^+2  +  8  +  4  +  - 


+  475+- 


=  1  +  8: 

Thus  1  is  an  infinitesimal  in  comparison  of  s ;  in  other  words 
s  =  00,  s  being  that  quantity  of  which  a  finite  number  is  the 
infinitesimal  increment. 
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180.]]  We  now  come  to  the  investigation  of  general  theorems 
for  the  determination  of  convergence  and  divergence  of  49erieB.  I 
shall  arrange  them  as  far  as  possible  in  order  of  simplieiiy,  for 
that  is  the  order  in  which  they  are  most  conveniently  applied  to 
any  particular  series. 

If  the  terms  of  a  series  decrease  in  absolute  magnitude^  and 
are^  or  ultimately  become,  alternately  positive  and  n^ative,  the 
series  is  convergent. 

Let  the  series  be  Wi— ttj+tis— tt4+-.  J  (12) 

the  terms  of  which  become  less  and  less.  Then  the  series  may 
be  expressed  in  the  two  following  forms 

and  tti-(tti-«3)-(«<4~«6)---; 

every  quantity  within  brackets  being  positive.  Whence  it  is 
evident  that  the  sum  of  the  series  is  greater  than  tfi— tt,,  and  is 
less  than  ti^ ;  consequently  the  series  is  convergent. 

Ex.  1.    Thus  the  series  ^'^  -jr =-77-  is  convergent. 

-^1  (247— 1)2j?  ® 

The  series  is  -=-5-  +  ^-r  +  -g-^  +  ■ .  • ;  which  may  be  expressed 

in  the  form  1—  o  +  q  "  4  +  ••• '  which  is  by  the  preceding 
theorem  greater  than  1,  and  less  than  ^. 

Ex.2.    Thu8alBo2r(2^:ri)^^(2¥TI)"~°^*'«*°*- 

181.]  The  series  u^  +  ti,  ^.  113  4.  ...,  all  of  whose  terms  are 
positive,  is  convergent  or  divergent  according  as  the  ratio  of 
^x+i  ^  ^ta  when  ^  =  00,  is  less  or  greater  than  unity. 

Let  r  be  the  value  of  — 2Lti^  when  jp  =  00 ;  and  firstly  let  r  be 

less  than  1 ;  let  p  be  greater  than  r  and  less  than  1 ;  then  for 
some  determinate  value  of  x,  and  for  all  other  greater  values, 
the  ratio  of  u^^^^  to  f«,  is  less  than  p ;  so  that  if  a;  is  that  value, 

consequently 

w«+w,+i  +  f«+i+  ...  <tt.{l  +  p+p*-f -..} 

1-p 
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amoe  p  is  less  than  1.  And  this  quantity  is  finite ;  consequently 
the  given  series  is  convergent.  Its  terms  evidently  become  less 
and  less^  because  they  are  less  than  the  corresponding  terms  of  a 
decreasing  geometrical  series. 

If  r  is  greater  than  1^  let  p  be  greater  than  1  and  less  than  r; 
then  for  some  determinate  value  of  w,  and  for  all  other  greater 
values^ 

oonsequently, 

tt.+»«+i+ti,+a+ >ttx{l  +  p-fp*+  }; 

the  right-hand  member  of  which  =  oo,  when  the  number  of  the 
terms  is  infinite ;  thus  the  sum  of  the  series  is  infinite^  and  the 
series  is  accordingly  divergent.  If  r  =  1,  we  can  make  do  in- 
ference ;  and  in  this  case  the  series  may  be  either  convergent  or 
divergent. 
If  the  series  is  arranged  in  ascending  powers  of  a  variable  t, 

flay,  and  is  such  that  u^:=i  A^i';  then  — ^^^  =  -^^^ t ;   and  if 

^x  ^x 

-2±i-=  r,  when  a?  =  c»,  the  discriminating  quantity  =  rt;  so 

that  the  series  is  convergent  or  divergent  accordingly  as  /  is  less 
than  or  greater  than  r~^.     If  /  =  r'^,  we  can  afiirm  nothing  as 

to  convergence  or  divergence. 

t       fi  fi 

Ex.  1.    Let  the  series  be  1  -f  :r  +  ^p^  +  r-^-g  -*-...;  then 

-^^^  =  -  =  0,  when  a?  =  oo ; 


ihoB,  whatever  is  the  value  of  t,  the  series  is  convergent.   I  may 
however  observe,  that  if  /  is  greater  than  1,  the  series  begins 

divergently,  and  begins  to  converge  at  that  term  for  which  -  is  less 
than  1 ;  that  is,  when  w  is  greater  than  t. 

The  test  of  convergence  and  divergence  given  in  this  Article 
is  of  aU  perhaps  the  most  easy  of  application,  and  is  accordingly 
that  which  should  be  at  once  employed.  And  it  is  only  when 
the  ratio  of  Ug^^  to  «.  is  equal  to  1,  that  the  test  fails,  and  we 
are  obliged  to  have  recourse  to  other  criteria. 

I82.3  If/(^)  is  a  function  of  a?,  positive  in  sign,  and  decreas- 
ing in  value  as  w  increases  from  ^  =  a  to  or  =  00,  ^nd  ultimately 

equal  to  0,  when  ^  s  00,  then  the  series  2fl  fi^),  that  is, 

/(a)+/(a  +  l)+/(«  +  2)^...  (13) 

nice,  VOL.  II.  1  i 
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/•QO 

will  be  convergent  or  divergent  according  as  /  f(w)dx  is  finite 
or  infinite. 

By  the  theory  of  definite  integration 

/•"  ra+l  ra+2  /•tf+S 

/    f{x)dx^\      /(a?)&?+/      f{x)dx-\-\    /(a?)dr+...;(14) 

and  applying  the  theorem  given  in  (228),  Art.  116,  where  0  is 
the  general  symbol  of  a  positive  proper  fraction, 

/"  ra+i  ra+2 

f(x)dx=fia+0)        ifo+/(a+l  +  ^)/    rfa?+..., 
•'a  -^a+l 

==/(a  +  tf)+/(a+l  +  ^)+/(a+2+^)  +  ....       (15) 

Now  as  ^  is  a  positive  proper  fraction,  1  and  0  are  its  limits ;  we 
may  consequently  deduce  from  this  equation  two  inequalities 
corresponding  to  these  values  of  6;  and  bb/(jv)  is  positive,  and 
decreases  as  a  increases,  when  ^  =  0,  the  second  member  of  (15) 
is  greater  than  the  first ;  and  when  ^  =  1,  the  second  member  is 
less  than  the  first;  hence 

/(«)+/(«+ 1)+/(«+2)+  >  rf{^)dx;  (16) 

/(a+l)+/{a+2)  + <  f'f(x)dx.  (17) 

*  O 

Then  as  the  sum  of  the  given  series  is  greater  than  /   f(x)dx, 

/CD  Ja 

f{x)  dx-hf(a)i  where /(a)  is  a  finite  quantity, 
w 

it  is  evident  that  the  sum  is  infinite  or  finite,  that  is,  the  series 

J/*QO 
f    f{x)  dx  is  infinite  or 
0 


finite.     This  quantity  I  shall  call  the  discriminating  quantity. 

This  is  the  most  general  criterion  of  the  convergence  and 
divergence  of  series  which  has  as  yet  been  discovered.  The  diffi- 
culty of  its  application  consists  in  the  integration.  By  a  farther 
inquiry  however  into  the  general  theory  of  series,  we  shall  be  led 
to  a  classification  of  them  as  to  order  and  degree,  and  the  pre- 
ceding theorem  will  supply  certain  derivative  tests  convenient 
for  the  purpose. 

The  investigation  also  gives  narrow  limits  within  which  the 
sum  of  a  series  of  the  form  (13)  is  contained. 

In  (17)  let  a  be  replaced  by  a  — 1 ;  then 

/(«)+/(« +  !)+/(« +  2)  +...</'    /(^)*r.  '(18) 

•'a-l 
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And  if  the  sum  of  the  series  =  s^  from  this  and  (16)  it  follows  that 

f    f(x)dx  >8>f  f{js)dx^  (19) 

SO  that  8  is  contained  within  these  two  definite  integrals. 

183.]  The  following  are  examples  in  which  the  preceding  test 
is  applied. 

Ex.  1.  The  series  in  geometrical  progression  a,  ar,  ar*, ,.. , 
where  r  is  a  positive  quantity. 

Taking  the  general  term  of  the  series  to  be  ar^y  the  successive 
terms  of  the  series  will  be  formed  by  putting  ^  =  0^  1^  2^  3^  ... ; 

ar^dx.    Now 


so 


X  LlogrJo 


=  —  1 ,  if  r  is  less  than  1 : 

logr' 

=  00^  if  r  is  not  less  than  1. 

Hence  a  series  in  geometrical  progression  is  convergent  or  di- 
vergent according  as  r  is  less  than^  or  not  less  than,  1. 

Ex.  2.     Let  the  series  be 

^  +  iHTir  -^  (^  +  ■■  i  "U«i. »  2."— •     («•) 

f  x^^dx.  Now 

a 


x'^dx  = 


— w  +  1 
- ,  if  m  is  greater  than  1 ; 


m— 1 
=  00,  if  m  is  not  greater  than  1. 

Hence  the  series  is  convergent  or  divergent  according  as  m  is 
greater,  or  is  not  greater,  than  1.  If  m  =  1,  the  series  is  har- 
monic, and  we  have  hereby  another  proof  that  such  a  series  is 
divergent. 

Ex.  8.     2^  d?""*(loga?)~"'  is  convergent  or  divergent  accord- 
ing as  m  is  greater  than,  or  not  greater  than,  1. 

Here  the  discriminating  condition  is  /     -—^ — ,  and 

I  i  % 
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x(\ogx)^  ""  — m  +  1 


- ,  if  m  is  greater  than  1 ; 


sr  00^  if  m  is  not  greater  than  1. 

Ex.  4.  2*  {x  log  X  (log  log  a?)~}  "^  is  convergent  or  divergent, 
according  as  m  is  greater,  or  is  not  greater,  than  1. 

Ex.  5.  Generally  if  log  log  log ...  (to  n  symbols)  ...a?  is  de- 
noted by  log*a?,  then  2J{^loga?log2d?  ...log*~^a?(log*a?)'"}"^ 

is  convergent  or  divergent,  according  as  m  is  greater  than,  or  not 
greater  than,  1. 

Ex.  6.     2o  a^j^^t  ^  coiivergent. 

Ex.  7.     2*  —^  is  divergent.     Hence  2*  8*  4*  ...  n*  =  00, 
when  n  =  00. 

Ex.  8.     2*  f    ^    j  is  convergent. 

184.^  Although  the  criterion  of  the  preceding  article  is  theo- 
retically always  sufficient,  yet  it  is  in  many  cases  inapplicable, 
because  the  definite  integral  which  gives  the  discriminating  quan- 
tity cannot  be  found.  We  can  however  derive  from  it  certain 
other  criteria,  which  are  frequently  easy  of  application;  this  is 
effected  by  a  comparison  of  the  given  series,  with  other  series 
which  are  known  to  be  convergent  or  divergent. 

Let  there  be  two  series 

u  =  tti  +  «a+tt3+...  (21) 

V  =  t;j+r,+V3+...;  (22) 

the  ratio  of  the  nth  terms  of  which  is  equal  to  a  finite  quantity  k, 

when  n  =  00  :  so  that  u^  s  kv^,  when  n  =  oc ;  then  these  two 

series  are  either  both  convergent  or  both  divergent. 

Let  us  commence  with  the  nth  terms  respectively  of  the  two 
series;  andlett«^  =  *^r^,  tt»+i  =  *^+i«n+i>  ««•+»  =  *n+2 «'«+b^  --* 
then  since  k^  =  k^^^  =  *»+ ,  =  ...=*,  when  n  =  00 ;  so  when  n 
is  very  great,  the  difference  between  k  and  each  of  these  quantities 
is  an  infinitesimal ;  and  we  shall  have  generally  k^  =s  k±i,  where 
i  is  an  infinitesimal ;  and  ultimately  when  n  =  00,  i  =  0,  and 

«n+«,.+i  +  w»+2  +  ...  =  *{r,+t;„+i  +  r„+,-l-...}.         (28) 
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Hence  it  appears  that  if  either  of  these  sums  is  a  finite  quan- 
tity^ the  other  is  also  finite ;  and  consequently  the  series  are  either 
both  convergent  or  both  divergent. 

If  series  of  the  form  (21)  and  (22)  are  so  related  to  each  other^ 
that  when  n  =  00,  t«,  =  iv^  k  being  a  finite  quantity,  they  are 
called  comparable.  If  however  A:  =  00  or  =  0,  they  are  said  to 
l>e  incomparable.  If  A:  =  oc,  (21)  is  incomparably  higher  than  (22). 
If  >t  =  0,  (22)  is  incomparably  higher  than  (21). 

Hence  it  is  evident  that  if  a  series  is  convergent,  all  comparable 
series  and  all  incomparably  lower  series  are  also  convergent.  If 
a  series  is  divergent,  all  comparable  series  and  also  incomparably 
higher  series  are  also  divergent. 

185.]  I  proceed  now  to  apply  this  theory;  and  I  shall  take  for 
the  series  of  comparison  those  of  which  the  character  as  to  con- 
vergence or  divergence  has  been  demonstrated  in  Art.  183. 

Let  the  series,  the  character  of  which  is  to  be  determined,  be 

^S2  :f7-\  j  i^  which  /(^)  =  oc,  when  a?  =  00  :  and  let  us  in  the 
first  place  compare  it  with  2*  a?"~,  of  which  the  character  is 

determined  in  Ex.  2  of  the  preceding  Article.     Let  us  take  m  to 

be  such  that  these  series  are  comparable;  then  if  A: is  the  ratio  of 

the  corresponding  terms  when  a?  =  oo, 

.       /(a?)       00 

k  =^-V  =  — >  when  a?  =  00 ; 

=  a  finite  quantity,  suppose,  when  a?  =  00  :  so  that/'(^)  and  a?"*"^ 
are  infinities  of  the  same  order ; 

m  x^  »»/ (^) 

.-.     m  =     *://  ,  when  a?  =  00.  (24) 

and  as  2a  ^"**  ^^  convergent  when  m  is  greater  than  1,  and 
divergent  when  m  is  less  than  1 ;  so  will  the  given  series 
2r  7r\  ^®  convergent  if     ;f    ^  ,whena?=  00,  is  greater  than 

X  fix) 
1 ;  and  divergent  if  ■;://  ,  when  x  =  00,  is  less  than  1.    Hence 

/(^) 
the  discriminating  quantity  of 


Digitized  by  VjOOQ IC 


246  THE  CONVERGENCE  AND  [l86. 

I  may  in  passing  observe  that  this  discriminating  quantity  may 
be  expressed  in  the  form 

^•y(^).  (26) 

In  this  form  it  was  first  given  by  Cauchy. 

a/(x), 

then,  if  wereplace/(a?)  by  ^y-v ,  the  preceding  quantity  becomes 
]1         ;    and  consequently  the  discriminating  quantity  of 

2r/(^)  i«  -  J(^>  when  ar  =  ocj  (27) 

and  the  series  is  convergent  when  this  quantity  is  greater  than  1, 
and  is  divergent  when  it  is  less  than  1. 

The  quantity  (27)  may  also  be  put  into  the  form 

-^•y<^>.  (28) 

rf.loga? 

Ex.  1.     Shew  that  the  series  ^T  — ; =-  is  converfirent. 

-^*  ^(a?+  1) 

If/(a?)  =  ^(a7  +  l);    then   ^^-^  =  ^J±f  =  2,  when  ^  =  oo. 
Consequently  the  series  is  convergent. 

Ex.  2.  Determine  the  character  as  to  convergence  or  diver- 
gence of  the  series  2*      ^^^    . 

Here  from  (25),  if /(a?)  =  j^-^a^ 

xf(x)       bx^+{a-\'b)x       .   .^ 

/(^)  X^  +  X  ' 

Consequently  the  series  is  convergent  if  i  is  greater  than  1,  and 
divergent  if  6  is  less  than  1. 

Ex.  8.     2"  liTTj Tftis  convergent  when  a  is  greater  than 

1,  and  is  divergent  when  a  is  less  than  1. 

Ex.4.     2r~r^  ^^^®^^^*' 

186.]  If  the  discriminating  quantity  determined  in  the  last 
article  =  1,  when  d?  =  oo ;  the  test  fails,  and  the  series  may  thus 
far  be  either  convergent  or  divergent.   In  this  case  let  us  compare 
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the  given  series  with  ^^  (^  Qog^)**}  "S  the  character  of  which 
is  determined  in  Ex.  8,  Art.  183,  and  which  is  therein  shewn  to 
be  convergent  or  divergent  according  as  m  is  greater  than  or  less 
than  1.     In  this  case 

*  =  •  n     \m  =  —  *  when  a?  =  00  ; 
—  ''      '  -^  ^  when  0?  =  00  ; 


(log  0?)** + m  (log  x) 
=  a  finite  quantity,  suppose,  when  a?  =  00 ;  so  that 

jt^     r(^)log.r      j^^^ 
(m+logj?)/(a?)       ' 

.'.    m  =  log^|^^p.-l|,whena?  =  oc.  (29) 

which  is  the  required  discriminating  quantity;  and  the  series 
2r  7r\  ^  convergent  or  divergent  according  as  this  quantity 

is  greater  than  or  less  than  1. 

Ex.  1.  Determine  the  character  as  to  convergence  and  diver- 
gence of  the  series  2*  (<»*— !)• 

In  this  case  the  discriminating  quantity 

=iog^5^^-i} 

®      U(ai-l)  ) 

=  0,  when  a?  =  00  : 
consequently  the  series  is  divergent. 

Ex.  2.      The  series  2"  —]f+T  ^  divergent. 

X  V 

187.]  If  however  the  discriminating  quantity  given  in  (29)  is 
equal  to  1,  the  test  fails,  and  the  series  may  thus  far  be  either 
convergent  or  divergent.  In  this  case  we  may  compare  the  series 
with  2*  {xlog  X  (Lo^  x)^}"^,  which  has  been  proved  to  be 
convergent  or  divergent  according  as  m  is  greater  than  or  less 
than  1 ;  and  comparing^r  7r\  ^^  ^^^  series,  and  making  it 
comparable  with  it,  we  find  as  in  the  last  two  articles, 

iii  =  log2a?|loga?(^^-l)-lf,whenar  =  oD.     (80) 

and  the  given  series  is  convergent  or  divergent  according  as  m  is 
greater  than  or  less  than  1. 
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If  the  value  of  m  given  in  (30)  =  1^  we  most  proceed  in  a 
similar  manner  to  another  of  the  series  given  in  Ex.  5^  Art  183 : 
and  so  on.  Hereby  we  obtain  the  following  series  of  discrimi- 
nating quantities,  viz. 

...  whenap  =  00 ;     (81) 
of  which  the  law  of  formation  is  evidently 

Q,  =  log--ia?{Q^,-l},  (32) 

where  q^=^^!^.  (33) 

188.]  Another  series  of  discriminating  quantities  has  been  de- 
rived by  Saabe  from  the  preceding;  and  in  certain  forms  of 
functions  these  are  applied  with  greater  facility. 

Take  (1)  to  be  the  form  of  the  series ;  then  since  tu  =  57-T ; 

and  thus^^rp^  may  be  replaced  by  — 1. 

Hence  Qj,  which  is  given  in  (83),  =r  j?  ]  r-^ 1  [ ;  (84) 

and  the  discriminating  quantities  given  in  (31)  and  (32)  become 
changed  accordingly. 

This  latter  form  of  the  discriminating  quantity  is  convenient, 
when  a  series  of  factorials  enters  into  the  general  term  of  the 
series,  as  the  following  examples  wiU  shew. 

Ex.  1.    Determine  the  character  as  to  convergence  and  diver- 

*  ^^       2.4.6...  2ar      2a?+l 

hence  the  series  is  convergent. 

XI     n      mr         •      ^cel.3.5...(2a?-l).    J. 

Ex.  2.    The  series    >i  — n  a  a      n '  ^^  divergent. 

Another  form  has  been  given  to  the  preceding  theorems  by 
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M.  Pancker  of  St.  Petersbourg^ :  but  as  they  are  exactly  equi- 
valent^  it  is  unnecessary  to  insert  them. 

189.^  All  the  preceding  investigations^  as  to  the  conyergence 
and  divergence  of  series,  may  be  summed  up  in  the  following 
practical  directions  to  the  student.  Examine  first  the  ratio  of 
u^^i  to  II,  when  ^  =  00;  according  as  that  ratio  is  greater  than 
or  less  than  1,  the  series  is  divergent  or  convergent.  If  that 
ratio  =  1,  then  examine  in  order  the  series  of  discriminating 
quantities  given  in  (31),  or  in  the  equivalent  forms  as  modified  by 
(84) ;  then  according  as  that  discriminating  quantity,  which  is 
the  first  not  to  be  equal  to  1  when  ^  =  00,  is  greater  or  less  than 
1,  so  will  the  series  be  convergent  or  divergent. 

I  cannot  conclude  this  section  without  acknowledging  my 
obligations  to  Mr.  De  Morgan,  M.  Duhamel,  and  H.  Baabe ;  but 
above  all  to  the  critical  Memoir  of  M.  J.  Bertrand  on  the  con- 
vergence of  series,  in  Vol.  VII,  of  Liouville's  Journal,  in  which 
he  compares  the  several  criteria  of  the  three  mentioned  writers, 
and  demonstrates  the  identity  of  them,  and  consequently  shews 
that  the  extent  of  applicability  is  the  same  in  all. 

I  would  also  refer  the  reader  to  two  Memoirs  on  the  Theory  of 
Series  by  Ossian  Bonnet.  The  former  on  Convergence  and  Di- 
vergence, given  in  Idouville,  Vol.  VIII,  p.  73 ;  the  latter  in  Mem. 
Cour.  de  TAcad.  Boy.  de  Belgique,  Tome  XXIII,  in  which  he 
treats  especially  of  Periodic  Series. 


Section  2. — The  Series  of  Taylor  and  Maclaurin. 

190.]  In  the  first  article  of  the  preceding  section,  it  has  been 
remarked  that  there  are  two  cases  in  which  an  exact  equality 
exists  between  a  function  and  the  series  into  which  it  is  developed; 
and  consequently  in  which  these  quantities  may  be  employed 
interchangeably  with  each  other.  These  cases  are  (1)  that  in 
which  the  series  is  convergent,  and  the  number  of  terms  is  infi- 
nite; (2)  that  in  which  the  remainder,  that  is  the  sum  of  all  the 
terms  after  the  nth,  can  be  determined,  and  added  to  the  preceding 
n  terms.  It  has  also  been  observed  that  a  series  may  be  conver- 
gent for  certain  values  of  its  variable  and  divergent  for  other 
values.  Now  in  the  proofs  of  the  theorems  of  Taylor  and  Mac- 
laurin,  which  are  given  in  Chapter  VI.  of  Vol.  I,  it  is  shewn  that 


*  See  Crdle't  Journal.    Vol.  XLII,  p.  138. 
PEICS,   VOL.  II.  Jt  k 
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the  functions  which  are  to  be  expanded  must  in  the  first  place  be 
such^  that  neither  they  nor  their  derived  functions  up  to  the 
(n~l)th  inclusively  must  be  infinite  within  certain  limits^  when 
the  development  is  effected  as  far  as  the  nth  term.  This  condition 
is  previous  to  any  test  which  determines  the  convergence  or 
divergence  of  the  series ;  this  latter  character  must  be  determined 
by  the  criteria  of  the  preceding  section. 
If  Taylor's  Theorem  is  given  in  the  form 

F(a+ft)  =  F(a)+F'(a)*  +...  +  P'-»(a)^^g*'"^'^_^^+...,(85) 

then  taking  the  discriminating  quantity  in  the  form  (34),  we  have 

and  consequently,  the  series  (35)  is  convergent  or  divergent, 
according  as  (36),  when  a?  =  oc,  is  greater  than  or  less  than  1. 
Again,  taking  Maclaurin's  series  in  the  form 

p(A)  =  F(0)+F'(0)J+...  +  F'-i(0)j-2^3*^^-^^+...,       (37) 

this  series  will  be  convergent  or  divergent  according  as 

is  greater  than  or  less  than  1. 

191.]  In  the  preceding  volume  the  remainders  of  Taylor's  and 
Maclaurin's  series  have  also  been  investigated;  but  the  forms 
are  indeterminate,  because  they  depend  on  $  which  is  an  unde- 
termined positive  proper  fraction.  But  the  remainders  can  be 
found  in  more  precise  forms  as  definite  integrals.  These  we 
proceed  to  determine ;  and  the  inquiry  is  also  otherwise  important, 
because  it  yields  new  proofs  of  these  theorems,  subject  however 
to  the  same  conditions,  as  to  continuity  and  finiteness  of  the  func- 
tion and  the  derived  itinctions,  as  those  which  are  required  in  the 
previous  proofs. 

Let  F'(a7+A— 2r)  be  a  function,  which  is  finite  and  continuous 
for  all  employed  values  of  its  subject- variable ;  let  it  be  the  ele- 
ment-function of  a  ^-integration,  and  let  h  and  0  be  the  limits  of 
z;  then 

^  F>  +  A-z)rfz  =[-F(^  +  A-2r)]  (39) 

=  F(a:'  +  A)-F(j?).  (40) 
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Let  UB  suppose  the  several  derived  fdnetions  of  7^(07+ A— z)^ 
up  to  the  nth  inclusive,  to  be  finite  and  continuous  for  all  em- 
ployed values  of  their  subject- variables;  then,  by  a  series  of 
successive  integrations  by  parts,  we  have 

/  V{X'\-h''Z)dz  =  lrF'(^+A— r)J    +  /  V\x-\'h'^z)zdz 

^fy^.^H^z)^^dz 

•^•jy\^^h^z)^^dz, 
and  so  on  for  n  integrations,  until 

jy{x^k-z)dz  =  p'(a^)*+F'V)^+F"'(x)j^+... 

and  replacing  the  left-hand  member  in  terms  of  its  equivalent 
from  (40),  we  have 

Y{x^h)  =  p(a?)  +  i/(a.)j+p"(a?)^+p'»j^  +  ... 

•••.-^'""<">i.2.3...(.-i)  +X ^"("+^-^>o-7:(;CT)'  ^^> 

which  is  Taylor's  Theorem ;  and  in  which  the  equivalence  of  the 

two  members  of  the  equation  is  perfect,  and  without  any  inde- 

terminateness.     The  remainder  is  given  by  the  definite  integral 

fh  z^^^dz  .         . 

/  F*(a?+A— ^):r-jr-5 q-j  if  this  can  be  determined  m  a 

Jo  l.Z.o ...  (n-^1) 

finite  form,  the  expansion  of  p(a?  +  A)  is  completely  exhibited; 

and  if  the  remainder  is  zero,  when  n  =  00,  it  must  be  neglected 

when  the  number  of  the  terms  of  the  series  is  infinite.     This  will 

of  course  always  be  the  case,  when  the  series  is  convergent.     In 

Vol.  I,  Art.  134,  (16),  the  remainder  of  Taylor's  series  is  expressed 

A* 

in  the  form --rt-Q P"(ar  +  M),  where  ^  is  a  positive  proper 


K  k  2 
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fraction.  The  eqniyalence  of  these  two  fonxiB  of  remainders  is 
easily  demonstrated.  For  hj  the  theorem  contained  in  (228), 
Art.  116,  we  have 

I  ''<"+^-^>  1.2.8  ...(n-l)  =  '"^"^'H  1.2.3  ...(t-l) 

=  ^"(-+^*>r2lbi'     ^^> 

where  6  denotes  a  positive  proper- fraction;  but  as  we  have  no 
means  generally  for  determining  its  value,  the  definite  integral  is 
the  more  exact  expression  of  the  remainder. 

192.^  Mackurin's  Theorem  for  the  development  of  a  function 
of  X  may  also  be  demonstrated  in  a  similar  manner;  and  its 
remainder  may  be  expressed  as  a  definite  integral. 

Let  i^{X'-z)  be  a  function  of  r  which  is  finite  and  continuous 
for  all  employed  values  of  its  subject-variables,  the  value  of  z 
ranging  from  0  to  a? ;  then 

/  V{X''Z)dz  =     — p(a7— z) 

=  F(a?)-p(0).  (44) 

And  suppose  also  that  all  the  derived  functions  of  p'(a^— z)  up  to 
the  nth  are  finite  and  continuous  for  all  employed  values  of  its 
subject- variables,  and  for  all  values  of  z  between  0  and  x ;  then 
by  integration  by  parts  we  have 

f'v{x--z)dz  =  [xrF'(a?-^)]'+/V(d?-z)|d:? 

=  f  ^'(0)+  [p"(.-z)^]%(%'"(.-.)^  ^ 

=  f«^(0)+^F"(0)  +  ... 

^••■"i  f*  z^^^dz 

•••+1.2.3...(»-l)^""<Q>+i  '^"<"-">1.2...(n-l)>  <«> 
and  replacing  the  left-hand  member  from  (44),  we  have 

Hx)  =  F(0)  +  P'(0)|+F"(0)^  +^"iO)^  +  ... 

•■•+'""'(")i.2.8"r(Li)+r'"^"-"^i/Xi)-  ^*^^ 

which  is  Maclaurin's  series ;  and  in  which  the  equivalence  of  the 
two  members  is  perfect,  and  without  any  indeterminateness. 
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x 


The  remainder  of  the  series  is  given  by  the  definite  integral 
,    p*(a?— j2r)-r-o 7 Tzi  and  if  this  definite  integral  can  be 

evaluated^  the  expansion  of  f(j7)  is  completely  exhibited ;  and  if 
it  s=  0^  when  n  =  00^  it  must  be  omitted  when  the  number  of 
terms  of  the  series  is  infinite.  This  is  the  case  when  the  series  is 
convergent. 

The  remainder  of  Maclaurin^s  series^  as  it  is  given  in  (18)^ 

«*• 

Art.  134,  Vol.  I.  is  p"  (Ox)  ttts >  and  this  is  equivalent  to 

1.3.3...  n  ^ 

the  preceding  definite  integral;  for  by  (228),  Art.  116, 
i  '^^-^>1.2.3...(n-l)  =  '^'H  1.2.3..  (n-1) 

where  0  denotes  a  positive  proper  fraction;  but  as  we  have 
generally  no  means  of  determining  it,  the  definite  integral  is  the 
more  exact  expression  of  the  remainder. 


Section  3. — 7%e  Development  of  Series  by  means  of 
Single  Definite  Integration* 

193.]  In  discussing  the  several  methods  which  have  been 
employed  for  the  approximate  determination  of  the  value  of  a 
definite  integral,  when  that  value  cannot  be  found  directly  and 
in  finite  terms,  we  shewed  how  in  many  cases  the  element-func- 
tion or  part  of  the  element-function  might  be  expanded  into  a 
converging  series ;  whereby  it  would  consist  of  a  series  of  terms, 
of  each  of  which  the  definite  integral  could  be  determined ;  and 
thus  the  value  of  the  whole  definite  integral  could  be,  at  least 
approximately,  found.  This  process  we  explained  and  illustrated 
in  Arts.  119-121 ;  and  have  applied  in  Art.  157  to  the  rectification 
of  an  ellipse  of  small  eccentricity. 

Also  in  exhibiting  the  uses  of  the  Qamma-function  and  of  its 
allied  integrals  in  Arts.  143-145  we  were  incidentally  led  to  the 
sum  of  certain  series  of  a  complex  character  under  the  form  of 
definite  integrals. 

Now  the  correctness  of  these  processes  is  based  on  the  following 
theorem.  If  an  element-iunction  can  be  expressed  in  a  convergent 
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series^  so  that  the  series  is  equivalent  to  the  element-function  and 
can  be  used  instead  of  it^  then  the  definite  integral  of  the  element 
is  equal  to  that  of  the  series ;  the  limits  being  the  same  in  both 
cases^  and  neither  the  element-function  nor  any  term  of  the 
series  being  infinite  or  discontinuous  for  any  value  of  the  variable 
within  the  range  of  integration.  Consequently,  if  the  definite 
integral  of  all  the  terms  of  the  series  can  be  founds  the  sum  of 
them  is  the  value  of  the  original  definite  integral. 

In  the  preceding  cases  this  method  has  been  employed  for  the 
purpose  of  approximating  to  the  value  of  a  definite  integral^  when 
that  value  cannot  otherwise  be  found.  Here  however  we  propose 
to  apply  the  method  to  integrals,  the  values  of  which  can  other- 
wise be  determined;  so  that  the  definite  integral  wiU  be  ex- 
pressed as  a  series ;  and  thus  either  the  definite  integral  may  be 
considered  ais  the  sum  of  a  series,  or  the  series  may  be  considered 
as  the  expansion  of  the  definite  integral.  Consequently  the 
process  is  that  of  summation  or  of  expansion  according  to  the 
point  of  view  whence  it  is  considered. 

194.]  The  following  are  examples  of  the  process : 
Ex.  1.  Since  the  following  series  found  by  the  binomial  theorem 
is  convergent  for  all  values  of  x  greater  than  —  1, 

-^=  l-a?+^-a?3+...;  (48) 

log(l-fa?)  =  a?--2  +y-^  +  ....  (49) 

Ex.  2.    By  the  binomial  theorem, 

.r-^  =  l-a?»+«*-^+  ... ;  (50) 

tan-la?  =  a?-.y  +  y-y+...;  (51) 

which  series  is  convergent  for  all  values  oix  less  than  1,  and  is 
useful  for  the  calculation  of  v.    Also  if  a?  =s  1, 
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In  the  case  where  x  is  gpreater  than  I^  that  \a,  when  tan"^^ 
is  intermediate  to  -j  and  ■^,  the  following  series  is  more  con- 
Tergent;  since 


l+«» 


f    X     1       11       1       1   . 

which  series  is  however  the  same  as  (51),  when  w  is  replaced 
by-. 

Ex.  8.    Again,  since 

1  ,      1    ,      1-3  _*      1-8.5  . 


(!-»*)♦  ~  2  2.4       ^  2.4.6 

X  (!-;»»)*      ^     (^+2"^^  2.4^^2.4.6'^^-)"*' 
1  ;rs       1.8  ar*       1.3.5  a?'  ,__, 

«°-^*  =  *+2  3-  +  2:4T  +  2A6T+--      <^^> 
Hence,  if  ar  =  1, 

w        ,      1  1       1.8  1      1.8.5  1  .--v 

2   =l  +  28+2i;5  +  2A67+--  ^^^^ 

This  series  however  converges  too  slowly  to  be  of  use  for  the 
calculation  of  w.  It  is  to  he  observed  too  that  although  we  have 
taken  the  superior  limit  to  be  1^  which  makes  the  element- 
fonction  infinite^  yet  the  series  is  correct ;  because  the  value  of 
the  element-function  corresponding  to  the  superior  limit  is  not 
included  in  the  definite  integral. 

Again^  in  (55),  let  ar  =  ^ ;  then 

w  _  1      1  _1_      l^S  _1_      1^  _1_  .g_ 

6  ~  2  "*"  2  8(2)»  ■*"  2.4  6(2)»  "''  2.4.6  7(2)'  '''••■•     ^    ' 
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Also,  since  sin~^d?+cos'^a?  =  -,  therefore 


008" 

-^x 

It 

~2" 

-sin" 

-i« 

IT 

=  2" 

-*— 

1  jH> 

1.8 
"2.4 

5 

(68) 


And  if  in  this  equation  w  is  replaced  by  - , 


.  will  1.8  1  ^RQ^ 

2      0?      2  8a?*       2.4  5ar* 

195.]  The  preceding  examples  are  sufficient  to  illustrate  the 
process  which  is  the  subject  of  the  present  section.  The  equi- 
valences given  in  them  may  again  be  the  subjects  of  definite  in- 
tegration, and  thereby  \vill  other  series  be  found,  and  their  sums 
will  be  found ;  these  latter  however  will  be  in  the  form  of  definite 
integrals ;  and  consequently  the  sums  of  the  series  will  be  ex- 
pressed as  determinate  quantities  only  when  these  integrals  can 
be  evaluated.     The  following  are  examples  of  this  process. 

Ex.  1.  Let  the  two  members  of  (55)  be  the  element-functions 
of  a  definite  integral  whose  limits  are  x  and  0;  so  that 

Z'™-..^  =/•{.+ l^+g^+ 1^.   (60, 

[•ye       r^        1    x^         1  8    a:*®  1' 

^sin-^*+  (1  -a^)*J^=  L_  +  -  _  +  ^  _  +  ...j^ 

.sin-.+  (l-^)*-l=|?  +  ||l+lJ^  +  ....(61) 
Hence,  if  a?  =  1, 

w       ,      1      1     1        1.8     1  ,^«, 

2  =  i+2  +  28i;+2:45:6+    ■  <®^> 

Similarly,  if  a?  =  5, 

IT        ,      8»      151      1    1     1       1.3    1     1  I       ,-ox 

i2=l-y+ii2  +  283;2^  +  2l^5:65r'*--}'    ^^^ 

which  is  a  series  sufficiently  converging  for  the  calculation  of  v. 
The  terms  which  are  contained  in  (68)  give  the  true  value  to 
four  places  of  decimals. 

Ex.  2.     Let  both  members  of  (55)  be  multiplied  by  x,  and 
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then  made  the  sabjects  of  definite  int^ratioii  with  the  limits 
«  and  0,  we  have 

/"'._,.         /*'$_,    1«*       1-8  «?      1.8.6  a«  )^ 

?^dn-*+|(l-^)* 

8  ^  2  8.5  +  8.4  5.7  ^  2.4.6  7.9  +•  ••^'»*> 

Ex.  8.    Again,  let  both  members  of  (55)  be  multiplied  by 

dx 

i  and  let  the  definite  integral  be  taken  of  both  members 


for  the  limits  1  and  0 ;  then 

y.""  *(T:^=i.  r+2T+2i;T+-  Jo^:^* 

And  applying  to  each  term  of  the  right-hand  member  the  theorem 
contained  in  (14)^  Art.  82,  we  have 

[^(sin-,).];=  [-(1-^)*  1^  +  ^  +  ^  +  ^  +  ...  ]]]; 

Ex.  4.     K  in  (49)  x  is  replaced  by  —a?, 

-log(l-«)  ^a?+^  +  _  +  _+...; 

logd-ar)  _  .,   .  g  .  ajg   .  j?»  . 
.. ^ _!  +  _  +  _.  +  _+..., 

pioga-^         r^u.  ^  a.  ** J.  **  J.    T 

=  li  +  ^+8F  +  :p+-J         (^) 

and  thus  the  sum  of  the  series  in  the  right-hand  member  is  ez- 
piessed  as  the  definite  integral  given  in  the  left-hand  member. 

—2 

But  the  sum  of  the  series  in  the  right-hand  member  =  -^,  by 
(189),  Art.  89,  Vol.  I J  consequently 

_^  log(^^  ^  -jfW(l-*)<^.log«  =  ^.     (67) 

Ex.5.     ri?5:^rf,=  l_l  +  l_l+      .         (68) 
Jo        ae      ■*  -  l«      8*  ^  5»      7«+-'         ^    ' 

rSICB,  TOL.  n.  L  1 
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Ex.  6.     Since  /tan~^a? dp  =  a?tan"^d?— log(l+^*. 


Section  4. — On  Periodic  Series,  and  on  Fourier^s  Integral. 

'  196.3  ^^  series^  which^  as  the  equivalents  of  certain  functions^ 
have  been  made  the  subjects  of  definite  integration  in  the  pre- 
ceding section^  have  been  derived  from  these  fimctions  primarily 
by  the  binomial  theorem ;  and  thus  are  perhaps  the  most  simple 
of  their  kind.  Series  however  formed  by  other  processes  of  de- 
velopment may  be  the  subjects  of  integration ;  and  we  intend  in 
this  section  to  consider  one  of  the  most  important  of  these ;  viz., 
periodic  series.  The  subject  is  important;  for  it  exhibits  new 
and  extraordinary  results  which  are  given  by  no  other  process; 
and  in  the  application  of  mathematical  analysis  to  physical 
problems  affords  the  solution  of  many  intricate  and  curious  ques- 
tions, and  gives  expression  to  certain  very  peculiar  laws.  An 
instance  of  these  has  been  adduced  in  Art.  15,  Vol.  I.  in  illustra- 
tion of  discontinuous  Amotions ;  for  the  sum  of  the  series  therein 
quoted  vanishes  for  all  values  of  the  subject- variable  a,  except  when 
some  multiple  of  is  is  substituted  for  a,  when  the  sum  takes 
an  indeterminate  form ;  thus  the  sum  of  the  series  varies  dis- 
continuously,  although  each  term  varies  continuously.  In  this 
section  these  and  similar  properties  of  periodic  functions  and 
series  will  be  investigated  and  traced  to  their  origin. 

A  periodic  series  is  that  whose  terms  contain  sines,  or  cosines, 
of  the  subject- variable,  and  of  multiples  of  that  variable.     Thus 
Aj  cosa?H- Ag  cos  2a?-f . . .  +  A^cosiM?-!- . . . 

is  a  periodic  series.  Whatever  the  sum  of  it  may  be,  that  sum 
goes  through  a  succession  of  values  as  x  increases  from  0  to  2v ; 
because  every  term  of  the  series  has  at  the  end  of  that  period  the 
same  value  which  it  had  at  the  beginning;  and  this  succession 
is  repeated  as  a:  increases  from  Sir  to  47r ;  from  4ir  to  6ir ;  and  so 
on ;  so  that  whatever  »  is,  2ir  is  the  period  of  the  function. 

Now  the  primary  problem  is  to  determine  the  conditions  for 
which  a  given  function,  say/(^),  is  capable  of  expression  in  the 
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form  of  a  periodie  seriesj  and  to  express  it  in  that  form.  Thus^  if 

f{x)  =  A^-f  Ai008a?+A^COs2j?H-...4-A,COSfia?+... 

+  Bisind?H-B,sin2a?+...H-B^sinfij?-|-...,  (70) 

the  problem  is  the  detenninatipn  of  the  unknown  constants^  the 
a's  and  the  b's. 

It  will  be  observed  that  in  the  right-hand  member  of  the  equi- 
valence a  non-periodic  term  a^  is  introduced;  the  most  general 
form  has  hereby  been  given  to  the  assumed  equivalent  of /(a?) ; 
so  that  i£f(x)  is  capable  of  expansion  in  periodic  terms  only, 
Aq  =  0  j  the  result  will  shew  whether  this  is  the  case  or  not. 

To  determine  a^,  let  both  members  of  (70)  be  the  element- 
fdnctions  of  a  defoodte  integral  whose  limits  are  a+27r  and  a, 
when  a  is  undetermined;  then  since 

sinia^d^sO,  /    oo&ixda:  =z  0; 

/(o?)  da:  =  A^  /    dx 

=  2wAo; 

.-.    A^  =  ±.J^  f{x)dx.  (71) 

Thus  A^  =  0,  or  the  series  equivalent  tof(x)  consists  of  periodic 

r«+a» 
terms  only,  when  /    f{x)dx  =  0. 
•/« 

Again,  let  both  the  members  of  (70)  be  multiplied  firstly  by 

coBtxdXy  and  secondly  by  miixdx%   and  in  each  case  let  the 

definite  int^^rals  of  both  members  be  taken  for  the  same  limits 

as  before ;  then  since 

/«+a»  Ta+air         ^  Ta+aw 

oosixeoBJxdxzs  I  cosixmijxdx  ^  j  sm%xmijxdx:=iO;{7%) 

(cosix^dx  z=  V,        J    (sixLix)^dx  :=  Ts;  (78) 

f(x)coBixdx  =  wA<,         /    fix)6iaixdx  =  ttb^;    (74) 
A<  =  -  /    f(x)(i08ixdxj         B|  =  -  /  f{x)Bmixdx;  (75) 

and  consequently,  if  in  these  formulsB  i  is  successively  replaced 
by  1, 2, 8, ...  », ... ,  the  a's  and  the  b^s  will  be  determined.  Let 
these  be  substituted  in  (70) ;  and,  to  give  greater  distinctness  to 

l1  2 
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the  expresflioiij  let  Xj  the  Bubject-variable  under  the  symbol  of 
integration  be  replaced  by  z\  then 

1     r*+2' 

+ /    /(2r)co8J2rife+ /    /(2r)coB2rdt+ ... 

+  ^f'yi,)^,dz+^niz)m.2zdz+...  (76) 

-I-  -  H  f(z)coB(x-z)dz'^J  /(2r)co82(a:-r)ib+ ...  >  (77) 

=  a^JL  •^^^>*^+  i2~-r(  /(^)co9n{^-r)rfr;       (78) 

where  the  Efymbol  ^!!«r  denotes  the  sum  of  all  the  definite  in- 
tegrals in  the  quantity  following  it^  which  are  obtained  by  re- 
placing n  successively  by  1^  2^  8> . . .  oo.  Thus  the  form  and  the 
value  of  the  coefficients  in  the  equivalent  for /(a?)  which  is  given 
in  (70)  are  determined. 

In  the  preceding  process  it  has  been  assumed  that  f(x)  is 
capable  of  development  in  the  given  form ;  the  complete  solution 
however  of  the  problem  requires  that  the  conditions  requisite  for 
the  possibility  of  this  development  should  be  ascertained.  It  is 
also  assumed  that  the  right-hand  member  of  (70)  is  equivalent 
to  f(x) ;  but  when  this  is  the  case,  the  series  must  be  convergent ; 
and  accordingly  it  is  necessary  to  shew  that  the  series  is  con- 
vergent in  form,  and  to  assign  the  limits  of  value  of  the  several 
terms  within  which  it  is  convergent.  Now  the  theory  of  con- 
vergence and  the  tests  of  convergence,  which  have  been  investi- 
gated in  the  first  section  of  the  present  Chapter,  are  sufficient 
for  the  purpose ;  and  if  they  are  applied  it  will  be  at  once  seen 
that  the  required  characteristics  are  satisfied,  and  that  conse- 
quently an  equivalence  is  established  between  the  two  members 
of  (78). 

197.]  We  need  not  however  pursue  the  subject  in  this  direc- 
tion; for  another  course  of  investigation,  leading  to  a  more 
general  result,  is  open  to  us ;  and  I  shall  assume  the  preceding 
series  to  be  only  a  suggestion  of  the  form  of  the  required  de- 
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vdopment;  and  acting  on  this  presumption^  investigate  the 
seHes  by  an  exact  and  precise  process. 

Now  whatever  is  the  angle  denoted  by  0^  we  have  the  follow- 
ing equivalence,  /        i\ 

-+oos^+cos2^+...  +  cosnd  sr  .  (79) 

28mg 

Let  0  he  replaced  hj  x—z;  and  this  being  done,  let  eveiy  term 
be  multiplied  hjf(z)dz}  and  let  the  definite  integral  of  each 
term  thus  found  be  taken  for  the  limits  b  and  a,  f{z)  being 
finite  and  continuous  throughout  this  range  of  int^ration ;  then 

^Jfiz)dz+Jf(z)ooBix-z)dz+J/(z)eoB2(x-z)dz  +  ... 

n  n        sai.{n  +  -^{x-z) 

+    /(z)coBn(x-z)dz  =    f(z) i— dz.m 

•'•  •'•  28in^ 

It  is  evident  that  every  term  in  the  left-hand  member  is  un- 
altered when  a?  is  increased  by  2w.  Consequently  both  members 
denote  periodic  functions  of  a?,  whose  period  is  2ir,  whatever  is  the 
value  of  n ;  and  if  we  trace  the  value  of  either  member  of  (80) 
through  this  range,  that  value  will  be  repeated  when  b  and  a  are 
replaced  by  b+Zkrr  and  a+2kir  respectively;  we  may  therefore 
without  loss  of  generality  confine  our  attention  within  limits  of 
int^ration,  such  that  6— a  is  not  greater  than  2  v. 

When  n  =  00,  the  number  of  terms  in  the  first  member  of  (80) 
is  infinite,  and  the  sum  of  them  is  denoted  by  the  value  which 
the  second  member  takes  when  n  =  oo.  As  this  is  the  case  of 
the  series  which  we  have  to  investigate,  this  latter  value  must  be 
determined. 

Its  value  evidently  depends  on  the  relative  values  of  a?  and  the 
several  values  of  i,  and  we  shall  have  three  cases ;  (1),  when  x 
M\a  within  the  range  of  int^;ration ;  (2),  when  d?  coincides  with 
either  limit  of  the  integration;  (3),  when  x  falls  beyond  the  range. 

(1).  Let  a?  fall  within  the  range  of  integration;  that  is,  let  x 
be  greater  than  a  and  less  than  b;  then,  when  z  ^  x,  the  right- 
hand  member  of  (80)  takes  an  indeterminate  form,  and  must  be 
evaluated.    Now  the  element-function  vanishes  for  all  other  values 

of  z;  for  since  fn-l-  h)(^— ^)  varies  by  2ir,  when  z  varies  by 
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4ir 


2»H-1 


,  which  =  0,  when  n  =  00 ;  it  is  evident  that  over  that 
range  of  z,  which  is  infinitesimal^    r  ^  may  be  considered 

constant,  andy  sin(»H-  ^{x--z)dz  =  0. 

Hence  the  right-hand  member  of  (80)  =  0,  except  when  z  =  x. 
Toiietermine  the  value  when  z  =  x,we  may  consider  it  only  for 
values  of  z  infinitesimally  near  to  ^;  that  is,  if  t  is  an  infinitesi- 
mal, we  may  take  the  limits  of  the  jgr-int^gration  to  be  x^i  and 
a?+«;  and  if  we  replace  z—w  by  f ,  f  is  the  variable  of  integra- 
tion, and  is  always  infinitesimal,  its  limits  of  integration  being 
— t  and  +f ;  so  that 

sin(n-fH)(ar--2r)              -^^     8in(n+s)(«-«) 
/  -^(^^ T^ ^^  =7  •^(^^ T^ *^  <^1> 

and  as  f  is  always  infinitesiinal  /(x+i)  may  be  replaced  by 
/(«)+f/"(*)>«nd  sin  I  by  I  j  so  that 


-J        sin(«  +  H)(af-ar) 
/  /(z) 1_ dz 


./a  .     X^Z 

em    ^ 


.,sin(n+^)^ 
=  2f(x)J^^ ^ji_rff+2/'(^)j  ^sin(n+  i)f «. 

Of  the  integrals  in  the  right-hand  member  of  this  equation,  the 
latter  vanishes,  because  for  all  values  of  f ,  sin  («  +  ^ )  f = 0,  when 

n  =  00.  And  to  determine  the  value  of  the  former,  we  may  en- 
laige  the  range  to  —00  and  +00 ,  because  all  the  elements  of 
that  definite  integral  vanish  when  n  ==  00,  except  those  corre- 
sponding to  small  values  of  f  .     Hence 
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L  — r-  ^^  =/_.  — ^ —  '^  ^»^> 

=  it;    by  (77),  Alt.  94;  (88) 

•••    J-^^'') r^ dz  =  %-nf{x)i  (84) 

and  substituting  in  (80)^ 

**        1  r* 

+  -  /  /(2r)cos2(a?— 2r)(fe+... 

=  -^ £fiz)dz^  I  2n=r//(^)^o««(^-^)^^ ;  (85) 

which  gives  the  periodic  series  into  which  /(a?)  may  be  developed^ 
when  X  fidls  within  the  limits  of  the  z-integration. 

As  the  general  term  of  this  series  is  -  /  f(z)  cosn  {x^z)dzj 
and  this  is  equal  to 


COSIUP 


/                             sin  91^  i  ^ 
f{z)  COS  nzdz  H /  f(z)  sin  nzdz, 

itisof  thefonnA^cosfUP+B^sinno?;  and  consequently  by  means 
of  (85) /(a?)  is  developed  into  a  series  of  the  form  given  in  (70), 
Art.  196.  This  series  is  however  more  general,  because  the  limits 
of  int^;ntion  in  it  are  6  and  a,  whereas  those  in  (70)  Art.  196  are 
a+2«  and  a. 

(2).  Let  X  =  one  of  the  limits  of  the  xr-integration  j  =  b,  bb,j, 
the  superior  limit ;  then  the  limits  of  integration  in  the  right- 
hand  member  of  (81)  must  be  b  and  6— i,  otherwise  values  of  z 
would  be  included  which  are  not  within  the  range  of  integration ; 
and  consequently  the  limits  of  f  in  the  ^-integration  are  0  and 
— f ;  and  the  value  of  the  definite  intend  in  the  right-hand 

member  of  (82)  is  ^ ,  the  limits  being  0  and  —  oo ;  and  the  series 

•  IT  •      •  • 

18  consequently  equal  to  h/(^)«     Similarly  if  ^  =  a,  the  inferior 

limit,  the  limits  in  the  right-hand  member  of  (81)  are  a+t  and 
a ;  so  that  the  limits  of  f  in  the  ^-integration  are  i  and  0;  and 
the  value  of  the  definite  integral  in  the  right-hand  member  of 
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(82)  is  ^^  the  limits  being  00  and  0;  and  the  series  is  consequently 

equal  to  o /(a)*     Hence  if  ^  is  equal  to  the  limit  b  or  a,  we  have 
respectively 

|/(J)  =  Ifrndz-^^Z":  fj{z)oosn(b^z)dz;      (86) 

|/(a)  =  lJ^f{z)dz+^lZ^fj(z)cosnia^z)dz.       (87) 

(8).  Let  Of  fall  beyond  the  range  of  integration ;  that  is^  let  a? 
be  less  than  a,  or  be  greater  than  b ;  then^  as  we  have  shewn  in 
case  (1)^  the  element-ftmction  vanishes  for  all  values  of  z,  and  the 
right-hand  member  of  (80)  always  =  0.    Thus 

lJj(z)dz-^^lZ^f/iz)co8nix^z)dz  =  0.  (88) 

Thus  in  recapitulation,  b—a  being  not  g^reater  than  Zv, 

\£mdz+^Vx  jj(.z)coBfi{x-z)dz  (89) 

represents  a  fimction  of  x  whioh  is  periodic,  and  of  whicli  the 
period  is  i-n ;  and  which 


=  |/(o),     =T/(a?),     =g/(i),     =0, 


(90) 


according  as 

X  :=  a,       a<x<by       X  =i  b,        b<x<2ir-^a;^ 

and  these  are  the  values  of  (89)  through  a  complete  period^  and 
are  repeated  in  both  directions.  This  theorem  contains  the  doc- 
trine of  periodic  series  in  its  most  general  form. 

198.]  The  preceding  results  may  be  geometrically  interpreted, 
and  the  interpretation  is  interesting  and  curious,  inasmuch  as  it 
exhibits  the  discontinuity  of  the  function  in  a  striking  manner. 
Take  the  right-hand  member  of  (85)  to  be  the  ordinate  of  a 
plane  curve,  whose  abscissa  is  d? ;  so  that  if  the  left-hand  member 
is  denoted  by  y,  y  =/(a?)  is  the  equation  to  the  curve.  Then 
for  all  values  of  w  between  b  and  a  exclusively,  the  locus  is  repre- 
sented by  the  curve  y  =/(a?) ;  when  w=^a,y  :=•  a"  *  *^^  when 
X  =  b,y  ^  "^-^ ;  BO  that  the  locus  then  becomes  two  points  which 
are  evidently  discontinuous  points.    Also  for  values  of  x  greater 
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than  bj  and  for  values  less  than  a,y  =^0,  so  that  the  locus  becomes 
the  ^-axis.     This  last  part  of  the  locus  however  is  subject  to  a 

certain  restriction ;  for  since  sin  — ^ —  =  0,  not  only  when  z  =  x, 

At 

butalsowhenjzr  =  d7-|-27r,  =a7-f4ir,  =  ...  =  a? +  2 Air;  therefore 
the  right-hand  member  of  (85)  =/(^),  not  only  when  x  has 
values  between  h  and  a,  but  also  when  x  has  values  between  i  +  27r 
and  a-f2ir,  between  4+4^  and  a-f4ir, ...;  accordingly  the 
curve,  which  is  the  locus  between  x  z=.h  and  ^  =  a,  is  repeated 
at  intervals,  such  that  the  distance  between  two  similar  points 

ss2ir.  Alsoasy  =  '^-^,  whena?  =  a,soy='^- whena7=ra+27r, 

=  a  +  4ir,  =  ...;  and  y  ==  -   -  when.r=i,  =6  +  27r,  =  i  +  4ir, 

=  . . . ;  and  consequently  we  have  a  repetition  of  the  points  of 
discontinuity.  Also  the  portions  of  the  d?-axis  which  the  series 
expresses  are  of  a  finite  length,  and  these  finite  portions  are 
repeats :  for  as  y  =  0  for  values  of  x  greater  than  i,  so  this 
zero- value  continues  until  a?=aH-2w,  when  y  abruptly  takes  the 

value    -^  ;  and  then  as  x  increases,  y  =/(a?);  and  this  locus 

continues  until  a?=A-|-2ir,  when  y  abruptly  takes  the  value  •^-—-^  \ 

and  again  as  x  increases,  y  =  0 ;  and  this  zero-value  continues 
until  0?  =  a  4- 4 IT,  when  another  point  of  discontinuity  occurs. 
And  so  on  to  infinity,  in  both  the  positive  and  negative  directions. 
Thus  2-^—  (i— a)  is  the  length  of  each  portion  of  the  .r-axis  which 
the  series  represents,  and  these  are  repeated  at  intervals,  each  of 
which  =  i— a. 

If  i— a  =  2^,  so  that  the  limits  of  the  ^^-integration  are  a  and 
a+27r,  then  these  portions  of  the  «r-axis  disappear,  and  the  locus 
consists  of  discontinuous  branches  of  the  curve  y  =/(a?)  ;  and  at 
those  values  of  x  at  which  the  discontinuity  takes  place, 

y  =  |{/(«)+/('f+«)}-  (91) 


199.3  This  last  remark  leads  to  a  very  important  result.  It 
shews  that/(^)  need  not  be  a  continuous  function,  and  that  it 
may  have  points  of  discontinuity  between  the  limits  of  the  i^-in- 
tegration.  When  however  this  is  the  case,  the  integrals  must  be 
taken  separately  over  the  ranges  through  which  the  continuity  of 
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the  fiinctioDS  extends ;  and  the  values  at  the  limits  most  be  given 
by  means  of  (86)  and  (87).  Thns^  if /(^)  becomes  discontinnons 
when  0?  =  a,  and  the  value  of /(a?)  changes  abruptly  from  a^  to  A^j 

then,  when  x  s=:  a,y  =    ^  ^^  ^ ;  similarly,  if  there  is  a  point  of 

discontinuity  when  x^^,  and  the  value  oifiaf)  changes  abruptly 

B  -+-B 

from  Bj  to  Bj,  then  at  that  point  y  =    ^  ^    ';  and  so  on. 

200.]  We  now  return  to  the  general  theorems  contained  in 
(90),  and  consider  certain  forms  which  they  assume  for  particular 
values  of  the  limits,  for  particular  forms  of  the  variables,  and  in 
some  special  cases. 

As  the  period  of  the  function  is  2v,  if  the  difference  between 
the  limits  of  the  2r-integration  is  2ir,  the  values  of  the  functions 
for  the  variables  contained  between  these  limits  recur  without 
intervals ;  and  if  we  take  either  0  and  2?r,  or  — ir  and  ir,  to  be 
limits  of  integration,  there  is  no  loss  of  generality.  In  these 
cases  we  have  the  following  theorems. 

^f'yiz)dz+  ^lZ^J''f(z)oosn(x^z)dz 

=  ^/(0),       =^/(a?),        =^/(2ir),    when 
a?  s=  0,        0  <  X  <  2w,      X  =  2ir. 

\fj{z)dz^  ^lllfj{z)ooBn{x^z)dz 

X  =  —IT,       — 'jr<a?<7r,  4?  =  w. 

If  the  limits  of  the  ^-integration  are  ir  and  0 ;  then 

=  0,        =  ^/(O)     =  w/(ar),     =  ^/(u),     when 
—it<x<0,  ar  =  0,      0<«<w,      «  =  w; 

and  these  assign  the  values  of  the  integrals  through  a  complete 
period. 

Now  if  in  (94)  x  is  replaced  hj  —x;  then 


(92) 


(98) 


V  (94) 
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lf'Az)dz-h  ^ll'l pf{z)co^n{x  ^z)dz 


=  2^{'^)y  when 


267 


>  (95) 


>(96) 


(97) 


=  V(-^).     =2/(0)>     =0> 
— w<d?<0,       ^  =  0,      0<d?<7r,       J?=ir. 

As  the  limits  of  integration  are  the  same  in  (94)  and  (95)^  we 
may  add  these  equations^  and  we  have 

pfiz)  ^-2^  +  2  2;;^ •  cos  nxjf  {z)  cos  nzdz 

=  ir/(-^),    =irf(0),     =v/(^),     =:ir/(7r),when 
— ir<a?<0,         a?  =  0,      0<^<ir,      a?=:w; 

thus  the  definite  integral  in  the  left-hand  member  of  (96)  is 
eqnal  to  Trf(x)  for  all  values  contained  between  0  and  v  in- 
clusively; and  to  ir/(— J?)  for  all  values  between  —  tt  and  0  in- 
clusively. 

Again,  subtracting  (95)  from  (94), 

2  ^n^r^^^**^/  f(z)^nzdz 
Jo 

=  -w/(-J?),     =  0,         -TFfW,     =  0,  when 
— 'ff<a?<0,     a?  =  0,   0<a?<7r,      a?  =  ir; 

80  that  the  definite  integral  in  the  left-hand  member  of  (97) 
s=  ^Ttfi^x)  for  values  of  x  between  —  ir  and  0  exclusively,  =  0 
at  the  limits  of  the  ^-integration,  and  =  Ttf(x)  for  values  of  x 
between  0  and  tt  exclusively. 

If/(j?)  is  such  a  function  of  x  that /(—a?)  =z/(x);  then  the 
function  has  the  same  sign  for  positive  and  negative  values  of  x, 
and  it  will  consist  of  the  series  of  cosines  given  in  (96).  And  if 
f(x)  is  such  a  ftmction  of  x  that /(—a?)  =  —/(a?),  then /(a?) 
will  have  opposite  signs  for  positive  and  negative  values  of  a?,  and 
will  consist  of  the  series  of  sines  g^ven  in  (97). 

201.]  Another  form,  which  is  firequently  required,  may  be 
given  to  these  theorems  by  means  of  a  change  of  form  of  the 
variables  x  and  z. 

Let  X  and  z  be  respectively  replaced  by  —  and  — ,  so  that  the 

c  c 

period  of  the  function  becomes  2  c  instead  of  2  tt.   Also  let  the  ftinc- 

(irx  \  fit  2\ 

—  j  and/  ^ — jbe  replaced  respectively  hyf{x)  and/(z). 

Then  (92)  takes  the  following  form, 

M  m  2 
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=  2^^^^^'    ^^^^ 


=  |/(0),     =cf{x), 
X  —  0,        0<x<2c,         X  =  %c. 
From  (93),  we  have 

Hit{x—z) 

f       7  f  9^1  #7.7 -1-       ^^  f      Ti^innH' 


(98) 


i/^'^^+sr^jc-)-?^^^^ 


=  2/<-«)'    ='^A^)> 


=  g/C*?)*  ^ten 


X  =s  C. 


(99) 


►  (100) 


>  (101) 


X  =—c,     —c<x<c, 
From  (96),  we  have 

/  /(z)  rfz  +  2  2Lr  COS  — -  /  /(^)  COS  -—  dz 
=  c/(-^),    =  c/(0),    =  c/(^),  =c/(c),  when 

—  C<^<0,  0?   =  0,        0<^<C,        X  =:   C, 

And  from  (97),  we  have 

^  2n=i  «^-l-/,  /(r)sm-—  dz 
t=  —cfi'-x),     =0,  =  c/(a7),      =  0,  when 

—  c<j?<0,  X  =  0,      0<x<c,       X  =  c. 

The  remarks  made  in  the  preceding  article  as  to  the  yalnes  at 
the  limits,  and  as  to  the  forms  of  functions,  are,  mutatis  mutan- 
dis, also  applicahle  to  the  present  forms  of  functions. 

202.]  The  following  are  examples  of  these  several  theorems. 

Ex.  1.  Let/(a?)=a?;  then  applying  the  general  theorem  in  (90), 

-J  zdz-k-  2n=iJ  zcosn{X''Z)dz  =  — ^— 

'^nrroo  <Asin«(A— a?)— asmn(fl— a?)     cosn(A— 5?)— cosfi(a— a?)) 

=  --- ,  =  Tix,   =  — ,  =0,  according  as  .r=a,  a<x<b,  xzsb, 

6<a'<2ir+a.     And  these  values  give  the  value  of  the  fimction 
through  a  complete  period. 

If  the  limils  of  the  2r-integ^ation  are  2ir  and  0,  then  by  (92), 

IP',     .  ^n=«  P'        ,         V  .        _2     o    ^n=oosinna? 
2]    ^dz  +^^^^l^zcoBnix^z)dz  =  i^^27T2,n^i  — ;j— 
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=  0,  =  Tsx,  =r  »*,  according  as  a?  =  0^  0< a?< 2ir,  x  =  2ir.  Con- 
sequently, for  all  values  of  a?  between  2  it  and  0  exclusively, 

„{sina?       sin  2^      sin  3^  )  /mov 

X  =  '-2J--J-  +  — ^— +  — g— -f  ...J;       (102) 

and  thus  x  is  expressed  in  a  series  of  sines  of  multiples  of  x. 
The  geometrical  interpretation  of  this  result  deserves  notice.  If 
the  right-hand  member  of  (102),  which  is  a  function  of  x,  re- 
presents the  ordinate  of  a  locus,  say,  y,  the  equation  to  that  locus 
\ay  =z  X.  That  is,  the  locus  is  a  straight  line  passing  through 
the  origin  and  making  an  angle  of  45""  with  the  ^-axis.  That 
line  however  is  limited  by  a?  =  0  and  a?  =  2ir,  and  (102)  expresses 
no  part  of  that  line  beyond  these  limits.  If  ^  =  27r,  y  =  w; 
and  as  the  point  expressed  by  these  equations  is  not  on  the  line, 
it  is  a  point  of  discontinuity.  As  this  geometrical  interpretation 
of  (102)  recurs  at  every  interval  of  27r,  so  the  equation  represents 
a  series  of  broken  lines  and  of  points  of  discontinuity  exactly 
similar  to  those  described  above. . 

If  in  (102)  X  is  replaced  by  w— a?,  then  for  all  values  of  x 
between  —  ir  and  tt  exclusively, 

„  (  sina?       sin2a?      sin3a?  )  /inox 

*=Mn — 2-+-8---r      ^^^^ 

This  series  may  also  be  deduced  from  (93). 

Again,  applying  (96)  we  have  the  following  result. 


/  zdZ'^2^lJ^  cosnx     zcoBnzdz 


'^         c%  -^^nsoo  C0S«W- 


__  ir^       .  (  cosa?      cos3a? 

^■2""*)"P""^"3^"^ 

=  — wa?,  =  0,  =  iro?,  =  w^  according  as  — ir  <  a?  <  0,  a?  =  0, 
0<a?<  w,  a?  =  TT.  Hence,  as  (96)  is  true  at  the  limits,  we  have 
for  all  values  of  x  contained  between  0  and  ir  inclusive, 

IT      4  ( coso;       cos8j»      cos5a?  )  ,,/^.v 

and  for  aU  values  of  a?  between  —  ir  and  0  inclusive, 

IT        4     (cos  or         cos  3^         C0S5<2?  )  ,,rM-N 

-^  =  2-i  l^+-i^+^»-+-r    (i<») 

Thus  X  is  expressed  in  a  series  of  cosines  of  uneven  multiples  of  x. 
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If  X  is  replaced  by  a?  -f-  5 ,  then  by  (104)  for  all  values  of  x 

At 

between  —  ^  and  5  inclusive, 

4  (sino?       sinSj?      sinS^      sin7:i;  )        /t/^^v 

Also  applying  (97),  we  have 

o'^^fiasoo   .          [^    '        j^          o    ^^n=:oosinnj?cosfnr 
2^^^j  BmnxJ  zsmnzdz  =  — "tt^^^^  

^     ismx      8in2^      sin3^  ) 

=  ^M-i r-  +  -8 — •l 

=  710?,  =0,  =iro?,  =0,  according  as  —ir<o?< 0,07=0,  0<o:<7r, 
0?  =  w;  and  consequently  for  all  values  of  x  between  —  ir  and  ir 
exclusively 

;,=2|E^_!i^+!!^_...|;  (107) 

which  is  the  same  as  (103). 

From  these  series  others  may  be  deduced  by  the  substitution 
of  particular  values  for  the  variables,  provided  that  such  values 
are  within  the  limits  of  application.    Thus  if  o?  =  0  in  (104), 

Also  these  series  may  be  the  subjects  of  differentiation.  Thus 
from  (106)  by  differentiation  we  have  for  all  values  of  x  between 

—  5  and  Q  inclusively, 

w^coso?       cosSo?      cos5o?  /'10Q^ 

and  from  (107),  for  all  values  between  —  tt  and  is  exdnsively, 

-  =  coso?— cos2a7-fcos8a7— ... .  (HO) 

Also  these  series  may  be  the  element-functions  of  definite  in- 
tegration according  to  the  method  of  the  preceding  section.  Thus 
if  we  take  the  two  members  of  (107)  to  be  the  element-functions 
of  a  definite  integral  for  the  limits  x  and  0,  then,  when  x  is  between 
— TT  and  w, 

07^  ^  coso?      cos2o?      cosSo? 

4"-  ^"""la-+  -^  88-+-  •> 
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where         c  =^- ^  +  ^ -^  +  ...  (Ill) 

-l»  +  8»  +  5»+    •■      4  U»  ■'' 2*''' 3»  "'"■■•^ 

~  8'      4  ( 1*  ■*■  2*  ■*"  8*  ■*■  '"S  ' 
'■'     y-4c  =  ^  +  ^  +  ^+...:  (112) 

■dding  which  to  (111),  we  have 

«*     o         «  i  1        1        1  ^ 

=  :J,    by  (108); 

_ir»_l       J_l       _1 
••     '^  -12-F~2«  ■*"  3»~4*"^     ■' 

«*  _  «*      cosar      co82j;      cosSjt  fnv\ 

••'    T  -  12  ~  "T^- + -^  3r-+-J       ("*»J 

and  if  in  (112)  c  is  replaced  by  its  valne, 

111  »*  niA\ 

Also  taking  the  members  of  (104)  to  be  the  element-fiiDctions  of 
a  definite  integral  for  the  limits  x  and  0^  where  x  is  not  greater 
than  V, 

X*        vx       4  ( sind?   ,  sinSd?      sinSo?  )      .iiev 

andif  x=:^> 

ir«  _  1         1        1         1  ,,^ 

82*"  P"  8»"*"  5^""  7»  "*■••"  ^    ^ 

Ex.  2.     Let  /(or)  =  1 ;  then  the  theorems  contained  in  (92) 

and  (98)  are  evidently  identities.    But  taking  (97)> 

mix  .  sinSjf  .   sinSo?  v  ,,-^. 

^-+-8- +-5- +  ...=4,  (117) 

for  all  valaes  of  x  between  0  and  ir  exchisively ;  and  =  —  ^ ,  for 

aO  valaes  of  x  between  —  ir  and  0  exdusively;  and  =  0,  when 
T  =  — «,  «  0,  and  ss  IT. 

Ex.  8.     Let  f(x)  s  sin  X.    Then  by  the  general  theorem  in 
(89>  we  have 
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[— coso?       zeinx      cos(2z— ar)"!*"* 
2ir  27r  4ir        J«=a 

•*"  i  ^-2  L 7^:^ ^J.=.-^^^®^ 

The  applications  of  (92)  and  (93)  lead  to  an  indeterminate  quan- 
tity^ and  ultimately^  on  evaluation^  to  an  identity. 
On  applying  (96),  we  have 

^     A  ^  COS 2.2?      COS 4^      cos 6^  )      ,,,^, 

ir8m^  =  2-4  l^^-y  4- ^;53y  +  ^3Y +  ...},    (119) 

for  all  values  of  a?  between  0  and  v  inclusively. 
Hence  if  a?  =  0,  and  if  a?  =  ir. 


and  itx  =  ^f 


1  1  1  _   TT  — 2 


22-1       42-1^62-1      8^-1 

and  by  addition  of  (120)  and  (121),  and  by  subtraction  of  (121) 
fix)m  120, 


22-1  "^62-1  "^  102-1  ■*■•     ""  8' 

111  4  —  IT  /iaO\ 

+  To*— T+-     =-5--  (128) 


4)>_1  ^8»-1^13«-l^"-  ~     8 
Also  differentiating  (119),  for  all  values  of  dr  between  0  and  it 
exclusively. 


8  (Bin2^      2sin4d?      SsinG^r 


w 


( 2»-l  "•■   4»-l   "•■   6«-l 


.|.      (124) 


Ex.  4.]   Let /(a?) = COB  mar,  where  m  is  a  proper  fraction;  then 
from  (96), 

wcosma?  =  /  coBmzdz-\'2^^^co^nxl  coamzcosnzdz 

sinmir      ^                 ^^naoa  cos  no?  cos  nir  ^.^.^ 

= +2msinwir  T"  " = 5 — ;  (125) 

therefore 


ff  cos  ma?  _    1  (   cosjT        co8  2ar       cosSor  ) 

2  sinm^r  "  2^  ■*"""( pll^^ " 2*31^  "•"  S^^I^  "*  P ^      ^ 

and  this  is  true  for  all  values  of  a?  firom  —  ir  to  ir  inclusively. 

If  .2?  =  w, 

T     .  1  HI  m  m  .,«-» 

^cotm,  =  2--  j^-,  _  ^—  -  ^:^-...;      (127) 
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abo  differentiating  (126), 

vsmmx        sin*        2sin2*      SsinSjr 

2fflnm^""  13-m2~22-»i«  "^  3»3^8  ""  ' ^         (^^^^ 

which  is  true  for  all  values  of  *  from  —  ir  to  v  exclusively. 

Ex.  6.     Let/(ar)  =  6««+e-*'.     Then  from  (96), 

e'^-fe"'** 1 2m  (  cosar      cos 2*      cosSo?  ) 

«^-«— '""mir^  IT    U«+l"i?T2«'*'m«  +  8>  ""  *•  J'  ^^^^^ 

which  is  true  for  all  values  of  a?  from  —  ir  to  ir  inclusively. 
If4r  =  w,  (129)  gives 

»   e*»+e"*'        111  1 


2«»  e-'-e— '  "■  2m«^  m»  +  1«"^  m«  +  2^  ^  m»  +  8« 
Henoe^  if  m  s  0, 


w* 


AI0O  differentiating  (129)^ 

*  c*^— g-**        sin*       2 sin 2*      3  sin  8*  /iaQ\ 

which  is  true  for  all  values  of  x  from  —  ir  to  v  exclusively. 

And  if  in  (132)  x  is  replaced  by  w— *,  then 
»  g*(>-«),,g-«('-«)  ^   Bin*       2 sin 2*      8 sin  3*  .- ggx 

which  is  true  for  all  values  of  *  from  0  to  2ir  exclusively. 

2O8.3  The  preceding  examples  are  sufficient  to  illnstrate  the 
general  theorems  of  periodic  series.  Many  others  will  be  found 
in  a  memoir  entitled  "  Die  Lagrangesche  Formel  und  die  Beihen- 
aommimng  dnrch  dieselbe/^  by  J.  Dienger^  Crelle's  Journal,  Vol. 
XXXiy,  p.  75.  The  theory  however  admits  of  consideration 
from  another  point  of  view,  and  thereby  has  another  important 
^yplication ;  viz.  that  to  discontinuous  frmctions.  The  fiact  has 
been  explained  in  Art.  199,  and  it  is  now  only  requisite  to  exhibit 
some  cases  of  its  application.  Herein  I  shall  take  the  theorems 
given  in  Art.  201,  of  which  the  period  is  2e  instead  of  2ir  as  in 
the  preceding  examples. 

Ex.  1.  Find  a  periodic  function  of  *,  whose  period  is  2  e,  which 
is  eqnal  to  1  for  all  values  of  *  between  0  and  c,  and  is  equal  to 
^1  for  all  values  of  *  between  — c  and  0. 

As  the  valnes  of/(*)  in  this  case  are  to  be  equal,  but  of  oppo- 
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site  signs  for  the  positive  and  negative  values  of  x,  we  must 
take  the  theorem  given  in  (101);  and  we  have 

=.ljsin'^+linl^^-Lin^^+.J.         (134) 
IT  (         c        o  c  5  c  ) 

Also  the  value  of  this  series,  at  the  limits  0  and  Cy  =  0.  Thus 
we  have  the  following  geometrical  interpretation.  Let  the  right- 
hand  member  of  (134)  express  the  ordinate  of  a  locus;  then 
that  locus  between  a?  =  —  c  and  ^  =  0,  both  exclusively,  is  a 
straight  line  at  a  distance  s=  —  1  from  the  .r-axis ;  when  ar  =  0, 
it  is  a  point  on  the  a?-axis ;  between  a?  =  0  and  ^  =  c,  both  ex- 
clusively, it  is  a  straight  line  at  a  distance  =  1  from  the  J7-axis ; 
and  when  ^  =  c,  it  is  a  point  on  the  <r-axis.  And  as  we  have 
traced  the  locus  through  a  complete  period,  these  lines  and  points 
are  repeated  ad  infinitum  in  both  directions. 

Ex.  2.  Find  a  periodic  function  of  x,  whose  period  is  2  c, 
which  is  equal  to  —mo?,  for  all  values  o{  x  between  —  c  and  0; 
and  9  tnx  for  all  values  of  <r  between  0  and  c. 

As  the  values  of  f(x)  in  this  case  are  to  be  equal,  and  of  the 
same  sign  for  equal,  positive,  and  negative  values  of  a?,  we  must 
apply  the  series  of  cosines  given  in  (100) ;  whence  we  have 
^,  ,       cm     4icm  {      vx      1        Sttx      1        5ira?  ,       I  /iqkv 

and  this  is  true  at  the  limits  as  well  as  for  other  values  of  x. 

This  admits  of  a  remarkable  geometrical  interpretation;  let 
the  right-hand  member  of  (135)  express  the  ordinate  of  a  locus ; 
«then  that  locus  consists  (1)  of  the  portion  of  the  straight  line, 
whose  equation  is  y  =  —  wwr,  contained  between  j?  =;  —  c  and 
0?  ==  0,  the  line  terminating  abruptly  at  these  values  o{x;  (2)  of 
the  portion  of  the  line  whose  equation  is  y  =  mx,  contained 
between  a?  =  0,  and  x  =  Cy  this  line  also  terminating  abruptly  at 
these  values  of  x.  Also  these  lines  are  repeated  ad  infinitum  in 
both  directions.  So  that  the  locus  consists  of  a  series  of  straight 
lines  forming  the  sides  of  isosceles  triangles,  the  lengths  of  whose 
bases  are  2  c  placed  continuously  along  the  o^-axis  on  its  positive 
side,  and  whose  base  angle  =  tan~^*». 

Ex.  3.  Find  a  periodic  function  of  x  whose  period  is  2  Cy  which 
is  equal  to  mx  for  all  values  of  x  between  2  c  and  0. 
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From  (98)  we  have 

2cm  i   ,    V3P      1   .    2ira?       1   .    3w^  )     /loisv 

=  cm ^  sm h  -sin h  « sm 4- . . .  f  >  (1<^6) 

which  is  true  for  all  values  of  x  between  0  and  2c  exclusively; 
and  =  0,  when  or  =  0 ;  and  =  mc,  when  a?  =  2c. 

Thus^  if  (136)  is  taken  to  express  the  ordinate  of  a  locus^  that 
locus  consists  of  (1)  the  length  of  a  straight  line^  whose  equation 
is  y  =  nupy  contained  within  the  limits  ^  =  0  and  or  =  2c ;  (2)  of 
a  point  X  ==  2Cyy  =  mc,  which  is  a  discontinuous  point ;  (3)  of 
similar  lines  and  points  repeated  ad  infinitum  in  both  directions. 

Ex.  4.  Find  a  periodic  ftmction  of  x,  whose  period  is  2  c, 
which  =  a  for  all  values  of  x  between  ^  =  0  and  x  ^  k;  and 
=s  b  for  all  values  of  x  between  x  =  k  and  x  =  2c. 

•^<^>  =  2-cJo  «''^+  -c  2-= J.  acos-i^rf. 

Also  at  the  limits,  /(O)  =  /(*)  =/(2c)  =  ^—^ . 

If  i  =  c,  so  that/(^)  =  a  for  all  values  of  x  between  0  and  c, 
and  =  b  for  all  values  of  x  between  c  and  2  c, 

^y  X  «+*  2(a— 6)  {  .  TTX  1  .  37ra?  1  .  5ira?  )  „„„, 
/(*)  =  -^+-V"{^m-+gSin--+5Sin-^+...},(138) 

and  at  the  limite,/(0)  =:/(c)  =/(2c)  =  ^^ . 

Ifft=-£I, 

f(x)  =  —-Jsm—  +  osm 4-...  \;  (139) 

TT     I  C  O  C  ) 

and  at  the  limits, /(O)  =/(c)  =  /(2c)  =  0.  This  is  the  result 
aljieady  found  in  example  1.  The  geometrical  interpretation  is 
similar  to  that  of  that  example. 

Ex.  5.     Determine /(a?),  a  periodic  function  of  x,  whose  period 
is  2w,  which  =  x  from  a?  =  Oto  x  =  a;    =a  from  a?  =  a  to 
X  ss  % — a  I  and  =  tt-^x  from  x  =  tt— a  to  a?  =  w;  and  is  also 
such  that /(-a?)  =~/(ar). 

N  n  2 
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In  this  case  we  may  take  (97)^  and  expand  in  a  series  of  sines  i 
and  we  have 

f{x)  =  -2n»r^^^'*^  ]/  ^sinnzflte-h  /     asmnzdz 

+  /    (v — J?)  sinnj?  dz  ?- 

4  (  .  1  1  ) 

=  -  <sinasin^+  ^  sin3asin3a7+ -rg  sin5a8in5j7+  ...  v.(140) 

The  geometrical  interpretation  is  as  follows.  The  locus  consists 
of  three  straight  lines,  which,  with  the  .r-axis,  bound  a  trape- 
zium, the  first  and  third  being  inclined  to  the  jf-axis  at  45''  and 
IBS'*  respectively ;  and  the  second  line  being  parallel  to  that  axis 
at  a  distance  a  from  it;  the  base  of  the  trapezium  on  the  «-axis 
=  V,  and  the  length  of  the  opposite  side  k  ir— 2  a.  On  the 
negative  side  of  the  origin  is  an  equal  trapezium,  which  is  below 
the  axis  of  x.  And  these  two  trapeziums  are  repeated  continually 
along  the  j?-axis. 

If  a  =  ^ ,  the  trapeziums  become  isosceles  triangles,  and 

4  (  1    .  1  ) 

f{x)  =  -  jsina?— -s^sinSar-f  ^sin5a?—  ...  j  .      (141) 

204.]  Thus  far  we  have  assumed  the  limits  of  the  definite 
integral  (99)  to  be  finite  quantities ;  let  us  now  consider  the  form 
which  that  equation  takes  when  c  ^  oc.  And  to  avoid  all  diffi- 
culty let  us  assume  that /(a?)  never  =  00,  and  =  0  when  j?  =  —  00 
and  when  ar  =  00.     From  (99)  we  have 

fix)  ^^Jj{z)dz-^\^Z:fji^^^^  (142) 

1  r* 

Now  s-  /  f(^)dz  =  0,  when  c  =  oc,  under  the  conditions  to 
which  z  is  subject;  so  that  the  value  of /(.r)  is  given  by  the 
second  term  of  (142).   In  this  let  —  =  t« ;  then  a3  >»  is  increased 

IT 

by  1,  u  is  increased  by  - ;  which  is  infinitesimal,  when  c  =  00, 

and  so  must  be  denoted  by  du ;  and  the  summation  becomes  in- 
tegration, the  range  of  integration  being  the  same  as  that  of  the 
summation;  and  thus  the  range  of  u  extends  from  0  to  00; 
hence  we  have 

f(x)  =  -  /     /    /(^)eostt(ar-2')rf5rrftt.  (148) 
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This  theorem  is  called  Fourier's  Theorem'^;  and  is  of  great 
importance  in  higher  analytical  investigations. 

If  the  limits  of  the  v^integration  are  —  oo  and  oo^  then 

fix)  =  -^/*  f  f{z)eo^u(x^z)dzdu.  (144) 

l(f(x)  = /(-.Of),  then 

/•«D  /••  rm 

I    f(z)co8Uzdzsz2l    f{z)Q08Uzdz,     I  f{z)sinuzdz=s:0; 

•'-00  J^  •'-« 

therefore  from  (148)^ 

f{x)  =  -  /    /  f(z)co8uxco8uzdzdu.  (145) 

w  Jq  Jo 

This  theorem^  as  (100)  shews^  is  tnie^  when  x  is  equal  to  either 

of  the  limits  of  the  jsr-integration. 

If/(jr)  =  —/(—a?),  then  by  a  similar  process, 

2   /••r* 
/{x)  =-  /    /  /{z)smnxehiuzdzdu.  (146) 

This  theorem,  as  (101)  shews,  is  not  true,  when  x  is  equal  to 
either  of  the  limits  of  the  j?-integration. 

205*3  '^^  applications  of  these  theorems  are  very  numerous, 
and  the  vatnes  of  many  definite  integrals  may  be  de^rmined  by 
them.  For  it  is  evident  that  if  either  one  or  the  other  of  the 
integrations  can  be  effected,  the  value  of  the  remaining  definite 
integral  will  also  be  determined*  The  thecsem  may  also  be  applied 
to  problems  similar  to  those  of  Arts.  202,  203. 

Ex.  1.  Find  a  Amotion  of  x  which  r=  1  for  all  values  of  x 
hetween  ^1  and  1,  and  =:  0  far  all  other  values. 

Hepe/(jr)  =/(— ^),  and  we  have  evidently  from  (1(X)), 

2  /'*P 
/{x)  =  -  /    /  eosuxQOBUzdzdu 

K  Jq    Jq 


^  wJo 


0    •'0 

COS  uo?  sm  tt 


du.  (147) 

Jo  u 

Ex.  2.  Let  /{x)  =  e-"  from  a?  =  0  to  ^  =oo ;  and/(ar)  =  e«* 
from  jr=r»ootod?s=0;  then.  f(x)  satisfies  the  conditions  re- 
quired for  the  theorem,  and  also  those  in  (145) ;  and  we  have 

«"••  =  -  /    /    e"^ C03UZ QOBUX dz du 

It  Jq    Jq 

2   r*  a  C0SIM7  - 
=  -  /     —5 =r  du ; 

*  See  Th^rie  Analytiqne  de  la  Chaleur ;  par  M.  Fourier,  pp.  431,  445- 
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22^  =  JLe-;  (14«) 

which  result  is  the  same  as  (121)^  Art.  101. 

Ex.  8.  Let  f(a)  =  sina^^  from  x  =  0  to  ar  =  oo;  and 
/(a?)  =  sin(— aar),  from  x  =—00  to  ^  =  0;  then /(a?)  satisfies 
the  conditions  required  in  (145) ;  and  we  have 


_  2  r  r 


sinoa?  =  -  /     /    sin aj? cos w^r cos t«? £fe rfii 
cos  turdu 


_  2a    r 

""       IT     Jo 

/ 


cos  UXdu  IT 


2      i    —   o     sinaa?j  (149) 

0       a*— M*  2a 

which  result  is  the  same  as  (177),  Art.  108. 

Ex.  4.      Let  f(x)  =  /    <^  (y)  e"*^  dy ;    and  let  us  suppose 

/{x)  =/(-a?)j  then  from  (145), 
/•ft  2  /••  r*  ffr 

/  ^(y)«~**'^y  =  ~  /     /    /  4>(l/)e^'^coBuxco8uzdydzdu.  (150) 

^'(1  W  v'o    -^O    •'a 

The  right-hand  member  of  this  equation  is  a  triple  integral,  in 
which  all  the  limits  of  integration  are  constant.  Consequently, 
as  we  have  demonstrated  in  Art.  99,  the  truth  of  the  result  is 
independent  of  the  order  in  which  the  integrations  are  effected ; 
and  since  by  (6),  Art.  82, 

°     .«  -1  y 

€~'^  cos  uzdz  =  —sr: — jri 


/ 


0  tt*+y* 


^(y)e-«»rfy  =  Z  J^  J^  ^^yy^^dydu;  (151) 

in  which  a  double  definite  integral  is  expressed  in  terms  of  a 
single  definite  integral. 

Let  07  =  0,  as  this  value  is  included  in  the  theorem;  then 

f\{y)dy  =  in\{y)-^dydtt.  (152) 

Let  0(y)  =  (l-y2)-i^  ^nd  let  J  =  1,  o  =  0;  then 

^=rr y±^ (153) 

4      Jo  Jo  (ti«+y*)(l— y^)* 

=  ir,og(l±^-^.  (154) 

2-^0       ^  (1 +  ««)»- 1  (l+tt»)» 
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CHAPTER  VIIL 

ON   MULTIPLE    INTEGRATION,   AND   THE   TRANSFORMATION 
OF   MULTIPLE    INTEGRALS. 

Section  1. — On  Double,  Triple,  and  Multiple  Integration, 

206.]  Although  hitherto  in  this  treatise  the  element,  whose 
integral  is  to  be  found,  has  been  primarily  an  infinitesimal  of 
the  first  order,  yet  it  is  evident,  and  it  has  been  so  stated  in  the 
first  article,  that  such  need  not  always  be  the  case.  Infinitesimals 
of  higher  orders  may  be  subjects  of  integ^tion  equally  as  much 
as  those  of  the  first  order.  Several  times  indeed,  but  only  inci- 
dentally, have  such  arisen  in  previous  investigations ;  and  subject 
to  a  particular  condition  whereby  we  have  avoided  a  diflSculty 
which  is  inherent  in  those  of  a  more  general  character.  Element- 
functions  of  an  order  higher  than  the  first  have  been  investigated 
in  Art.  99,  and  it  has  therein  been  shewn  how  they  may  be  the 
subjects  of  successive  integration ;  and  in  the  inquiry  into  definite 
integprals  that  theory  has  been  frequently  applied ;  as  in  Cauchy^s 
method  of  evaluation  in  Art.  1 03 ;  in  the  investigation  of  the 
properties  of  the  Gamma-function,  and  in  the  application  of  those 
properties,  and  in  Fourier's  Theorem.  Also  again  in  Chapter  V, 
an  element  of  the  wth  order  in  terms  otdx,  involving  an  element- 
function  of  a  single  variable,  has  been  the  subject  of  n  successive 
integrations. 

Now  in  all  three  cases  the  limits  of  integration  have  been 
constants ;  and  thus,  as  we  have  demonstrated  in  Art.  99,  the 
order  of  integration  has  been  indifferent.  These  circumstances 
have  indeed  removed  the  diflSculties  of  the  subject,  but  they  have 
also  restricted  the  problem  within  very  narrow  limits.  It  is 
necessary  however  to  consider  it  in  its  utmost  generality.  Very 
many  subsequent  applications  of  the  Calculus  depend  on  multiple 
integration;  and  perspicuity  is  required  in  this  subject  more 
perhaps  than  in  any  other.  I  propose  therefore  to  consider  the 
theory  generally  in  this  chapter,  and  to  apply  it  to  geometrical 
and  other  problems  in  subsequent  chapters. 
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207.]  In  the  general  problem  of  multiple  integration  the  in- 
finitesimal element  is  a  product  of  factors  one  of  which  is  a  func- 
tion of  n  variables  independent  of  each  other,  and  the  others  are 
differentials  of  these  variables,  each  of  whch  enters  in  the  first 
degree  only.  Thus  if  sp^,  x^y  ^s*  •  •  •  ^ii>  *^®  ^  independent  varia- 
bles, the  infinitesimal  element  is  of  the  form, 

f(^i,  x^f.,,w^dx-^dx^dx^  ...£fo«.  (1) 

This  is  evidently  an  infinitesimal  of  the  nth  order ;  and  conse- 
quently n  successive  integrations  must  be  effected  on  it  as  their 
subject-function,  before  we  arrive  at  the  finite  quantity,  which 
is  the  object  of  search.  And  if  the  problem  is  definite,  these  several 
integrations  must  be  definite ;  and  it  is  also  necessary  that  the  ele- 
ment-Amction  should  not  become  infinite  or  discontinuous  for  any 
value  of  a  variable  within  the  several  ranges  of  integration.  In  the 
preceding  parts  of  our  treatise,  wherever  an  element  of  the  form 
(1)  has  been  the  subject  of  integration,  the  limits  of  integration 
have  been  constant;  in  the  general  problem  however  this  will 
not  be  the  case ;  for  the  limits  will  be,  or  may  be,  functions  of  all 
the  variables  which  enter  into  the  element- Amotion  of  that  integra- 
tion. Now  these  are  new  circumstances  requiring  an  extension 
of  language  and  an  extension  of  symbols. 

Integration,  as  heretofore,  means  the  summation  of  a  series, 
and  the  limits  of  integration  assign  the  first  and  last  terms  of  the 
series.  When  an  element  of  the  form  (1)  is  the  subject  of  integra- 
tion, and  the  finite  function  is  sought  of  which  (1)  is  the  infinite- 
simal element,  n  summations  must  be  effected,  and  in  a  prescribed 
order;  let  us  take  the  order  of  integrations  to  be  that  in  which  the 
differentials  stand  in  (1);  so  that  the  integration  is  first  to  be 
effected  with  respect  to  x^]  let  X^,  x^  be  the  limits  of  this  inte- 
gration ;  let  X^— x^  be  divided  into  n  infinitesimal  parts;  and  let 
^\>  (29"'  f«-i  ^  ^^®  values  of  Xi  corresponding  to  the  points  of 
partition.  As  x^  is  independent  of  the  other  variables,  viz., 
x^fX^,. .  .«»„,  which  enter  into  the  element  (1),  so  will  f  i,  f  2, . . .  f«-i, 
which  are  particular  values  of  a?!,  be  also  independent  of  these  vari- 
ables ;  and  consequently  in  the  summation  of  the  series  found  by 
giving  x-i  successive  values,  x^,x^,,.,x^f  and  also  dx^,  dx^,,.. 
dx^,  are  to  be  considered  constant.  Thus  the  series  which  is 
first  to  be  summed  is  of  the  form 

{F(Xi,ar2,  ...a?J(fi-Xi)  +  p(fi,arj,...arJ(fa-.fi)-|-... 

.  .  +  F (f«-i,  ^i> . . .  ^n)  (Xi-f«_i)} dx^dx^.,dx^;  (2) 
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and  the  sam  of  this  series^  if  f  (^^^  d?2^  •  •  •  ^O  ^i  ^  ^^^  a?i-partial- 

difkiential  of  /(a?i,  f3> . .  •  ^«),  is 

{/{Xj,  JTj,  arj, ...  ar^-/(Xi,  4?^,  a?jp  ...  a?,)}  flteg  dx^  ...  (&«•     (8) 

In  the  general  case  X^  and  x^  will  be  functions  of  ^^^  x^y ...  x^^ 
that  18^  of  all  the  variables  in  the  original  function  except  x^. 

This  process  is  called  the  integration  of  the  element  with  respect 

to  4r,  ^  or  the  dr^-integration  of  the  given  element ;  X^  and  x^  being 

limits  of  the  ^^-integration  \  and  by  it  the  element  takes  the  form^ 

^{^3^  ^8^   ••  a?J dx^dx^...  dx^.  (4) 

This  is  again  to  be  treated  with  regard  to  x^,  as  the  element 
g^ven  in  (1)  has  been  treated  with  regard  to  ^^  j  if  X,,  x,  are  the 
limits  of  this  second  integration^  they  will  generally  be  functions 
of  aU  the  variables  except  x^  and  x^  y  and  the  result  will  be  an  ele- 
ment of  the  form^ 

T(^8>  *4, . . .  »n)dx^  dx^'    dx^'  (5) 

This  process  is  called  the  ^^-integration  of  the  element  given  in 
(4)^  and  X,,  x,,  are  called  the  limits  of  the  a^j-^^gT^^^^^* 

The  process  is  to  be  repeated  for  all  the  successive  variables  in 
the  order  in  which  the  differentials  are  placed  in  (1) ;  and  if  X« 
and  x^  are  the  limits  of  the  ^^-integration^  which  is  the  la^^ 
these  will  be  constants^  and  the  final  integral  will  be  of  the  form^ 
F(X«)-F(x,);  (6) 

and  will  of  course  be  independent  of  all  the  variables  involved  in 
the  original  element.  This  is  the  quantity  which  is  the  object  of 
search. 

2O8.3  The  following  is  the  system  of  symbols  which  I  shall 
adopt.     Let  the  integral  be  generally  expressed  by 

J  J  J Jv(x^,x^,...xjdxidx^.,.dx^^idx^;         (7) 

the  order  in  which  the  differentials  are  placed  being  that  in 
which  the  successive  integrations  are  to  be  effected.  Thus  the 
ar^-integration  is  the  firsts  and  the  ^^-integration  is  the  last.  If 
the  limits  of  int^ration  are  given^  so  that  the  integral  is  definite, 
then  it  will  be  expressed  in  the  following  form 


/      /    *"' /      /    'r{x^,x^,..,x^)dxidx^...dx^ 


(8) 


where  Xj  and  x^  are,  or  may  be,  functions  of  all  the  variables 
except  oTi ;  X^  and  X|  are,  or  may  be,  functions  of  all  the  variables 
except  4f|  and  x^ :  and  so  on ;  and  lastly  X^,  x«  are  constants. 

FBICB^  VOL.  U.  0  0 
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It  will  be  observed  that  the  order  of  the  symbols  of  integration 
in  (8)  is  the  reverse  of  that  of  the  differentials.  The  reason  is, 
that  the  first  definite  integral  becomes  the  subject  of,  and  is  thus 
included  within  the  symbols  of,  the  second  integration;  and  so 

on.     Thus  /     da:2  denotes  an  operation  which  is  performed  sub- 

sequently  to  that  denoted  by  /     £tej ;  and  the  quantity  which  is 

^^ 
the  result  of  the  latter  becomes  the  subject  of  the  former,  and  is 

consequently  properly  included  within  its  symbol. 

Another  arrangement  of  the  symbols  is  the  following,  which 

plainly  expresses  the  order  of  the  successive  integrations ; 

"Af^/     "'*r^_i /     F(a?i,a?a,  ...arJrfTi;  (9) 

and  as  this  system  is  sometimes  more  convenient  than  (8),  it  will 
be  employed  whenever  that  is  the  case. 

Integrals  of  the  form  (7)  are  called  multiple  ifUegrnls ;  and 
those  of  the  form  (8)  in  which  the  limits  are  given  are  called 
definite  multiple  integrals.  When  n  integrations  are  to  be  effected, 
they  are  called  multiple  integrals  of  the  nth  order.  Particular 
forms  of  these  are  double  integrals,  triple  integrals,  . . .  according 
as  two,  three,  or  more  integrations  are  to  be  effected. 

209.]  For  the  truth  of  these  theorems  on  multiple  integrals  it 
is  necessary,  as  it  has  been  before  observed,  that  the  element- 
function  should  not  become  infinite  or  discontinuous  for  any  value 
of  the  variable  within  the  ranges  of  integration.  Subject  to  this 
condition  the  integrations  may  be  effected  in  that  order  which  is 
most  convenient.  In  a  definite  multiple  integral,  when  the  limits 
are  constant,  the  order  of  integration  is  indifferent,  as  we  have 
demonstrated  from  first  principles  in  Art.  99 ;  but  if  the  limits  are 
fimctions  of  the  variables,  the  order  cannot  be  changed  without  a 
change  of  the  limits ;  and  this  is  frequently  a  work  of  considerable 
difficulty;  because  when  a  multiple  integral  is  definite,  it  is 
required  to  find  the  sum  of  the  values  which  the  element  has  for 
all  values  of  the  variables  within  a  certain  district ;  now  this  dis- 
trict is  assigned  by  the  limits ;  and  although  it  may  theoretically 
be  possible  to  determine  the  boundary  of  this  district  in  many 
ways,  yet  practically  one  particular  mode  may  be  more  convenient 
than  another,  or  may  be  the  only  possible  mode. 
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Thus  for  example^  suppose  that  it  is  required  to  find  the  value 

of  /  I  dydx  for  all  points  of  the  plane  area  contained  within  a 

cycloid  and  its  base^  the  highest  point  being  the  origin/ and  the 
perpendicular  to  the  base  being  the  a?-axis ;  then  if  we  denote 

aveMin*"^  -  -f  (2fljF— d?*)*    by  y; 
/  fdyds  =J    J   dydx 

=  2/     {aversin"^--f(2a,r— ar^)*}flte 
•'o  <l 

which  is  the  required  result.  But  the  order  of  integration  cannot 
be  changed^  because  the  limits  of  the  ^-integration  cannot  be 
determined  from  the  equation  of  the  cycloid;  it  is  a  transcen- 
dental equation,  and  x  cannot  be  expressed  explicitly  in  terms  of 
y  by  means  of  it. 

Theoretically  however  the  order  of  integration  is  arbitrary, 
althoug'h  the  equation  which  fix  the  boundaries  of  the  district 
through  which  the  integration  extends,  may  constrain  us  to  take 
a  particular  order.  Many  illustrations  of  this  remark  will  occur  in 
the  following  chapters ;  wherein  also  will  be  shewn  the  conveni- 
ence of  one  order  in  preference  to  another. 

210.  J  The  following  are  examples  of  definite  multiple  integrals. 


•'o  h     ^+y*       h   4 


'it 
16' 


Ex.2.      /   /    /  xyzdzdydx  —  \    /    ^dydx 

Jq  Jq  Jq  Jq  Jq       a 

=Jo    "8^=48- 
Ex.  8.      /    /       /     dzdydx  —  l    /     {a—X'-y)dydx 

Ex.  4.     Find  the  value  of  r^drdO  through  the  area  bounded 
by  the  circle  whose  equation  is  (1)  r  =  a ;   (2)  r  =  2  a  cos^. 

0  0  2 
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(1) 

rr 

f^drdO 

~    2    ' 

(2) 

i^.r*'^** 

=  4fl*y^  {Q^fffde 

^yP  (co84(?+4co82(^-|-8)d» 

8ira* 

"■      2 

Ab  the  sequel  will  contain  many  examples  of  multiple  integra- 
tion^ it  is  unnecessary  to  give  others  in  this  place. 


Segtiok  2. — On  the  Transformation  of  Multiple  Iniegrals. 

211.]  The  evaluation  of  multiple  integrals  may  frequently  be 
greatly  facilitated  by  a  change  of  variables.  The  process  is  called 
Transformation  of  Multiple  Integrals;  and  I  propose  in  the 
present  section  to  consider  it  in  its  most  general  form^  and  also 
to  give  various  examples  of  it. 

Let  us  take  the  integrals  given  in  (7)  and  (8)  to  be  the  types 
of  multiple  integrals  of  the  nth  order;  and^  for  the  present 
omitting  the  limits^  let 

I  =J  J  J j^(^iJ^2>«9,'"^n)d^i  *r,...iiF«.      (10) 

Let  the  new  variables^  in  terms  of  which  the  original  variables 
are  to  be  expressed^  be  (i,  (2^  •  •  *  f«i  ^^^  let  us  in  the  first  place 
suppose  the  equations  of  relation  to  be  given  in  the  following 
explicit  forms ;   viz. 

^2  =  f%  (iu  (%f w)i    ^  (jl\ 

Let  ai>  /9i ^  .../>!  be  the  partial  derived  Amotions  of  x^  with  regard 
^^  (li  hf '-  (n  respectively;  and  let  a^,  P%$  "  p%  be  the  similar 
derived  functions  of  0^2 ;  and  so  on ;  then 

At,  =(4rffi  +  ^2rff2  + +P2^f-.  I  (12) 

rfa?^  =  a,rffi-h)9,rff2+ 4-p,rff«.. 

In  article  (207)  I  have  explained  how  a?g, x^^ ...  x^  remain con- 
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stant  daring  the  variation  of  w^,  that  is,  during  the  af^-integra- 
tion ;  consequently  in  the  calculation  of  the  quantity  which  is  to 
be  substituted  for  Aff^j  it  must  be  consistent  with  the  conditions^ 
djc^  =  dap^  =:...  =  ds^  =z  0.     Hence  we  have 

0  =  a2rffi  +  /3,rf6  + +P2^L^ 


whence^  employing  the  symbols  of  determinants^ 

^i^-±  ^2  78  — P»  =  rffi^-±  ^P^yz'-'Pni 


(18) 


^a.±aiff,y3 P. 

^         a-tAVs P- 


«i; 


(14) 


the  numerator  of  the  right-hand  member  of  which  is  the  de- 
terminant of  the  system  in  the  right-hand  member  of  (12) ;  and 
the  denominator  is  the  first  minor  determinant  of  the  same 
system. 

Again^  in  calculating  dff^f  ^i  =  ^s  =  ^4  =  •  •  •  =  dx^  =  0 ; 
and  by  reason  of  (14),  dd  =  0  when  dx^  =  0 ;   so  that  we  have 

^i  =  i3arff3+y2rff8  + +P3rffi.O 

0  =  /38rffj-l-y8dft  + +P8rff«, 


(15) 


0  =  ^•rff,+y,rff8+ +Pnd£n}- 

whence,  employing  the  symbols  of  determinants, 

^a^-±y8*4-Pi.  =  rff2^'±0ay8 -P.; 


a.±ya«4-..Pn       ' 


(16) 


And  proceeding  in  the  same  manner  we  shall  ultimately  have, 
p  being  the  letter  preceding  p, 


cfo..,=^:±^-^«df^,; 


(17) 


Pn 
d^n  =  Pnd(n}  (18) 

80  that,  multiplying  together  the  left-hand  and  the  right-hand 
members  of  (14),  (16), . . . ,  we  have 

£foi^8^3  ...  &?.  =  X.  ±<hP^ys  ...  P«.rffirffa*ii  ••  ^1.;  (1») 
and  in  F(a?i, x^, ...  a?J,  replacing  ar^,  afj^  •  •  *n  ^7  *^eir  values  in 
terms  of  (^  fa*  •  •  •  f «*  ^^^  denoting  the  function  thereby  obtained 
ty  ♦(fi>  fa*  •  •  •  inh  we  have 
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J  J jv{x^,x^,...x^)dw^dx^,..dx^ 

-=Jf /♦(£!,&.  -.fO^-t^ift.  •/>»•«!  «s-«--  (20) 

212.]  Again,  let  us  take  the  integral  (10)  to  be  the  subject  of 
transformation,  and  suppose  the  n  equations  connecting  ^|,  .r,^ 
•  •  •  ^«>  ii9  ^29  "(n^  ^  implicit,  and  to  be  of  the  forms 

/i  =  0,    /,  =  0,     .../.  =  0;  (21) 

also  let  the  several  partial  derived  functions  of  these  be  denoted 
by  letters  according  to  the  following  scheme ;  viz., 


(22) 


Now  when  x^  varies,  dw^  =  dx^  =  . . .  =  dr^  =  0 ;  so  that  in  cal- 
culation the  quantity  which  is  to  replace  dr^,  we  have 


(23) 


and  consequently  by  elimination, 

now  substituting  this  value  for  dx^  in  the  given  element  of 
integ^tion,  and  eliminating  x^,  £2*  (s^  "-  in  ^™  ^l^^t  element 
by  means  of  (21),  it  becomes  a  fimction  of  f^,  j?2>  ^3^  •  •  •  ^wi  a°^ 
consequently  f^,  ^3,  ...  x^  are  all  constant,  when  x^  varies;  so 
that  in  calculating  the  quantity  which  is  to  replace  dx2f 

and  therefore  from  (22), 


(25) 


and  therefore 
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And  proceeding  by  processes  similar  to  the  above, 


dx^  =  — 


5.±a,*2...p« 


din'. 


287 


(27) 


and  therefore  by  substitution 

dx,dw,...dx,  =  i-r\^^^^^'dUdi,...di,.    (28) 
*  • :!:  **i  ''2  •  •  •  ^n 
Equation  (19)  is  evidently  only  a  particular  case  of  (28) ;  that 
viz.,  in  which  Oj  =  ig  =  ^9  =  •••  =  ^n  =  1>  a^d  ^  *he  other 
partial  derived  functions  vanish. 

Hence  we  have  the  following  theorem  ; 
In  transforming  the  multiple  integral 

J  j j  r(«2^i>^2^  ...x^)dx^dx^...dx^ 

into  its  equivalent  in  terms  of  f^,  i^y  ••  in*  where  these  variables 
are  related  by  the  n  equations  f^  =  0,  /g  =  0,  ^  =  0, . . ./,  =  0 ; 

dx^  da?2  . . .  dx^  is  to  be  replaced  by  +  —  df  1  d^^..,  rff « ;   where 


A,  = 


(29) 


A  = 


(^fi\     {dA\  (df^\ 

^dij'  \d^j' \d£:l 

^d^i''  ^dij'  \d(J 

(^lA    l^\  i^fA 

^dxj'   \dxj'  V^/ 

\dxj'  \dxj'  \dxj 

(dfA     (dA\  (df,\ 

^dxj'  \Wj'  W,/ 

The  sign  of  the  result  being  ambiguous,  because  it  depends  on 
the  order  of  integration  in  the  transformed  integral,  and  that 
order  is  obviously  arbitrary*, 

218.]  The  following  are  examples  illustrative  of  the  preceding 
theorem. 

*  A  full  ditcussion  of  the  theory  of  the  transformation  of  multiple  integrala 
will  be  found  in  a  paper  on  the  subject  by  M.  Catalan,  In  the  M^moiree 
cooronn^  par  I'Acad^roie  de  Bnixelles,  Tome  XIV,  1839, 1840. 


(30) 
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Ex.  1.  Take  the  double  integral  /  /  ¥(pgjy)dydaf;  and  (1)  let 
the  equations  of  transformation  be 

^  =  ^cosa~?7sina^     y  s  f  sina  +  i;cosa. 
r.     dx=  COB  a  d^^sm a  dri^ 
dy  =  sm  a  d(-\-  coBadrj; 
.• .     A  =  1,     Ai  =  (cos  a)*+  (sin  o)*  =  1. 

r.     dydjp  =  drjd(.  (81) 

(2)  Let  the  equations  of  transformation  be 

^  =  roosd^      y=rsin^. 

.'.     dof  =  cos ^ £/r—r sin ^d9^  ) 
dy  =  sin  ^  </r+r  cos  ^£/^;f 

.••     A  =  1,    Ai  =r(cos^)2  +  r(sin^)*  =  r; 

.'•     dydx  =  rdrde.  (82) 

These  cases  are  obviously  those  of  transformation  &om  a  rect- 
angular system  of  axes^  to  another  rectangular  system  and  to  a 
polar  system  respectively. 

(3)  More  generally^  if  the  equations  of  transformation  are 
given  in  the  form^ 


(88) 


•••  *'*=±l{f)(f)-(f')(f  )}«"'•  <»*> 

Ex.  2.     Let  the  integral  be  the  triple  integral 
\v{x,  y,  z)dzdydx\ 


US' 


and  (1)  let  the  equations^f  transformation  be  those  &om  a  system 
of  rectangular  axes  to  another  system  of  rectangular  axes ;  that 
iSj  let 

y  =  02f  +  6a^  +  ^C  r  (85) 

then,  since       ^^o^^^^h  ^  h^i-c^K  ^  *i^ZLfiA«  ^  1 
Oi  a,  03 
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and        ai«  +  a2^  +  V  =  l; 
.-.     A  =  1,         Ai  =  1; 

dzdydx  :=  d{dridi.  (36) 

(2)     Let    a?  =  r  sin  ^  cos  ^,     y  =  r  sin  ^  sin  if>,    z  =  rcosB; 

.*,  dx  =  sin^cos^titr+rcos^cos^flf^— rsin^sin^tii^^ 
dy  =  sin^sin^cIr+roos^sin^d9+rsin^oos^c/^j 
dz  =  coB$dr        ^rsmddS; 

.\     A  =  ]  ;         Ai  =  f^emS; 
.'.     dzdydx  =:  f^ sine drded(l>.  (38) 

These  latter  equations  are  those  of  transformation  from  a  rect- 
angular to  a  polar  system  in  geometry  of  three  dimensions. 

Ex.  8.     Let    a?i  s  roos^^^ 

X2  =  rsin.diCO&$2f 

x^  =  rsin^isin^2^^^sj 


(87) 


(39) 


w^  =  r  sin  ^1  sin  ^2   •  •  ^^  ^n-i ; 
whence^  squaring  and  adding^ 

V+^a*-l--+^n'  =  r»;  '  (40) 

which  equation  we  shall  find  it  convenient  to  use  instead  of  the 
last  of  the  group  (89);  differentiating  these  with  respect  to 
a?i,  x^i ...  x\,j  we  have 

itei    -f-      0      +...+      0       =  0, 1 
0     +    (tog    +...+      0      =0, 


(41) 


whenoe  a  =  2^^. 

Differentiating  (40)  and  (89)  with  respect  to  r^  ^j^. .  .^».ii 
2rdr  =0, 

oosi?icA^^rsin^i^i  =0, 

— rsin^isin^oddo  =0, 

I 

— rsin^isind2...sin^^_i(/d^_i  =  0;  J 

whence  a,=:(— )*~^2r*(sin^i)""'^(sin^2)*~*'  -^i^^ii-i^  ^  *^** 
^  =  ±  r— 1  (sin ^i)"-«(sin^2)*''  •  •  •  ^^K-^ dr dBj dO^...  d»^_i ; 


and  consequently^ 
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dx^  dx^  . . .  dx^ 

If  n  =  8,  we  have 

dx^dx^dx^  =  +  r*  sin  $^  dr  d$^  d$^ ; 
which  is  the  transformation  given  in  the  latter  part  of  the  pre- 
ceding example. 

Ex.  4.     Let  the  equations  of  transformation  be 

^2 -fid -a 

^3  =  fif2a-f3)> 


(43) 


.-.       dXi   =   -rffi, 

^2  =  a-f2)*i-fi*2> 

*?«  =  f2f8.f-ia-f«)^i+ -fi&.  .f.-irff«; 

.-.     A  =  1;         A,  =  (-)"fi-"^f2-^..f-i; 
.-.     dx,dx^...dx,^±(,-'^(,-'r..(^^,d(,d£^„.d(..    (44) 
Hence  we  have  the  following  transformation^  when  n  =  2 ; 

^2  =  £1(1-^2); 
.-.     dx^dx^^ijdlidl^; 

y/^r  V  *»^l  *»^2   =//f/^Ml  -fir(l  -f2)"  ^1  *2- 

Ex.  6.  To  transform  into  its  equivalent  dxdy  dz,  when  xszlr^ 
y  =  mr,  z  =  nr\  I,  m,  and  n  being  subject  to  the  condition 

P-l-m^+n"  =  1. 

By  a  process  similar  to  those  above,  we  have  the  following 

results : 

,    ,    -        r^drdmdn      t^drdndl       r^drdldm       ,.., 
dxdydz  = = =  = •     (46) 

214.]  If  the  original  integral  is  definite,  the  transformed  one 
will  also  be  definite;  for  the  latter  is  to  be  equivalent  to  the 
former  in  all  respects,  and  consequently  the  values  of  the  vari- 
ables in  both  integrals  must  extend  over  the  same  district  of 


Digitized  by  VjOOQ IC 


214-]  MULTIPLE  INTEGRALS.  291 

values.  Thus  the  principle  on  which  the  limit49  of  the  new 
integral  are  to  be  assigned  is  the  same  in  all  cases,  although  the 
particular  values  will  depend  on  the  peculiar  circumstances  of 
each  case.  The  limits  of  the  original  integral,  and  the  equations 
of  relation,  will  be  found  sufficient  for  the  determination  of  the 
limits  of  the  transformed  integral.  The  following  case  frequently 
occurs,  and  illustrates  the  principle. 

Let  the  definite  integral,  which  is  the  subject  of  transforma- 
tion, be  of  the  form  (8),  viz., 

1=/      /      \...v./      /    V(d?i,ar2,  ...^Jdrirfr2...rfip^;  (46) 

and  let  us  suppose  the  integral  to  include  all  values  of  the  vari- 
ables for  which  the  function y(^i,  x^, ...  x^  is  negative ;  so  that 
X^  and  x^  are  Amotions  of  all  the  variables  except  x^ ;  Xg  and  X2 
are  functions  of  all  the  variables  except  x^  and  x-^ ;  and  so  on : 
X^_i  and  x^i  being  functions  of  x^  only ;  and  X,  and  x^  being 
constants.  Now  suppose  f^,  (g,  ...  ^^  to  be  new  variables,  con- 
nected with  the  former  variables  by  equations  of  relation ;  and 
let  the  new  integral  be 


=  P"P-' P'»(fi,f„...f.)rffidf,...«.; 


(47) 


also  suppose  the  equation,  which  determines  the  limits,  to  become 
^(fi>  i%>  -'  £n)  i  80  that  the  integral  includes  all  values  of  fi,  fgi 
,..  (n  for  which  (P(£i,£, ...  f»)  is  negative ;  then  the  limits  must 
be  determined  as  follows; 

Observing  the  order  of  the  successive  integrations  as  indicated 
by  the  order  in  which  the  differentials  are  arranged,  E2  and  H^ 
are  functions  of  all  the  variables  except  f^,  and  are  determined 
by  putting  ^  =  0,  for  thus  will  be  included  all  values  of  £1  for 
which  ^0  is  negative.  By  this  process  the  new  element-function 
will  involve  f2>  fs*  •  ■  •  fn  i  ^^^  ^^^  limits  of  integration  must  in- 
clude all  values  of  the  variables  for  which  f  ^  is  not  impossible.  To 
determine  this  condition,  let  it  be  remembered  that  when,  by  the 
variation  of  certain  quantities,  the  roots  of  an  equation  having 
been  real  become  impossible,  in  the  course  of  their  change  they 
must  have  been  equal ;  the  limits  therefore  of  the  new  integral 
will  be  given  by  the  conditions  for  which  two  at  least  of  the 
values  of  fi,  as  found  fix)m  ^  =  0,  are  equal;  that  is,  by  the 

simultaneous  equations  (^  =  0,  and  i-^j  =  0.    From  these  two 


p  p  2 
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equations  therefore  if  we  eliminate  d,  we  shall  have  a  resulting 
equation  of  the  form  <^i(f2>  hf  •••  fn)  =  0,  from  which  Hg,  Bg  are 
to  be  determined^  because  they  are  the  values  of  f  2  which  satisfy 
01  =  0 ;  and  thus  we  shall  include  all  values  of  ^2  for  which  the 
expression  <^  is  negative.     Similarly  by  eliminating  fg  between 

the  equations  <^  =  0,  and  \--^)  =  0,  the  limiting  values  of  fg  will 

be  determined.  And  the  limits  of  all  the  other  variables  will  be 
determined  by  similar  processes. 

Hence  in  recapitulation ;  the  limits  of  ^^  are  determined  by 
solving  for  £1  the  equation  ^  =  0;  those  off  2  ty  solving  for  f, 
the  equation  which  results  from  the  elimination  of  d  between 

0  =  0,  and  ( -^  )  =  0 ;  those  of  fj  by  solving  for  fj  the  equation 

which  results  from  the  elimination  of  £^  and  fg  between  0  s=  0^ 

(  5f-)  =  0,  and  ( -5^ )  =  0;  and  so  for  the  others. 
^  of  1  ^  ^  of  a  ^ 

If  the  equations  0  =  0,  0i  =  0, ,  give  only  two  values  of 

£if  f2>  •••  for  the  limits,  then  the  case  is  free  from  difficulty,  and 
the  new  definite  integral  assumes  the  form  in  which  it  is  written 
above :  but  if  any  of  these  equations  has  more  than  two  roots, 
and  if  there  is  nothing  in  the  conditions  of  the  problem  which 
excludes  them,  we  must  resolve  i  into  a  series  of  integrals  accord- 
ing to  the  roots,  and  the  limits  of  the  several  integrab  will 
always  be  given  by  the  equations  found  as  above  ^. 

As  an  example,  let  us  suppose  a  triple  definite  integral  to 
include  all  variables  which  refer  to  points  lying  within  the  surface 
of  a  given  ellipsoid,  and  to  exclude  all  others.  Then  if  the  triple 
integral  is 

I  =  J  J  J  ¥{x,  y,  z)  dz  dy  dx, 
all  values  of  the  variables  are  to  be  included  for  which 

^  +  j2-  +  -^-i  =/(^,y>^) 

is  negative.  Now  if  the  integrations  are  to  be  effected  in  the 
order  in  which  the  differentials  are  placed,  the  z-integration 

*  See  a  Memoir  by  M.  Ostrogradaky  on  the  Calculus  of  Variations  in  the 
Memoirs  of  the  Imperial  Academy  of  St.  Petershourg,  Vol.  I,  18389  p.  46. 
The  Memoir  has  been  reprinted  in  Crelle's  Mathematical  Journal,  Vol.  XV. 
P-  333. 
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oames  first,  and  its  limits  are  given  hy  f(x,yyZ)  =  0;  whence 

=  ±  z,  say. 
The  y-integration  comes  next;  and  its  limits  are  given  by  the 
elimination  of  z  by  means  of /(a?,  y,  z)  =  0,  and   (^)  =  0; 
whence  we  have  ^ 

=  ±  Y,  say; 
and  the  a?-integration  comes  last;  and  its  limits  are  given  by  the 

elimination  of  z  and  y  by  means  of /(a?,  y,  z)  rs  0,  (— )  =  0, 

(df  \  ,  ^  dz  '        ' 

-^j  =  0;  whence  we  have 

d?  =  +  c. 

80  that 


I  =  /     /      /   ¥[w,yyz)dzdydx. 


215.]    Examples  of  transformation  of  definite  multiple  in- 
t4!grak. 

Ex.  1.    The  double  integral  /  /  {ai^'\-y^)dydx  extends  to  all 

points  within  the  area  of  the  circle  oT^  +  y^  =  a^ ;  it  is  required  to 
express  it  in  terms  of  polar  coordinates. 
If  T  =  (a>-^*, 

I  =  r  r(a^+y«)dydip  =  P' fVdrdtf.  (48) 

Ex.  2.     Transform  into  its  equivalent  in  terms  of  polar  co- 
ordinates the  double  int^^ 


/     I  dydx,  where  y  =  -(o*— «^)*. 


Since  x  =  r  cos  ^,  y  =  rsin^,  therefore  by  (32),  dydx:=z  rdrdO; 

also  the  given  limits  shew  that  the  district  of  the  integral  is 

bounded  by  the  equation  c*y*+A"«^— a*A*  =  0;  and  this  ex- 

preseed  in  polar  coordinates  is  r*{o*(8in^)*  + A"(cos^)*}  — o^A'sO; 

•"  **•*  '^  ""  "  {a^sind)»+A3(eos^)«}* ' 

r  pdy  dx  =  T'  (%  dr  dS.  (40) 
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Ex.8.  If  z*  =  a*— ^— y*,  Y*  =  a*— «*;  then  in  terms  of  pokr 
coordinates^  see  Ex.  2,  Art.  213^ 

f  r  r  -^^^  =  rf'f'r^^drdedi,. 

J^aJ-YJ'Z  (^  +  y2^^2)4      Jo   Jq  Jq  ^^ 

Ex.  4.  In  the  definition  of  the  Oanuna-fiinction  given  in 
(247),  Art.  122,  let  x  be  replaced  by  a^;  then 

r  (m)  =  2  Pc-**a?*"*-icir ;  (50) 

Jo 

similarly  r(n)  =  2/    e-^y^'^'^dy. 

Jq 

.'.    r(m)r(n)  =  4/*/    e-C+i^a?*— iy«— ^dycte.    (51) 

Jo  Jo 

In  this  definite  integral  let  x  ==  r  cos  ^,  y  =  r  sin  ^ ;  then  as 
the  limits  of  x  and  y  are  such  that  all  positive  values  of  ^  and  y, 
that  is,  the  values  of  x  and  y  corresponding  to  all  points  in  the 
first  quadrant  of  the  plane  (x,  y),  are  included  in  the  integral^  the 
limits  of  r  and  6  must  be  co-extensive ;  hence 

r(m)r(«)  =  4  /''re-^r2'*+»*-H8infl)2*-Hco8d)»— irfrd»(52) 

=  2  /"  e'^'f^-^^'^'^dr  x  2  P (sind)»~-i(cos^)»— ^cW 
Jo  Jo 

=  r(iiH-n)B(m,»),  (53) 

as  appears  firom  (50),  and  from  (271),  Art.  126.  Hereby  the  fun- 
damental theorem  connecting  the  Beta-  and  the  Gramma-functions 
is  established. 

Again,  take  (50),  and  let  m  =  ^;  then 

=  4^f^re''^rdrde 

Jo  Jo 

=  w. 
.'.     r(|)=,*;  (54) 

the  same  result  as  280,  Art.  129. 
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Ex.  5.  Double  integrals  of  certain  forms  are  frequently  sim- 
plified by  the  following  formuke ;  viz.  a?  =  11  (1 — r),  y  =  tw.  From 
these  values  we  have 

dm  =  {\^v)du^udv,        dy  =zvdu-\-udv. 

.\     dydx  ^udu  dv.  (55) 

The  following  is  the  geometrical  interpretation  of  this  substitu- 
tion. In  fig.  44^  let  P  be  {Xy  y);  through  p  draw  pn  parallel  to^ 
and  PS  making  an  angle  of  45""  with^  the  axis  of  x,  and  join  ks  ; 
then  OS  =  u,  and  tan  osn  =  v  :  for 

X  =  OS  — SM  y  =  MP  "I 

=  OS  — ON  =  ON    I  (56) 

=  II— ler;  =  uv.) 

Hence^  if  the  limits  of  integration  of  the  double  integ^  are 
given^  it  is  easy  to  assign  the  limits  of  the  transformed  integral. 
Thus^  taking  the  definition  of  the  Gamma-function  given  in 
(247),  Art.  122,  we  have 

r  (m)  =  /    e-*  4?**~i  dx,        T(n)  =       e"^  y""*  dy. 

.-.     r(m)r(«)=/    f  e-^*^^)x'^'^y'''^dydx 
Jo   Jo 

•'0 

=  r(m-f.n)B(m,n).  (67) 

By  means  of  this  substitution  the  integral  /  /  x'^y^fix  -\-y)dydx 
is  changed  into  /  /«'""*"""*"^(1— w)"'t;"/(«*)  dudv. 
Hence 

r  Tar y"" fix -\-y)  dydx  =  P  f  u'^-^*''Hl-vrv''f(u)dudv 
Jo   Jo  Jo  Jo 

=  r(l-r)-t?*dr/  ii-+*-V(ii)d« 

•'O  0 

=  B  (f»  + 1,  n  +  1)  /  «"+"- V(tt)  du 
Jo 

r(OT+n+2)    y,  -  •'^  ' 
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Or,  if  the  given  integral  is  /  //  ( -  +  ^  j  dy  dx,  then  if  we  re- 
place X  and  y  by  a^  and  bt\  respectively,  and  substitute  for  f  and 
1;  in  terms  of  u  and  1;,  the  integ^  becomes 

JJabf{u)ududv.  (58) 

=  «Ar^^.       (59) 

Jo  («-l)' 
216.]  Although  the  limits  of  the  first  integration  of  a  multiple 
integral  are  functions  of  one  or  more  of  the  variables,  in  reference 
to  which  subsequent  integrations  are  to  be  effected,  yet  it  is  pos- 
sible, and  frequently  convenient,  so  to  change  the  variables,  that 
the  limits  of  the  first  integration  may  be  constant.  The  mode  of 
effecting  this  transformation  is  explained  in  Art.  93. 

Let  us  take  the  case  of  a  double  integral;  and  suppose  it  be 

i  =  r/7(^,y)rfy<te,  (60) 

where  y^  and  y^  are  Amotions  of  x, 

Let      y  =  yo+(yi-yo)'.  (6i) 

where  /  is  a  new  variable ;  therefore 

rfy  =  (yi-yo)*; 

and  observing  that  /  =  1,  when  y^y^;  and  ^  =  0,  when  y  =  y^ ; 
we  have  f»i  ri 

1=/   /  (yi-yo)/{^>yo+(yi-yo)0**? 
=/"(yi-yo)  f /{^.  yo+ (yi-yo)  t]  dtdx;        (62) 

wherein  the  limits  of  the  first  integration  are  constant. 
Thus,  for  example,  if 

'dydx; 


Jo   .'o 


^0  .'o  (l4.a?*+y*)* 

lety  =  (l+^)*/;  so  that /  =  !,  when  y  =  (1 +«?>)*;  and/=:0, 
when  y  =:  0 ;  then 

1==/     /   ^ dtdx 

Jo   Jo         (1  +  /*)* 

<v  a-ff*)*^'o 
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But  /'"e-(«'+»'<^«« dx  = ^ -,  fe-' »-*  tte 


d) 


"    2  L 


2/0  (l  +  /»)*(a2+A«/2)* 


dt. 


Section  3. — The  Differentiation  of  a  Definite  Multiple  Integral 
with  respect  to  a  Variable  Parameter. 

217.]  If  a  parameter^  capable  of  variation^  is  contained  in  the 
element-function  of  a  definite  multiple  integral^  and  also  in  some 
or  all  of  the  limits  of  integration^  the  integral  is  a  function  of 
that  parameter;  so  that  the  value  of  the  integral  will  change^  if 
the  parameter  varies.  Let  us  suppose  the  parameter  continuously 
to  vaiy^  within  such  limits  however  that  the  element-function  of 
the  integral  does  not  become  infinite  or  discontinuous ;  then  the 
value  of  the  integral  will  also  continuously  vary ;  and  it  is  the 
increment  of  the  integral,  due  to  the  infinitesimal  variation  of 
the  parameter^  which  it  is  our  object  to  determine  in  the  present 
section. 

In  Art.  96^  we  have  investigated  the  change  of  value  of  a  defi- 
nite single  integral^  due  to  the  infinitesimal  variation  of  a  para- 
meter^ of  which  the  limits  as  well  as  the  element-function  are 
functions;  and  we  have  shewn  that  if  a  is  the  variable  parameter^ 
and  D  denotes  the  total  differentialj 

D/  F(a,JF)(to=F(a,a?^){te„— F(a,a?o)da?o+ /       '  y'     dadx;(6&) 
^xq  Jxfi        da 

.       !>/•'•,       ,  ,         r   ,      ,<teT-       r**d.Y{a,x)  ^        ,^., 

•  •  Ta  i '  <«'  '>'^  =  L'  <«'^>  rX.  "-L  -^  ^'  ^^^ 

Now  this  will  be  the  foundation  of  our  subsequent  investigations. 
Let  us  first  consider  a  definite  double  integral ;  viz. 

II  =  /     /  "p(a,  ^,  y)rfy(fe  =  /     /  ^^^^^  (^^) 

where  n  =  r  (a,  ar,  y) ;  (66) 
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and  where  ^^^  Xq,  y^f  yo%  ^  ^so  n,  are  all  functions  of  a ;  a  being 
a  parameter  capable  of  continuous  variation.  We  have  to  deter- 
mine the  change  of  value  in  u  due  to  an  infinitesimal  variation 
of  a.  ^y^ 

In  (64)  let  p(a,  x)  be  replaced  by  /  'f  (a,  x,  y)  dy;  that  is,  by 

I    ady;  then 

But  by  reason  of  (64), 

and  in  the  first  term  of  the  right-hand  member  of  (67),  inasmuch 

dtXf 
as  -J-  does  not  contain  y,  putting  it  under  the  sign  of  the  y-in- 

tegration  for  synmietry  of  expression,  we  have 
daJg^Jy^^  ^       "■  L^y^     da   ^1^    J,^    L   daJ,^ 

r*n  r»»  da 

which  gives  the  total  variation  of  the  definite  double  integral. ' 
Again,  if  the  similar  variation  of  a  definite  triple  integ^  is 

required,  let  a  in  (68)  be  replaced  by  1    a  dz,  where  the  new  n  is 

p  (a,  Xf  y,  z) ;  then  by  an  exactly  similar  process  it  may  be  shewn 
that 

Now  the  law  of  formation  of  the  several  terms  in  the  second 
member  of  this  equation  is  sufficiently  obvious,  so  that  the  varia- 
tion of  a  definite  multiple  integral  may  be  easily  expressed  at 
length  J  and  the  general  law  maybe  proved  inductively;  viz.  by 
assuming  the  truth  of  it  for  a  multiple  integral  of  the  (n— l)th 
order,  and  deducing  from  that  the  same  law  for  the  multiple  of 
the  nth  order.  This  process  is  so  easy  that  it  is  unnecessary  to 
express  it  at  length. 
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218.]  Definite  multiple  integrals  also^  when  one  integration 
bas  been  effected^  and  the  limits  of  that  integration  are  functions 
of  a  yariable  parameter^  are  subject  to  variation  by  reason  of  the 
change  of  that  yariable  parameter.  The  consequent  variable  of 
the  reduced  integral  may  be  derived  from  the  theorem  given  in 
(64).    The  following  are  examples  of  the  process. 

In  (64)  let  j (a,  x)  be  replaced  by    n  I  ";  then 

daJ,^    L  J^       ""  LL    daJy^J,^     J,^    daL  Jy^ 
hut  we  have  evidently, 

•••^rH>=[[°a:]>i:'-&Mi]><") 

Again^  let  a  be  replaced  by  /    adz,  so  that 

•'•to 

•  must  be  replaced  by    a-r-      +  /     "J"^* 
ooDsequently 

<-[K^Mi)]:]> 

AgaiBj  for  another  example,  from  (70),  we  have 

Let  a  be  replaced  by  /  ^ady\  so  that 

^  most  be  replaced  by  [a^J^  +J^^  j-Jy  ; 


da 
da 


da 

d* -   "-- «, 
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consequently 


'*0 

The  variatioli  of  all  other  similar  integrals  may  be  determined 
in  a  similar  manner^  the  theorems  contained  in  (64)  and  in  (70) 
being  of  general  application;  and  it  is  unnecessary  to  exemplify 
them  further  at  present.  We  shall  hereafter  have  occasion  to 
apply  the  preceding  process. 
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CHAPTER  IX. 

QUADRATURE  OF  SURFACES,  PLANE  AND  CURVED. 

SscnnoK  I. — Quadrature  of  Plane  Surfaces.     Rectangular 
Coordinates. 

219.]  The  theory  of  definite  multiple  integpration  which  has 
been  developed  in  the  preceding  chapter  enables  us  to  determine 
the  area  of  a  plane  or  carved  surface  in  such  a  form  that  it  may 
be  compared  to  the  area  of  a  square :  hence  arises  the  namcj  Quad- 
rature :  and  we  shall  first  consider  the  most  simple  case^  and  in- 
vestigate the  area  of  a  plane  superficies  contained  between  a  curve 
whose  equation  is  given^  the  axis  of  x,  and  two  ordinates  parallel 
to  the  axis  of  y  and  at  a  finite  distance  apart. 
.  Let  y  ^f{x)  be  the  equation  to  the  bounding  curve,  Po^^«' 
see  fig.  16;  oif^  sz  x^,  om^  s=  w^;  and  let /(or)  be  finite  and  con- 
tinuous for  all  values  of  x  between  x^  and  x^;  our  object  is  to 
determine  the  area  of  Fq  Uq  h^  p^  . 

Take  aaj  point  e  within  the  boundaries  of  this  area^  and  let  b 
be  {x,yy,  iske  ef  and  eg  infinitesimal  increments  of  y  and  x,  so 
that  EF  2=  dy,  eg  ;=  dx }  then  the  area  of  the  element,  or  the  area- 
element,  as  it  is  called,  ^  dydx;  and  the  area  of  the  superficies 
required  is  the  sum  of  all  such  area-elements  :  thus  it  is  evidently 
a  double  integral,  of  which  the  limits  will  be  assigned  by  the  given 
geometrical  conditions,  and  which  may  be  determined  according 
to  the  principles  of  the  preceding  chapter.  I  propose  however  to 
investigate  the  subject  from  those  first  principles  of  geometry 
which  are  inherent  in  it. 

Let  other  lines  be  drawn  as  in  the  figure ;  and,  first  considering 
^  to  be  constant,  let  us  sum  the  elements  with  respect  to  y  from 
the  axis  of  ^  to  HP ;  that  is,  let  us  integrate  dx  dy  with  respect 
to  y  from  y  =  0  to  y  ^f(x),  dx  being  a  constant  factor  through- 
out the  process  :  the  result  of  the  operation  will  be  the  area  of 
the  differential  slice  PMNQ,  whose  sides  are  parallel  to  the  axis  of 
y,  because  x  is  the  same  for  all  the  elements,  and  which  is  of  the 
breadth  dx  and  of  the  length /(.r);  therefore 

PMNq=/(.r)rf.r;  (1) 
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and  as  this  area  is  expressed  in  general  terms  of  x,  it  is  the  type 
of  all  similar  elemental  slices ;  and  therefore  the  sum  of  all  such 
between  assigned  limits  is  the  required  area.  Hence  if  a  repre- 
sents the  required  area, 

A  =  /     /      dydx  (2) 

=  f'/ix)  dx.  (8) 

If  the  superficies^  whose  area  is  to  be  determined,  is  of  the  form 
OPP«  M^  of  fig.  4^  then  the  inferior  limit  of  a?  is  0,  and  we  have 

A=/     /      dydx.  (4) 

Jq   Jo 

Let  it  not  be  supposed  that  any  inaccuracy  of  result  arises,  from 
the  circumstance  that  the  di£Perential  slice  is  an  imperfect  red* 
luigle  at  the  point  v  where  it  meets  the  curve;  for  though  the 
exact  value  of  pmnq  is  intermediate  to 

f{x)dx   and  /{x+dx)dx, 
yet  the  difference  between  these  two,  viz.  {f{x+dx)^f{x)}dxj 
is  equal  tof'(x)  da^,  and  is  therefore  an  infinitesimal  of  a  highec 
order,  and  must  be  neglected. 

The  following  are  examples  in  which  the  preceding  formube  ane 
applied ;  but  one  remark  must  be  made.  If  the  limits  of  inte* 
gration  include  a  value,  of  the  variables  at  which  the  element* 
function  changes  sign,  the  right  sign  must  be  introduced  into 
the  integral,  otherwise  it  may  be  that  the  sum  of  the  elements  on 
one  side  of  such  a  critical  value  will  exactly  neutralize  that  of 
those  on  the  other  side,  and  the  result  will  be  nugatory. 

220.3  ^x<unpl^  of  quadrature  of  plane  surfaces. 

Ex.  1.  To  find  the  area  contained  between  the  axis  otx,  aa 
ordinate,  and  the  parabola  whose  equation  is  y*  =  4fnx, 

Let  the  extreme  abscissa,  see  fig.  17,  s:  a,  and  the  extreme 
ordinate  s  &;  so  that  b^  =  4f9ki;  then  the  equation  to  the  para- 
bola is  ay*  =  U^xi 

fa  nOLy 
.••     the  area  CAB  =:/    /     *    dydx 


"ssM!"!"'- 
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Thus  the  parabolic  area  o  ab  is  equal  to  two-thirdfi  of  the  rect- 
angle OABN. 

Ex.  2.    To  find  the  area  of  a  quadrant  of  a  circle  whose  equation 
is  dr*+y^  =  a*. 

the  area  of  the  quadrant  =  /    /  dydx 

•'O  •'0 


Jo 


.' .   the  area  of  the  circle  =  wa*. 

Hence  also^  see  fig.  18^  if  oc  =;:  o^^  and  CB  =r  y^j 

dydx 

=  l(a^^x^)^dx 

This  result  is  also  evident  geometrically ;  for  the  area  of  the  sector 
BOA  =  -jr-  cos"^ — ,  and  the  area  of  the  triangle  obc  =  -^-^ . 


Ex.  8.    To  find  the  whole  area  of  the  ellipse  whose  equation  is 


^       a 


the  area  of  the  ellipse  =  4  /    /  dydx 

J  a  Jo 

=  4^*  ^  (a>-a?*)*  dxz=:  vab. 

Ex.  4.    To  determine  the  whole  area  included  between  the 
curve  and  the  asymptote  of  the  cissoid  of  Diodes  j  see  fig.  19. 


y  = 


2a-.  0?' 
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folt  this  value  of  y  it  is  convenient  to  have  a  specific  symbol^  and 
we  shall  denote  it  by  y  ;  so  that  it  may  be  distinguished  A?om 
the  y  which  is  the  ordinate  to  the  area-element.  Hence^  as  oa 
=  2a, 

the  area  =  2  /     /   dydjf 

=  gP^      j^rfjT      .  see  Ex.  1,  Art. 51, 

•^0     (2  or- or*)* 

=  21 ^^ — (2fla?— «*)*+  -Y-versm-i-J 

=  Swa*. 

Thus  the  whole  area  =  three  times  the  area  of  the  base-circle. 

Ex.  5.    To  find  the  whole  area  of  the  cycloid. 

Let  the  vertex  be  the  origin;  see  fig. 5 ;  then  the  equation  to 

the  curve  is  x  x 

y  =  aversin"^-  -|-(2iMr— a?*)*; 

which  expression,  as  the  limit  of  the  definite  integral,  we  shall 
denote  by  y  :  then 
the  area  =  2  oabp 

^iTrdydx 

Jq   Jo 

=r  2 /'*'{«  versin-i-  -|-(2ax-a?«)*}  dx 
=  2  [af{a  verrin-i*  +(2ar-*")*}-/(2aa?-a?»)*d»]** 

=  r(af+a)(2iKP— a?*)*+a(2flf— a)ver8in-i-J 

=  8wa». 
Thus  the  area  =  three  times  the  area  of  the  generating  circle. 
The  value  of  the  indefinite  integral  shews  that  if «  =  g,  the 

area  of  the  segment  of  the  cycloid  does  not  involve  the  length  of 
a  circular  arc,  or  any  circular  transcendent.     Hence  if,  in  fig.  SO, 

DM  =  5,  the  area  of  pom  =  — g—  =  the  triangle  qma. 

Hence  also,  if  or  =  a,  oPSC  =  a*+ ~r-,  cs  rra+ -5-;  therefore 

oqnsp  =s  a^;  and  the  segment  ops  =  -q-^  and  does  not  involve 
any  circular  transcendent. 
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Also  the  preceding  expression  gives 

the  area  omp  =z  an/^  I  {2aX'-x^)^dw 

t=  MN  — qmq; 
.•.     ONP  =  the  circalar  area  omq. 

Ex.  6.     To  find  the  area  included  between  the  tractrix^  the 
axis  of  y,  and  the  asymptote. 

The  differential  equation  to  the  curve  is 

^_  y 

Then,  fig.  2,  taking  y  to  be  the  general  value  of  the  ordinate  to 
the  curve,  /•«  ry 

the  whole  area  ^  I     I  dydx 

Jo     JQ 


ydx; 

Jo  • 

but  yflte=— rfy(a*— y®)*;  and  when  a?=  oo,  y-0;  ;a?=:0,  y=a; 
.•.    the  whole  area  =  —  /  (a*— y')*dy 

•'a 


=-[!<•'-»■)*- T--i]:=T 


Ex.  7.  The  whole  area  contained  between  the  asymptote  and 
the  witch  of  Agnesi  is  four  times  the  area  of  the  base-circle. 

Ex.  8.  If  the  equation  to  the  hyperbola  is  —  —  -r^"  =  1*  *^® 
area  included  between  an  ordinate,  the  axis  of  a,  and  the  curve,  is 

2  2   ^\  a  ^  b  S 

Ex.  9.  If  the  equation  to  the  rectangular  hyperbola  is  sy  =  k^, 
the  area  included  between  two  ordinates,  the  axis  of  ^,  and  the 
curve,  is  .^  . 

Thus  the  area  is  expressed  in  terms  of  the  Napierian  logarithms 
of  the  abscissse.  Conversely  Napierian  logarithms  are  functions 
of  the  area,  and  for  this  reason  they  are  called  Hyperbolic 
Logarithms. 

Ex.  10.  The  whole  area  of  the  companion  to  the  cycloid  is 
twice  that  of  the  generating  circle* 
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Hence  the  area  of  the  cycloid  is  trisected  by  the  base  circle  on 
its  axis,  and  the  companion  to  the  cycloid;  see  fig.  20. 

Ex.  11.  The  whole  area  of  the  loop  of  the  curve  whose  equa- 
tion is    ay*  =  a?*  (a*— ^)*,  included  between  ^  =  a  and  x  =  0, 

"■    5 

Ex.  12.  The  area  included  between  the  axis  of  x^  two  ordi- 
nates,  and  the  logarithmic  curve  y  =  a*,  is 

a*"  —  a'®  ^ 
logo 
and  that  included  between  the  curve,  the  asymptote,  and  the  axis 

of  y  is  5 ,  since  a?^  =  —  oo,  ^„  =  0. 

Ex.  13.  The  area  incladed  between  the  axis  of  x  and  the 
curve  y  =  a  sin  -,  for  the  limits  ^  =  0  and  x  =  va,  is  2a'. 

Ex.  14.  The  area  oafm  of  the  catenary  in  fig.  7  is  equal  to 
the  rectangle  contained  by  oa  and  the  arc  af,  and  therefore  is 
equal  to  twice  the  triangle  pom. 

Ex,  15.  It  I  I   dy  dxz=:ay ;  it  is  required  to  find  the  equation 

.'o  Jo 
of  the  curve. 

ay  s=l    j  dydx 
=  /  ydx', 

Jo 
.'.     ady  =r  ydx; 

X 

y  =  i£f". 

221.]  In  all  the  preceding  examples,  the  ^-integration  has 
preceded  the  o^-integration,  and  we  have  by  this  process  first 
determined  the  general  value  of  a  difierential  slice  of  infinitesimal 
breadth  dx,  contained  between  parallel  ordinates,  and  by  the 
summation  of  these  determined  the  required  area.  The  order  of 
integration  however,  as  we  remarked  in  the  preceding  chapter, 
is  indifibrent ;  though  if  the  order  is  changed,  of  course  the  limits 
must  be  changed :  this  we  shall  exemplify  in  a  few  cases. 
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!Ex.  1.  In  determining  the  area  oab^  fig.  21^  where  oa  =  a, 
AB=d^  and  the  equation  to  the  bounding  curve  is  ay^=^l^x;  if 
we  first  effect  the  a?-integration,  y  being  the  same  for  all,  we 

sum  the  elements  along  the  line  pk,  that  is,  from  ;r  =  a  ^  to 

a?  :=  a;  and  thereby  obtain  the  area  of  the  slice  pqlk  contained 
between  two  parallel  abscissae  separated  hj  the  distance  dy; 
-wliich  slices  must  again  be  summed  with  respect  to  y,  the  limits 
of  integration  being  b  and  0.     Hence 


the  area  oab  =  /    /    da^dy 


the  same  result  as  that  of  Ex.  l/Art.  220. 

Ex.  2.   The  equation  to  the  equitangential  curve  being 
^  =  alog°+^°'-y'>*-(a»-y^)i, 

y 

and  X  being  the  general  value  of  the  abscissa  to  the  curve,  the 
area  included  between  the  curve,  the  axis  of  a?,  and  the  axis  of  y 

=  /    /   da^dy 

=  [y{«iog?±(i=»2-'-(^-^)i}+/<.._»')i*]; 

the  same  restdt  as  that  of  Ex.  6,  Art.  220. 

222.]  If  it  is  required  to  determine  the  area  contained  between 
two  ordinates  corresponding  to  a?„,  Xq,  and  between  two  curves 
whose  equations  are  y  =/(a?),  y  =  0  (*),  the  former  being  the 
equation  to  the  upper,  and  the  latter  that  to  the  lower  curve ; 
then,  as  is  evident  from  fig.  22,  the  y-integration  must  be  first 
effected,   and  for   the  limits  f{x)  and  4>(x)  ;    the  result  of 

R  r  2 
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which  will  give  the  area  of  the  slice  pp'q'q ;  and  the  subseqaent 
definite  o^-integration  will  give  the  sum  of  all  such  slices  between 
the  assigned  limits ;  and  this  will  be  the  required  area.     Thus 

the  area  ==   /     /      dydx.  (5) 

^*^  •^♦(*) 

If  however  the  superficies,  whose  area  is  required,  is  of  a  form  such 
as  that  delineated  in  fig.  28,  it  is  more  convenient  to  resolve  it 
into  slices  whose  bounding  lines  are  parallel  to  the  axis  of  x,  that 
is,  first  to  efiect  the  ^-integration,  for  in  such  a  case  the  equa- 
tion to  the  curves  will  give  the  limits  of  integration :  the  equa- 
tion to  the  curve  AqPB  giving  the  superior  and  that  to  aq'p'b 
giving  the  inferior  limit ;  which  manifestly  they  do  not,  if  the 
2^-integration  is  first  performed ;  in  this  case,  if  the  equations  to 
the  curves  are 

a?  =  /(y),         ar  =  ^  (y), 

and  if  the  ordinates  to  a  and  B  are  y^  and  y^, 

fvn  rnv) 
the  area  =      J      dxdy.  (o) 

Sometimes  also  it  is  necessary  to  divide  a  problem  of  quadrature 
into  two  or  more  parts,  and  to  integrate  each  of  the  double  inte- 
grals in  the  order  which  is  most  convenient  for  its  form  and 
limits :  such  division  however  must  be  left  to  the  ingenuity  of 
the  student,  for  no  general  rules  can  be  given,  but  the  principles 
of  the  calculus  are  of  sufficient  breadth  to  include  all  such  cases. 

323.]  Examples  illustrative  of  the  preceding  principles. 

Ex.  1.  To  determine  the  area  included  between  the  parabola 
whose  equation  is  y^  =  ^ax,  and  the  straight  line  whose  equation 
is  y  =  /3a?;  see  fig.  24. 

The  coordinates  to  the  point  b,  determined  by  elimination  be- 

4a  4a 

4a 

the  area  opb  =  /      /  dydx 

Jo    J$at 


tween  the  given  equations,  are  OA=r  — j ,  ab  =  — ;  therefore 


«:/^{2(0«j*-/3*}<& 
Jq 
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Ex.  2.  To  find  the  area  contained  between  an  hyperbola,  its 
transverse  axis,  and  a  eontral  radius  vector;  fig.  25. 

Let  p»  to  which  the  radius  vector  is  drawn  be  (a?»,  yj;  and  let 
tbe  limits  of  x  be  denoted  by  x«  and  Xq  ;  then  the  equation  to 
OP  is 

and  as  the  equation  to  the  hyperbola  is  -^  —  ^  =  1, 
the  area  oap»  =  /     /     rfprfy 

2*        "*"  2  ^         b         ~    2 

The  order  in  which  the  integrations  have  been  efiected,  in  re- 
lation to  the  limits,  deserves  attention ;  as  the  superficies  p^oa 
admits  of  being  resolved  into  slices  by  lines  parallel  to  the  axis 
of  X,  the  limits  of  which  are  given  by  the  equations  to  the 
straight  line  and  the  curve,  we  have  efiected  first  the  or-integra- 
tion,  and  subsequently  the  ^-integration ;  but  the  order  could 
have  been  reversed,  only  subject  to  other  conditions :  viz.  if  we 
had  integrated  first  with  respect  to  y,  the  limits  would  have  been 
the  ordinate  to  the  straight  line  and  zero,  for  all  values  of  x 
from  o  to  A,  but  at  a,  and  thence  on  to  p^,  the  superior  and 
inferior  limits  would  have  been  respectively  the  ordinate  to  the 
straight  line  and  the  ordinate  to  the  hyperbola ;  and  the  definite 
integral  must  have  been  divided  into  two  parts  corresponding  to 
these  limits. 

Ex.  8.     AP  being  the  catenary,  in  fig.  7,  whose  equation  is 
and  OA  =  a,  ON  =  -— ,  the  area  apn  =  —  {5  log2  — 3}. 
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Ex.  4.     The  area  included  between  a  parabola  whose  equation 
is  y^  =  4i€ut,  and  a  straight  line  through  the  focus  inclined  at  46^ 

to  the  axis  of  a?,  is  -^  a*  2*. 
o 

Ex.  5.  The  equation  to  a  curve  being  (y— a?)*  =  a*— jp*,  the 
area  =  ira*. 

224.]  The  quadrature  of  an  area  is  frequently  facilitated  by 
a  substitution,  and  chiefly  by  putting  the  equation  to  the  bound- 
ing curve  into  simultaneous  equations  by  the  introduction  of  a 
subsidiary  angle,  according  to  the  method  of  Art.  198,  Vol.  I. 
The  following  are  examples  of  the  process. 

Ex.  1.  The  equations  to  an  ellipse  are  a?  =  a  cos  0,  y  =  &  8in<^ ; 
find  the  whole  area. 

Let  b  sin  0,  which  is  the  ordinate  of  the  ellipse,  be  denoted  by 
y :  then 

the  area  =  /      /    dt/dx  =  2  1    6  sin  0  dx, 

Nowdr  =— asin<^rf<^;  and  when  or  =  a,  ^  ==  0 ;  when^rs:— a, 
(f>  =zTr.     Consequently 

the  area  =z  2ab  I   (sin<^)*rf<^  =  vab. 

Ex.  2.  The  equations  to  the  cycloid,  fig.  6,  are  ^=:  a(d— sind), 
y  =  a(l-^co3  6).     Then,  using  the  notation  of  the  last  example^ 

rira  Tt  riva 

I    dydx^i      a(l— cos ^)cir 
Jo  Jo 

=  a*  /*'(l-cos^)2d9  =  Sira^ 

Jo 

Ex.  3.  The  equations  to  the  companion  to  the  cycloid  being 
X  =:  a  (1— cos 0),  y  =  a6,  the  area  =  ^ita^, 

Ex.  4.   The  equation  to  the  hypocycloid  is  a?*-|-y*  =  a*.    Find 
the  area  enclosed  by  the  curve :  see  fig.  10. 
Let  a?  =  a  (cos  4>)^  y  =  o  (sin  ^)^ ;  then 


'/"Ay 

=  12  fl^  /    (cos  4>)*  (sin  <^)*  d^t 


the  area  =  4  /    /    dydx 
Jo  Jo 


^0 

87ra» 
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Ex.  5.     The  equation  to  the  evolute  of  the  ellipse  is 
(aa?)*+(Ay)»  =  (a^^J*)!; 
find  the  area  enclosed  by  the  curve. 
Let  ax  =  (a2-A8)(cos0)s,   by  =  (a2-A«)(8in<^)3;  then 

the  area  =  12  i ^  /    (cos  0)«  (sin  0)*  rf<^ 

__  87rja2_--J2)2 
*"  8a* 
225.]  It  is  sometimes  convenient  to  refer  the  area^  which  is  to 
be  determined^  and  its  bounding^  curve,  to  a  system  of  oblique 
coordinate  axes ;  say,  to  a  system  whose  angle  of  ordination  is  &>  ; 
then  the  area  of  the  surface-element  is  dy  dw  sin  on,  and  if  a 
represents  the  required  area, 

A  :=  I  I  sin  (odyda^;  (7) 

the  integral  being  definite,  and  the  limits  being  given  by  the 
drcumstances  of  the  problem. 

Ex.  1.    The  sides  of  a  triangle  are  d?  =  0,  y  =  0,  -  -f  ^  =  1, 

a      0 

and  the  angle  of  ordination  is  a> :  find  the  area  of  the  triangle. 

Let     -(a— a?)  =  Y,    then 
a 

4.U  f'^n.j^         aAsinw 

the  area  =  /    /    sm  w  ay  dir  =  — ^ —  . 
Jo  Jq  ^ 

Ex.  2.     The  equation  to  an  ellipse  referred  to  a  system  of 


j^ 


i#2 


obUqae  axes,  whose  angle  of  ordination  is  o),  is  — ^  -f  -^^  =1; 

aj         a^ 

find  the  area  of  the  ellipse. 


Let    Y  =  *L(ai«-a?«)*;  then 
the  area  =  l      /    wni^dydx 


^  Tta^b-i sin (tf . 
On  comparing  this  with  the  value  found  in  Ex.  3,  Art.  220,  it 
appears  that  o^  d^  sin  a>  =  ab. 

Ex.  8.     Find  the  area  of  a  parallelogram  whose  sides  are  2  a 
ind  26,  and  which  are  inclined  to  each  other  at  an  angle  a> ; 

the  area  =  /      /  ein<£idyda>  =  4  ad  f 


}  sm  0). 
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Section  2. — Quadrature  of  Plane  Surfaces. — Polar  Coordinates. 

236.^  When  the  bounding  curve  of  the  surfiicej  whose  area  is 
required^  is  referred  to  polar  coordinates,  it  is  obviously  convenient 
to  refer  also  to  the  same  system  of  coordinates  every  point  in  the 
surface,  and  to  express  in  terms  of  them  the  surface-element 
which  abuts  at  that  point.  Now  this  latter  expression  may  be 
determined  by  the  method  of  transformation  of  definite  integrals, 
which  has  been  explained  in  the  preceding  chapter;  and  indeed 
we  have  therein  proved,  see  (32),  Art.  213,  that  if  a?  =  rcos^, 
y  =  r  sin  B,  dxdy  ^r  dr  d0 ;  and  consequently  if  a  denotes  the 
required  area,  j^^JJrdrde;  (8) 

this  integral  being  of  course  definite,  and  the  limits  being  given 
by  the  circumstances  of  the  problem. 

It  is  desirable  however  also  to  investigate  the  preceding  ex- 
pression on  independent  geometrical  principles. 

Now  the  problem  is  to  find  the  area  of  the  plane  surface  con- 
tained between  a  plane  curve  and  two  radii  vectores  separated  by 
a  finite  angle ;  see  fig.  26. 

Let  APoPQP,  be  the  curve  whose  equation  referred  to  polar  co- 
ordinates is  r  =/(^);  (9) 

and  let  it  be  required  to  determine  the  area  of  'BqS'B^. 

Let  sPq  =  Tq,  sp»  =  r«,  PqSa  =  $q,  p» sa  =  0^ ;  and  let  b  be 
any  point  within  the  bounding  lines  ;  draw  through  s  the  radius 
vector  SEPy  and  also  a  consecutive  one  inclined  to  sp  at  an  infini- 
tesimal angle  dO ;  from  s  as  centre  and  with  se  as  radius  draw  the 
small  circular  arc  eo,  and  also  another  arc  at  an  infinitesimal  dis- 
tance from  it :  then,  if  the  polar  coordinates  to  s  are  r  and  0, 
EV  =idr,  BQ  =  rdSj  and  the  area-element  =rdr  dO,  the  element 
being  ultimately  an  infinitesimal  rectangle;  thus  the  integral  of 
rdrdO,  with  respect  to  r,  between  the  limits  0  and  f{B),  will 
give  the  area  of  the  triangular  slice  spq,  and  the  integral  of  all 
such  triangular  slices  between  $q  and  6^  will  give  the  required 
area.     Consequently  we  have  the  following  double  integral ; 

'     /      rdrdO;  (10) 

which  is  the  same  as  (8). 

If  the  r-integration  is  effected  first,  the  superior  limit  being /(^) 

or  the  radius  vector  of  the  curve,  and  the  inferior  limit  being  0, 
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the  area  p.sPo  =  If'ifiO)}''  dO;  (11) 

and  replacing /(d)  by  its  value  r  given  in  (9),  r  referring  to  the 
curve,  1   /••« 

the  area  sPoP«  =  ^/    r^d$.  (12) 

The  geometrical  meaning  of  which  is  that  the  r-integration  gives 
the  area  of  the  sectorial  slice  spq^  which  is  manifestly  equal  to 

^f^d$;  and  the  whole  required  area  is  equal  to  the  integral  of 

this  quantity. 

And  let  it  not  be  supposed  that  any  inaccuracy  of  result  arises 
from  the  fact  that  the  element  of  the  area  is  not  rectangular  at 
the  superior  limit  of  the  r-integration,  that  is,  at  the  point  p  :  for 
if  two  infinitesimal  arcs  bp,  qt  are  described  from  s  as  a  centre 
with  radii  sp  and  SQ  respectively,  then,  if  sp  =  r  =/(d), 
sq  =  r-{-dr  =/(d+dd),  the  area  spqis  intermediate  to  spe  and 

sqt;  that  is,  is  intermediate  to  — jr—  and -^ ,  the  diflfer- 

ence  between  which  is  an  infinitesimal  of  the  second  order,  and 

r^dO 
must  therefore  be  neglected.  Hence  — ^  is  the  correct  expression 

for  the  infinitesimal  sectorial  area. 

227.]  Examples  illustrative  of  the  preceding. 
Ex.  1.    To  find  the  area  of  a  sector  of  a  circle.     See  fig.  27. 
Let  the  radius  of  the  circle  =  a,  and  the  arc  ab  subtend  at  the 
centre  an  angle  a;  then 


=/■/ 


the  area  bsa  =11  rdrdO 


0  •'0 

/'•a'  ,  a^a       SAxarcAB 

=X  T'^^^^^ 2 

Ex.  2,    To  find  the  area  of  a  portion  of  a  circle  cut  off  by  equal 
chords  drawn  through  a  point  in  its  circumference.     See  fig.  28. 
Let  the  radius  of  circle  =  a;  and  let  bsa  =  b'sa  =  a;  the 
equation  to  the  circle  is  r  =:  2  a  cos  d. 
.-.     the  area  bsb'  =  2  x  the  area  bsa 

atmB 

rdr  d$ 


-'IT 

Jo  •'0 

=  4>a*f\co8e)^de 


s  2a^{a  +  sinaco8a}. 
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Ex.  8.     To  find  the  area  of  a  loop  of  the  lemniscata  whose  equa- 
tion is  r^  =  a^  cos  2^. 

The  area  of  a  loop  =  2  /     /  rdrdd 

Jo  Jo 


^0 


C08  2^rf^  =  -^  . 

Ex.  4.     To  find  the  area  of  the  loop  of  the  folium  of  Descartes; 
see  fig.  63,  Art.  260,  Ex.  10,  Vol.  I. 

As  the  equation  referred  to  rectangular  coordinates  is 
x^—S(un/-\-y^  =  0; 
'  Sasindcos^         Satandsecd, 
'  '     ^  ""  (sin^)3  +  (cos^)3  "■  TT(tan^' 
let  this  value  of  r,  which  is  the  superior  limit  of  the  first  int^ra- 
tion,  be  represented  by  r ;  then 

the  area  =  2  /    j  rdrdO 


(tang)*  (sec  g)'rftf 
'o      {l  +  (tanO)»}« 

V 


Jo 

Ll-f-(tan^)8jo 

Ex.  6.     If  the  equation  of  the  eardioid  is  r  =  a  (1 + cos  0),  the 

,   ,  Sva* 

whole  area  =  . 

Ex.  6.  If  the  equation  to  a  curve  is  r  rs  a  sin  3^,  the  area  of 
each  loop  is  -j^ ;  and  the  area  of  all  the  loops  =:  -j-  • 

Ex.  7.  If  the  latus  rectum  of  a  parabola  ==  4  a,  the  area  con- 
tained between  two  focal  radii  inclined  at  $^  and  0q  to  the  least 
distance  = 

Ex.  8.    If  r*  =  a>  (cos  $)* + *>  (sin  e)\  the  whole  area 

_  ir(fl«  +  y) 
2 

Ex.  9.     If  a?*-|-y*— fl«  a:y  =  0,  the  area  of  a  loop  =  -g- . 
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228.^  In  all  the  preceding  examples  the  r-integration  has  pre- 
ceded the  ^-integration ;  the  effect  of  which  order  has  been  that 
the  area  is  resolved  into  triangular  elements  with  a  common  vertex 
at  the  pole  s ;  and  the  sum  of  these  is  determined  by  the  ^-inte- 
gration. Now  the  areas^  which  are  ordinarily  subjects  of  inves- 
tigation^ admit  of  this  resolution :  but  if  the  ^-integration  had 
been  first  effected^  r  being  constant^  it  would  have  determined  the 
area  of  a  circular  annulus^  the  radii  to  whose  bounding  circles 
would  have  been  respectively  r  and  r-l-rfr,  and  the  subsequent 
r-integration  would  have  given  the  sum  of  all  similar  annuli ;  but 
the  areas,  which  are  commonly  the  subjects  of  these  processes,  do 
not  conveniently  admit  of  such  a  resolution,  and  the  equations 
of  the  bounding  curves  do  not  commonly  give  convenient  values 
of  limits ;  and  therefore,  although  theoretically  the  order  of  inte- 
gration is  indifferent,  yet  we  choose  that  which  is  practically  most 
convenient,  and  make  the  r-integration  precede  the  ^-integration. 
The  circle,  I  would  observe,  when  the  centre  is  the  pole,  is 
adapted  to  both  orders  with  the  same  facility,  because  the  limits 
of  the  two  integrations  are  constant. 

229.]  We  proceed  to  the  investigation  of  areas  whose  limits 
are  of  a  more  complex  character  than  those  considered  above. 

Ex.  1.  To  find  the  area  of  a  circular  annulus,  the  radii  of 
whose  exterior  and  interior  bounding  circles  are  a  and  b. 

The  area  of  the  annulus  =  /     I  rdrdd 

Jo    Jb 

Ex.  2.  To  find  the  area  contained  between  the  conchoid  of 
Nicomedes,  its  asymptote,  and  two  given  radii  vectores ;  fig.  29. 

Let  SA.  =  a,  AB  =  PQ  =  i;  sp  =  r,  bsp  =  ^;  therefore  the 
equation  to  the  curve  is  r  =  a  sec  ^  +  d ;  also  SQ  =  a  sec  ^. 

Let  0^  and  Oq  be  the  superior  and  inferior  limits  of  $ ;  then 

Jr«„  faweee+b 
'     I  rdrdO 

$Q  JaaocB 

=  i  r  (2abseGe+h^)de 
2-'«o 

=  [flilogtang  +  |)  +  *^*];; 

=  ab  |logtan(|  +  |=)-logtaa(|  +  |)|  +  ^  (^-"^o)- 

s  s  s& 
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Ex.  3.  To  determine  the  area  contained  between  two  saccesflive 
convolutions  of  the  spiral  of  Archimedes ;  fig.  80. 

Let  the  general  form  of  the  equation  to  the  spiral  be  r  ss  a^, 
<f>  being  the  whole  angle  through  which  the  radius  vector  has 
revolved ;  and  let  sa^  sb^  sc^  severally  be  the  values  of  the  radius 
vector  after  n—l,  n,  and  n+l  complete  revolutions,  so  that 
SA  =  2(»— l)7ra,  SB=r2»7ra,  sc  =  2(n-f l)wfl;  letP8A  =  d; 
therefore  sp  =  {2(»— l)ir+<?}a,  sPi  =  {2n7r  +  ^}a,  which  values 
it  is  convenient  to  represent  by  r  and  r^ ;  the  problem  is  to  deter- 
mine the  area  of  apb^  bp^  c^  c,  which  is  expressed  by  the  following 
definite  integral : 

the  area  =  /      /    rdrdO 

=  ^f"{(2nn+0)*-{2(n-l)v+ey}d$ 

therefore  the  area  generated  in  the  first  revolution  of  the  radius 
vector  is  8  v^  a^;  and  hence  that  generated  in  the  nth  revolution 
is  n  times  that  generated  in  the  first. 

230.]  If  the  equation  to  the  curve  is  given  in  terms  of  r  and/i, 
instead  of  finding  the  equivalent  expression  in  terms  of  r  and  6, 
and  then  integrating  as  in  the  preceding  articles,  it  is  more  con- 
venient to  pursue  the  following  course : 

Let  rdrdO  he  integrated  first  in  respect  of  r;  and  supposing 
the  limits  of  r  to  be  the  radius  vector  of  the  curve  and  0,  we 
have,  $  and  6q  being  the  limits  of  0, 

1  /•• 
the  area  =  «  /  ^d$. 

^  d 

But  by  (24),  Art.  271,  Vol.  I,  r»  d(?  =     ^         ; 

where  r  and  r^  are  the  radii  vectores  of  the  bounding  curve  corre- 
sponding to  0  and  $Q  respectively ;  in  which  expression  p  must  be 
replaced  by  its  value  in  terms  of  r,  and  the  r-integration  then 
effected. 


Digitized  by  VjOOQ IC 


231.]  PLANE  SURFACES.  317 

Ex.  1.   To  find  the  area  contained  between  the  involute  of  the 
circle  and  two  limiting  radii  vectores ;  see  fig.  81. 
The  equation  to  the  curve  is  r*— jj*  =  a*. 

.-.     The  area  ASP  =  /   j  rdrdO  =  ^j  r^dO 

2Ja    a^  6a  6a 

Ex.  2.  To  find  the  area  contained  between  an  epicycloid  and 
its  base-circle  during  one  revolution  of  the  generating  circle^  see 
fig.  42,  Vol.  I. 

By  (9),  Art.  268,  Vol.  I,  the  equation  to  the  curve  is 

^-4*(a  +  *)^'^    "'' 
therefore  the  area  contained  between  the  pole  and  the  curve 
ra+tb  prdr 


-I. 


o     Ja        {(a  +  2*)«- 


r»}* 
{4A(fl+A)-(r»-a«)}* 


~       a      Ja 


Of 

and  as  the  area  of  the  circular  sector  which  is  included  in  the 
above  expression  is  irab,  the  area  included  between  the  circle  and 

the  epicycloid  = (3a+2A). 

In  reference  to  the  expression  for  the  area  which  is  given  in 
(12)  it  is  to  be  observed,  that  the  triangle  osp,  which  is  ex- 

f^dO 
pressed  by  ,  is  the  (^-differential  of  the  area.     But  the  area 

of  this  small  triangle,  see  fig.  86,  s=  ^  sy  x  pq  =  ^- .     Hence 

f^dO  z=  pds;  and  if  a  is  a  sectorial  area, 

A  =  |/prf»;  (14) 

which  is  another  expression  for  the  area. 

231.3  The  method  of  the  present  section  is  also  applicable  to 
the  following  problem : 

To  find  the  area  contained  between  a  curve,  its  evolute,  and 
any  two  limiting  radii  of  curvature. 
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In  fig.  32  let  opqb  be  the  pl^e  curre  on  which  p  and  q  are 
two  consecutive  points^  p  being  (3ff,y),  and  pq  being  an  infini- 
tesimal arc^  and  therefore  equal  to  cb;  let  pn  be  the  radius  of 
curvature  at  p,  and  be  denoted  by  p :  then  the  area  of  the  infim- 
tesimal  triangle  pnq  is  equal  to 

l^IE  =  P|?;  (15) 

and  as  the  required  area  is  the  sum  of  all  these^  we  have 

the  area  =  -  /  p  A,  (16) 

in  which  p  and  ds  must  be  expressed  in  terms  of  a  single  vari- 
able^ the  limits  of  integration  being  assigned  by  the  conditions 
of  the  problem. 

Ex.  1.  To  determine  the  area  contained  between  the  parabola^ 
whose  equation  is  y^  =  4flw?,  its  evolute,  the  radius  of  curvature 
at  the  vertex^  and  any  other  radius  of  curvature. 

Here  p  =  ^(a+x)i,         ds  =  l^±^fdx; 


,-  1    r'(a4-a7)« 

.-.     the  area  =  ^  /     ^^ — r— ^or 


=-4 12«'^*+ !<«'*+ 1**1' 

and  therefore  the  area  contained  between  the  curve,  the  evolute, 
and  the  radii  of  curvature  at  the  vertex  and  at  the  extremity  of 

the  latus  rectum  is  equal  to  r-^  a^, 

Ex.  2.     To  find  the  area  contained  between  the  cycloid,  its 
evolute,  and  two  given  radii  of  curvature. 

In  fig.  32,  let  o,  the  starting  point,  be  the  origin ;  then 

X  =  a  versin"^  -  —  (2ay— y*)* ; 

.-.    p  =  2(2ay)*,  *  =  (^)*rfy; 

.•.  the  area  beginning  at  o  =  2a  /  — ^—^ — 7 

=  2a  j  — (2ay— y«)i  +  aver8in-i^|; 
and  therefore  the  area  ob'b  =  29ra^. 
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Section  8. — The  Qtiodrature  of  Surfaces  of  Revolution. 

232.3  In  fig.  33^  let  APq  be  a  plane  curve^  and  suppose  it  to  ge- 
nerate a  surface  of  revolution  by  revolving  about  a  line  oo?  in  its 
own  plane^  A'p'q'  being  its  position,  when  half  a  revolution  has 
been  performed;  and  let  the  equation  to  ap  be  y  =/(a?) ;  let 
OM  =  a?,  MP  =  y,  pq  =  rf*;  p  and  q  will,  in  a  complete  revo- 
lution, describe  circles  whose  radii  are  respectively  y  and  y  +  dy, 
and  therefore  the  paths  traversed  severally  by  p  and  q  are  2 Try 
and  2ir(j/-\'dy):  supposing  the  curve  to  be  continuous  and  to 
have  no  points  of  inflexion  between  p  and  q,  the  element  pq  will 
describe  a  circular  band  whose  breadth  is  ds,  and  the  circum- 
ferences of  whose  bounding  circles  are  2  Try  and  2Tr(yH-^y) ;  the 
area  therefore  of  the  convex  surface  of  this  band  is  intermediate 
to  2 rr yds  and  2Tr(y-\'dy)ds;  and  neglecting  the  infinitesimal  of 
the  second  order,  the  convex  surface  of  the  infinitesimal  band  is 
equal  to  2iryds;  and  therefore,  as  it  is  an  infinitesimal  band- 
element  of  the  surface, 

the  surface  =  /  2irydSj  (17) 

the  integral  being  of  course  definite,  and  the  limits  being  given 
by  the  conditions  of  the  problem. 

As  y  =  /(a?)  is  the  equation  to  the  generating  plane  curve, 
dy  =/'(j?){te;  and 

ds  =  ((te«H-rfy2)* 

.-.     the  surface  =  2Tr  Jf(x)  {l4-(/'(^))*}*cte;  (18) 

which  is  the  form  convenient  in  most  cases ;  other  processes  will 
be  explained  in  the  sequel. 

Ex.  1.    To  find  the  surface  of  a  sphere. 
The  equation  to  the  generating  curve  is  a?*  +  y*  =  a^  so  that 
yds  =  adx. 

.-,     the  surface  of  the  sphere  =  4Tra  1   dx  =  4Tra*. 

Jo 

Henoe  also  a  zone  of  a  sphere  contained  between  two  planes 
perpendicular  to  the  axis  and  at  distances  x^  and  w^  from  the 
centre  ia  equal  to 

2Tra/  *dx  :=^2va{x^^x^', 

Jxo 

see  Ex.  7,  Art.  24,  vol.  I. 
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Ex.  2.  To  determine  the  surface  of  the  paraboloid  of  revolution . 
Here  let  y^  =  4aa? ;  so  that 

.'.     the  surface  =  4irfl*  /   (a+a?)*  Ap 

=  -3-  l^«+^)''Jq=  -3-  {(«+^)'-fl»}. 

Ex.  8.     To  find  the  area  of  the  surface  described  by  the  revo- 
lution of  a  cycloid  about  its  base. 

Here    a?  =  a  (d— sind),    y  ^  a  (1— cos^) ;     so  that 

ds  =  2a  do  sm^; 

the  whole  surface  =  2if  J  yds 

r*  0 

=  8iray   (1— co8^)sinH<W 

=  82,ra«[l(co8|)'-coB|]^" 

64     , 

=  T'"  • 
Ex.  4.    To  determine  the  area  of  the  surface  described  by  the 
revolution  of  the  tractrix  about  the  axis  of  x. 
The  differential  equation  to  the  tractrix  is 

^=        y     ■ 

dx  (a«-y«)*' 

.-.     yd9=  -^ady; 

.*.    the  whole  surface  =z  J2vyd8 

=  — 2ira  /   dy 
=  2vaK 

Ex.  5*  The  convex  surface  of  a  oone^  whose  generating  line  is 
ay-bx  =  0,  is  vb(a^  +  b^)^. 

Ex.  6.  Find  the  equation  to  the  plane  curve  which  by  its  re- 
volution about  the  a7-axis  generates  a  surface^  the  area  of  which 
is  proportional  to  (1)  the  extreme  abscissa;  (2)  the  extreme  ordi- 
nate. 
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Ex.  7.  The  whole  surface  of  a  prolate  spheroid,  the  equation 
to  whose  generating  ellipse  is 

-4-?^-l 

and  whose  eccentricity  is  e,  is  27r  6^ H sin"^  e, 

Ex.  8.     The  area  of  a  surface  generated  by  the  revolution  of  a 
logarithmic  curve,  y  =  e'',  about  the  axis  of  a?  is  equal  to 
^{y(l+y*)*+log(yH-(l+y*)*)}. 

Ex.  9.  The  whole  area  of  the  surface  generated  by  the  revolu- 
tion of  a  cycloid  about  its  axis  is  Sita^  (''^ ""  q) ' 

233.3  If  the  line  about  which  the  generating  plane  curve  re- 
volves is  the  axis  of  y,  then,  see  fig.  34,  if  om  =  a?,  mp  =  y, 
PQ  =  d«,  the  convex  surface  of  the  band  generated  by  pq  in  one 
revolution  is  equal  toiiricds,  and  as  this  is  an  infinitesimal  band- 
element  of  the  required  surface, 

the  whole  surface  =  27r  /  a?  (fe ;  (19) 

the  integral  being  definite,  and  the  limits  being  assigned  by  the 
problem. 

Ex.  1.     To  determine  the  surface  of  an  oblate  spheroid. 

Let  the  equation  to  the  revolving  ellipse  be 

«« ^  j«  -  ^' 

and  its  eccentricity  be  e ;  then 

or 


the  whole  surface 


Ex.  2.    To  determine  the  area  of  the  surface  generated  by  a 

given  length  of  the  catenary  revolving  about  the  axis  of  y,  when 

the  equation  is  a  r  *        _^i 

y=-{e«  +  e  «}. 

PRICE,  VOL.  n.  T  t 
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Hence  by  Ex.  7,  Art.  155,    *  =  s  {^  ""  ^  "  j  ^ 
/.     the  surface  =  27r  /   xds 

=  27r  Lp*  —  I sdw\ 

=  2ir{a?*— a(y— a)}. 

284.]  If  the  curve,  whose  equation  is  y  sz/{x),  generates  a 
surface  by  revolving  about,  not  one  of  its  axes  of  referenooj  but 
an  axis  parallel  to,  say,  its  axis  of  d?,  at  a  distance  a  from  it^  and 
in  the  plane  of  the  curve,  then  the  surface  generated 

=  iTrf  {a-\-f(x)}ds  (20) 

=  27ra/   i&+27r/  /(a?)d#, 

«r  and  Wq  being  the  abscissae  corresponding  to  the  extremities  of 
the  generating  curve ;  and  therefore  if  9  is  the  length  of  the 
generating  arc,  and  s'  is  the  area  of  the  sur&ce  generated  by  the 
revolution  of  it  about  its  axis  of  a?, 

the  required  surface  =  27rfl«  +  s'. 
If  the  generating  curve  is  a  closed  figure,  such  aa  that  drawn 
in  fig.  39,  and  capable  of  being  divided  into  two  equal  and  sym- 
metrical parts  by  a  Une  ebc  which  is  its  axis  of  s,  then,  if  AB=a, 
and  the  equation  to  epc  is  y  =zf(a:),  eg  being  its  axis  of  a,  the 
surface  generated  by  the  revolution  of  epc  about  o^ 

=  27rr"{aH-/(a?)}(fa; 

and  that  generated  by  the  revolution  of  sp'c  about  the  same  line 

=  27rf'"{a-/(a?)}&; 

therefore  the  surface  generated  by  the  revolution  of  the  closed 

figure  BPCP'  Tx, 

=  ^ital    ds; 

which  is  equal  to  ^iras;  tbat  is,  to  27rc  x  length  of  the  gene^ 
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rating  curve ;  therefore  the  area  of  the  surface  generated  by  the 
revolution  about  an  axis  in  its  own  plane  of  a  closed  curve  which 
is  symmetrical  with  respect  to  a  line  parallel  to  that  about  which 
it  revolves^  is  equal  to  the  product  of  the  length  of  the  curve  and 
tlie  path  described  by  a  point  on  the  line  of  symmetry. 

Hence  if  a  circle  of  radius  a  revolves  about  an  axis  in  its  own 
plane  at  a  distance  c  from  its  centre^  the  surface  of  the  generated 
ring  =  4w*ac. 

285.3  -^^  ^^^  surface  is  generated  by  a  curve  referred  to  polar 
coordinates^  the  area  of  it  may  be  determined  as  follows.  Let 
the  axis  of  revolution  be  the  prime-radius^  and  from  p  which  is 
(r,  0),  see  fig.  26,  let  pm  be  drawn  at  right  angles  to  sx.  Then 
PM  =  r  sin  ^ ;  and  the  arc-element  pq^  which  =  ds,  will  by  its  re- 
volution about  sx  describe  an  infinitesimal  band^  whose  breadth 
is  dSy  and  whose  circumference  =  2  wr  sin  0.  Consequently 
27rrsin^e25  is  the  band-element  of  the  surface^  and 

the  surface  =  jiirrsiaOds;  (21) 

this  int^ral  is  of  course  definite^  and  the  limits  are  assigned  by 
the  geometrical  conditions  of  the  particular  problem. 

Ex.  1.  Find  the  area  of  the  surface  of  a  spherical  sector^  2  a 
being  the  vertical  angle  of  the  sector,  and  a  being  the  radius  of 
the  sphere.       ^^  ^^^  ^  C-^^^^  ^.^  ^  ^^ 

Consequently,  if  o  =  w,  the  whole  surface  of  a  sphere  =  4ira*. 

Ex.  2.     Find  the  area  of  the  surface  generated  by  the  revolu- 
tion of  a  loop  of  the  lemniscata  about  its  axis. 
Since  r*  =  a^  cos  2d,    rsmOds  ^  a^AnOdO; 

.'.     the  surface  =  2ira*  /   sixiSd 
=  ira«{2-2*}. 
Ex.  8.    The  area  of  the  surface  generated  by  the  revolution  of 
the  cardioid,  whose  equation  is  r  =  a  (1  -|-  cos  0),  is  — = —  • 

Ex.  4.  The  area  of  a  surface  generated  by  the  revolution  of  a 
loop  of  the  lemniscata,  whose  equation  is  r*  =  o*  sin  26,  is  27ra2. 

T  t  2 
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Section  4.— Qfuu/ra/ure  of  Curved  Surfaces. 

236.]  We  now  come  to  the  problem  of  Quadrature  in  its  most 
general  form^  only  particular  cases  having  been  investigated  in  the 
preceding  articles.  It  will  be  observed  also  that  in  the  preceding 
section^  the  integrals,  on  which  the  quadrature  depends  have  been 
single,  whereas  the  quadrature  of  an  area  must  involve  a  donble 
integral :  the  revolution  of  the  arc-element  about  the  axis  is 
however  equivalent  to  one  integration. 

Let  the  equation  to  the  surface,  on  which  the  area,  whose  quad- 
rature is  to  be  determined,  lies,  be 

F(a?,y,xr)=0;  (22) 

and  employing  the  same  notation  as  in  Art.  332,  Vol.  I.,  let 

•     (s)="'    ©-'.    {£)="     « 

u2-fv2  4-w2  =  q*;  (24) 

so  that  if  a,  )S,  y  are  the  direction  angles  of  the  normal  at  (x,  y,  z), 

COSQ=-,  COS  5  =  -,  cosy=  — .  i^) 

Let  p,  fig.  35,  be  the  point  (^,  y,  z)  on  the  surface.  Through 
p  let  planes  psln,  frjn  be  drawn  parallel  to  the  planes  of  (y,  z), 
(a?,  z)  respectively;  and  also  let  two  other  planes  respectively 
parallel  to  them  be  drawn,  and  at  infinitesimal  distances  dp,  dy; 
so  that  NL  =  dy,  nj  =  dx,  and  PsqB  is  the  intercepted  infini- 
tesimal element  of  the  surface ;  then  q  is  (a?+ dlr,  y  +  dy,  z+dz) ; 
and  let  us  imagfine  the  whole  surfsice  by  a  similar  process  to  be 
resolved  into  similar  infinitesimal  elements :  then  the  area  of  one 
of  these  having  been  expressed  in  general  terms,  the  area  of  the 
surface  will  be  given  by  the  double  integral  which  expresses  the 
sum  of  such  elements,  the  integral  of  course  being  definite. 

Let  A  represent  the  required  area,  of  the  sur&ce,  and  dn  the 
area  of  the  element  PRqs.  As  a  tangent  plane  to  a  surface  at  a 
given  point  contains  not  only  the  point  but  also  an  infinity  of 
other  points  immediately  contigfuous  to  it,  so  dA  being  infini- 
tesimal will  be  coincident  with  the  tangent  plane  at  p,  and  there- 
fore the  angle  between  it  and  any  other  plane  is  equal  to  the  angle 
between  the  tangent  plane  and  that  plane. 

Now  the  projection  of  dA  on  the  plane  of(x,y)  is  the  rectangle 
NK,  which  ^dwdy; 

.*.     dxdy  =  rfACosy  =  — rfA;  (26) 
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Similarly^  if  dA  is  projected  on  the  planes  (y,  z),  and  {Zy  x), 

dy  dz  =  <2a  cos  a  =  -  dA ;  (27) 

dzdx  =  rfAcosB  =  -diL.  (28) 

Hence      a  ^fj^dydz  z=zj j^dzdx  ^j j^dxdy-y     (29) 

each  of  these  being  a  double  integral ;   and  either  one  being  em- 
ployed according  as  it  is  best  suited  to  the  equation  of  the  surface 
and  to  the  given  limits. 
Also  squaring  and  adding  (26)  (27)  and  (28), 

dA  =  {dy^dz^-^dz^da^  +  da^dy^}^;  (30) 

.-.    iL=JJ{dy^dz^-\'dz^dw'  +  da^dy^}^,         (31) 

which  is  also  the  general  value  of  the  area ;  this  form  is  conve- 
nient whenever  the  equation  to  the  surface  is  given  in  the  explicit 
form.    Thus  if  z  =/(a?,  y),  then  from  (81),  we  have 

The  formula  (32)  may  also  be  deduced  from  the  last  of  (29), 
by  the  theory  explained  in  Art.  50,  Vol.  I ;  or  as  follows ;  since 

p  (X,  y,  z)  =  f(x,  y)'-z  =  0, 

^=©'     ^=(|)'     ^=^^' 
and  therefore  (29)  becomes 

Now  in  all  these  cases,  by  means  of  substitution  from  the  equa- 
tion to  the  surface,  the  element-function  will  become  a  function 
of  those  two  variables,  whose  differentials  enter  into  the  element. 
Tlius,  let  us  suppose  the  element-function  to  be  a  function 
of  X  and  y,  and  let  us  consider  the  effects  of  the  successive  in- 
tegrations. 

We  will  suppose  the  surface,  of  which  the  area  is  required,  to 
be  closed,  and  to  be  such  as  is  contained  in  the  octant  delineated 
in  fig.  36  j  then,  since  PBqs  is  the  element  of  the  surface,  the 
effect  of  a  y-integration,  x  being  constant,  will  be,  the  summa- 
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tion  of  all  elements  similar  to  pq  &om  l  to  k^  that  is^  from  y =0 
to  ^  =  mk;  that  is^  the  aggregate  of  the  elements  is  the  band 
LPK;  and  as  the  area  of  the  band  will  be  expressed  in  terms  of 
Xf  and  is  therefore  the  general  value  of  all  similar  bands^  the 
effect  of  a  subsequent  a?-integration  will  be^  to  sum  all  such 
elemental  bands  of  which  the  surface  is  composed^  and  the  limits 
of  this  latter  integration  must  be  or  =  0^  and  a?  =  o  a.  If  there- 
fore MK^  as  determined  by  the  equation  to  the  surfisu^^  =  y^  and 
OA  =  a,  then 

If  the  a?-integration  is  effected  firsts  the  effect  will  be  to 
determine  the  band  gpbi^  and  the  limits  of  integration  will  be 
HI  =  X  and  0;  and  the  subsequent  y-integration^  with  the  limits 
06  =  6  and  0^  will  sum  all  such  bands  contained  between  parallel 
planes^  and  will  give  the  area  of  the  sur&ce.    In  this  latter  case^ 

The  above  is  an  outline  of  the  general  method  of  finding  the 
area  of  such  surfaces :  the  limits  of  integ^tion  will  of  course  vary 
according  to  the  conditions  of  each  problem. 

237.]  Examples  illustrative  of  the  preceding  formuIsB. 
Ex.  1.     The  surface  of  the  eighth  part  of  a  sphere. 
Let  the  surface  delineated  in  fig.  86  be  that  of  the  octant  of  a 
sphere :  then,  o  being  the  centre,  a;"4-y*4-^  =  a*. 

-;  and  if  Y  =  (a*— j?")*,  then  from  (29), 


.,                  /"*  r^      adydx 
the  area  =  /    /   — - — ^ r-, 

IF  a   /"*»,         wa* 

=  -2-1^  =-T' 


Ex.  2.  A  sphere  is  pierced  by  a  right  circular  cylinder  whose 
surface  passes  through  the  centre  of  the  sphere,  and  the  dia- 
meter of  whose  generating  circle  is  equal  to  the  radius  of  the 
sphere ;  it  is  required  to  find  (1)  the  area  of  the  surface  of  the 
sphere  intercepted  by  the  cylinder;  (2)  the  area  of  the  surface  of 
the  cylinder  intercepted  by  the  sphere. 

Let  the  cylinder  be  perpendicular  to  the  plane  of  (a?,  y) :   then 
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the  equations  to  the  cylinder  and  to  the  sphere  are  y*  =  oa?— a?*, 
and  a^+y*4-^^  =  a*  respectively. 

(1)   If  Y  =  (aa^-x^)^,  then,  from  (34), 

the  area  of  the  sphere  =  2  /    / r 


=  2a  /    sm^  ^^ ^  dip 

=  2o/    sin-1  ( )  dCx-^a) 

Jo  \a  +  wj  ' 

=  2a[(^  +  a)sin-i(^)*-(a^)*]] 


(2)  Ehminating  y,  we  have  z  =  (a*  — ao?)*  =  z,  say;   and  the 
length-element  of  the  trace  of  the  cylinder  on  the  plane  of  (a?,  y) 

dx 

IS  r;  therefore 

(a*— aa?)* 

the  area  of  the  cylinder  =  2  /    / =  4  a*. 

•'o  J-B(a*  — oo?)* 

Ex.  3.  On  the  double  ordinates  of  a  circle,  and  in  planes  perpen- 
dicular to  the  plane  of  the  circle,  isosceles  triangles,  whose  vertical 
angle  =  2  a,  are  described ;  prove  that  the  equation  to  the  surface 
thus  generated  is  j?*+(y  +  j2rtana)*  =  a*,  and  that  the  whole 
convex  area  =  2a*  {cot  a+a  (cosec  o)*}. 

238.3  For  another  application  of  the  preceding  theory  of 
quadrature  let  us  consider  that  of  the  ellipsoid ;  for  although  the 
integrals  which  determine  this  area  become  elliptic  transcendents, 
and  consequently  do  not  admit  of  integration,  yet  by  the  intro- 
duction of  new  variables,  and  transformation  according  to  the 
principles  of  the  preceding  chapter,  they  assume  forms  deserving 
notice  on  account  of  the  geometrical  interpretations  which  they 
yield. 

Let  the  equation  to  the  ellipsoid  be 

where  a>h  >  c.    And  let  a  denote  the  whole  surface ;  then,  if 
Y  =  *  (a*-a^)*,  by  the  last  of  (29), 
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[239- 


>dydaf;     (87) 


which  does  not  admit  of  further  int^^tion ;  let  us  however  in- 
troduce new  variables;  and  in  the  first  place  let  the  equation 
(36)  be  expressed  in  terms  of  subsidiary  angles  a  and  fi  as  follows : 

^  =  asinacosffj  -i 

y  =  A  sin  a  sin  j3,  I  (88) 

r  =  ccosa;  J 

for  these  equations  satisfy  (86). 

Now  we  may  either  substitute  these  values  in  (87) ;  or  may 
apply  to  them  immediately  equation  (80),  Art.  286.  In  either 
case,  if  dA  denotes  the  infinitesimal  surface-element. 

But  if  p  =:  the  length  of  the  perpendicular  from  the  centre  of 
the  ellipsoid  on  the  tangent  plane, 
^  —  ^       y*       z* 

_  yg'(sina)«(cosi3)gH-c^flVsina)^(sini3)«  +  a^y(cosa)^ 


and  therefore 


-          abc  sin  a  da  d3 
dA  =  ^; 


(40) 


(41) 


and  if  A  =  the  whole  surface  of  the  ellipsoid, 
^^^^f'    r^sinadadp 

J-w  Jo  P 

Hereby  we  may  prove  the  following  theorem.  If  rfA  =  the 
surface-element  of  an  ellipsoid,  and  s  is  the  area  of  the  central 
section  of  the  surface  which  is  parallel  to  the  plane  of  <2a, 

rfA 


// 


—  =  4,  when  the  ranges  of  integration  include  the  whole 

s 

ellipsoid. 

289.]  Again,  let  us  introduce  two  other  subsidiary  angles  ri 
and  t/r,  such  that  sin  rj  cos  ^,  sin  rj  sin  ^,  cos  rj  are  respectively  the 
direction-cosines  of  the  normal  of  the  ellipsoid  at  the  point 
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BO  that  X 

giniycosVr  =p^. 


(48) 


cos  J?  =  p^;J 

.-.    /)2  =  «« (sin ,;)«  (cos  V^)2  +  ia  (sin  iy)«  (sin  t/r)*  +  c«  (cos »;)«.      (43) 

.^^    .                a^sinncosV^                  ft^gin^sin^ 
And  nnce  m  = 21         ^  -. '       ^ , 

J    ,         a^A^c^sinifCosif  ,    ,, 
.•.     dydx  ^ -T-^ * dt\w^\ 

J         dydx       a'A^c^sin?;,-,  fAA. 

.\     dA  =  -^ —  =  J 'dndyl^;  (44) 

g'yc'sinTydTyrf^ ^ 

{a«(sini;)2  (cost/r)«  +  ^^(sin j;)2(sin ^r)*  +  c«(co8i7)a}>  '  ^     ^ 


ri' 


To  simplify  this^  let 

a*  (sin  i;)*  +  ^  (cos  ?y)*  =  m*, ) 
ft»(siniy)»+c«(C08iy)«  =  n»;  J 


(46) 

.••  i^  ^n?  (cos  ^)« + *i>  (sin  V^)^ ;  (47) 

r»    r*       a«yc« sin lydiyrfyr  .^. 

LwJo   {w«(cosV^)«  +  n2(8inV^)»P* 

Let  ntan^  =  mta,n<o;  (49) 

then^  observing  that  the  limits  of  ^^  and  therefore  of  c^^  are  ir  and 
^^v  we  have 

^  =  ,«,i.^r-«£l&jM.  (50) 

Jo  mrn^ 

Thus  the  area  o^  the  surface  is  expressed  in  terms  of  a  single 
integral.  Let  us  consider  the  geometrical  meaning  of  this  ex- 
pression. 

From  (42)  it  appears  that  the  relation  between  77  and  the  coor- 
dinates of  its  corresponding  point  on  the  ellipsoid  is 

.       ^.y'       2r«(tan>y)»_  gj 

which  is  the  equation  to  an  elliptical  cone  whose  vertex  is  at  the 
centre  of  the  ellipsoid ;  and  as  17  is  the  jsr^direction-angle  of  the 
PBICB,  TOL.  n.  r  u 
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normal  of  the  ellipsoid,  the  axis  of  r  is  the  axis  of  the  cone,  and 
the  ratio  of  the  semi-axes  of  any  plane  elliptical  section  of  it  per- 
pendicular to  its  axis  is  that  of  o^  :  i*.  Now  the  ^-integration, 
which  has  already  been  effected,  between  the  limits  it  and  —  ir, 
gives  an  annulus  on  the  surface  of  the  ellipsoid,  the  breadth  of 
the  annulus  being  due  to  the  variation  of  17.  Imagine  therefore 
two  cones,  represented  by  equation  (51),  to  be  described  corre- 
sponding to  r)  and  to  ry  +  d?;;  the  lines  of  intersection  of  these 
cones  with  the  ellipsoid  will  be  two  curves,  infinitesimally  near  to 
each  other,  which  contain  between  them  the  band  of  the  ellipsoi- 
dal surface  expressed  by 

and  the  sum  of  all  these  bands  between  the  limits  v  and  0  will 
be  the  whole  surface  of  the  ellipsoid. 

The  projection  on  the  plane  of  (a?,  y)  of  the  intersection  of  the 
given  ellipsoid  with  the  cone  (51)  is  an  ellipse,  whose  equation 
determined  by  the  elimination  of  z  &om  (36)  and  (51)  is 

^{l-^(cotn)''|  +  g|l--J(cot,)«[  =  1.     (53) 

Thus  if  the  band  which  is  expressed  by  (52)  is. projected  on  the 
plane  of  {x,  y),  one  of  its  bounding  lines  is  the  ellipse  (53),  and 
the  other  is  the  ellipse  corresponding  to  ri  +  drf. 

240.]  The  element-function  of  (37)  also  admits  of  another  in- 
terpretation deserving  notice. 

•2?  tl 

Let  -  =i,  T  =  1  >  80  that  dydx  =  ab  di\  d^;  also  the  eqnar 
tion  which  determines  the  limits  of  integration  is^+if  ^  1;  let 
(1  _f  )♦  =  H.     AUo  let  '^^  =  a«,  ^^  =  /3» ;  and  let 

whereby  we  have  ri    ra 

K^abl  Cdfidi;  (55) 

Now  let  us  suppose  f,  rj,  f,  to  be  rectangular  coordinates;  then 
drj  di  is  an  area-element  of  the  plane  (f,  ?y),  and  as  f  is  the  coor- 
dinate parallel  to  the  C-axis,  (drj  d^  expresses  the  volume  of  a  rect- 
angular parallelepipedon  whose  base  is  dr}  d^,  and  whose  height 
is  f ;  f  being  related  to  f  and  17  by  the  equation  (54),  which  may 
be  put  into  the  form. 
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(C*-o«)  f»+  (C*-/3»)  rf  =(*-!}  (56) 

thus  this  equation  represents  a  surface,  and  consequently  the  double 
definite  integral,  whose  element  is  (drid(,  expresses  the  volume 
contained  within  the  given  limits  between  this  surface  and  the 
plane  of  (f ,  ij).  This  surface  is  represented  in  fig.  45,  where  oc  =  1, 
for  since  a?  and  )3*  are  both  less  than  1,  when  f  =  1,  f  =  ?y  =  0 ;  and 
consequently  the  surface  intersects  the  C-a^  at  c.  For  values  of 
C  a  little  less  than  1,  the  equation  gives  impossible  values  to  f  and 
fl ;  but  gives  possible  values  when  f  is  greater  than  1 ;  thus  the 
surface  lies  above  the  point  c.  When  ^-\-rp  z=:\y  ^z^co  i  con- 
sequently if  a  right  circular  cylinder,  whose  radius  =  oa  =  ob  =  1, 
and  whose  axis  is  oc,  is  described  as  in  the  fig.,  the  surface  (56) 
is  asymptotic  to  it.  Also  as  (56)  is  unchanged  when  ^  is  replaced 
by  —  C,  another  surface  equal  and  similar  to  cbq  lies  below  the 
plane  of  (f,  17),  to  which  the  cylinder  is  also  asymptotic.  Thus 
the  integral  (55)  expresses  the  volume  contained  within  the  cylin- 
der and  between  those  two  surfaces.  Hereby  also  we  have  a 
forther  interpretation  of  the  definite  integral ;  for  if  we  give  to  C  a 
value  greater  than  1,  and  take  it  to  be  constant,  while  f  and  77  vary, 
that  is,  if  we  cut  the  surface  by  a  plane  parallel  to  that  of  (^,  17), 
(56)  shews  that  the  curve  of  section  is  an  ellipse ;  such  is  bq,  of 
which  the  semi-axes  are 

and  of  which  therefore  the  area  =  -. r .  (58) 

(C*-a»)i(f«-^«)* 

If  f  varies,  the  area  of  this  ellipse  will  also  vary  by  a  narrow 
elliptical  rinfir,  of  which  the  area  =  irrf . \ : ;  and 

consequently  we  may  consider  the  element  of  the  volume,  which 
is  expressed  in  the  right-hand  of  (55),  to  be 

irfrf. ^ :;  so  that 

(C*-a«)*(C*-^^)* 


=  2irai/    frf. \ 


(f^-a»)*(f*-/3»)* 


(59) 


L(C*-a»)*(C2-i3*)*     J  (f*-a»)^(f2-0«)*Ji 

Thus  by  this  substitution,  and  mode  of  interpretation,  due  to 

u  u  a 
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M.  Catalan  *,  the  double  integral  in  (87)  is  reduced  to  the  single 
integral  in  (60). 

'  241.^  In  review  of  the  processes  of  the  two  preceding  articles 
let  it  be  observed^  that  in  equations  (39)  and  (45)  we  have 
rfA  =  {4»c«(sino)»(cosi3)»  +  c«a«(sina)«(8in/3)a4-a*A*(cosa)«}*sinadadi3, 

, c^i^c^smridrjdylf . 

"  {a»(siniy)2(cosV^)*+A*(sini/)2(sin>/r)2-|-c>(co8i;)«}*' 
the  former  of  which  is  irrational,  and  the  latter  is  rational ;  so 
that  by  means  of  the  following  substitutions  we  have  been  able 
to  transform  an  element-Amotion  involving  irrational  quantitaes 
into  an  equivalent  in  terms  of  rational  quantities  only ;   viz.  by 


substituting  .       a  sin  17  cos  ^^    ' 

^         smacosfl  = -s 

P 

.    ^       6  sin  n  sin  ^ 
smasm/5  = ~ 


cosa  = 


P 

c  cos  1; , 


(61) 


P 
where  p*  =r  fl*(8in?y)*(cosV^)*  +  4*(siniy)*(sin^)*+c'(ooeiy)*;  and 

1   _  (sing)' (cos ffl'      (sin g)^ (sin j8)'       (cos a)' 

J?""  o^  "^  6>  ■*■*€»• 

Also  equating  the  values  of  the  elements  given  in  (41)  and  (44), 

we  have  p^siaadadfi  =  abcsiarjdridylt,  (62) 

Hence  by  the  substitutions  of  (61),  the  double  integral 

vwnadadfi 


fh 


{4«c«(8ina)2(cosi3)2  +  c«a»(sina)2(sin/3)«  +  a«i«(co8a)«}*' 
in  which  u  is  a  rational  function  of  sinacos/),  sinasinjS,  and 
cos  a,  may  be  transformed  into  the  following,  which  involves 
only  rational  quantities,  viz.  into 

a^i^c^vsmrjdrjdylr , 

a*(8iniy)*(coBV^)*4-A*(siniy)2(sini^)*  +  c*(cosiy)*' 
the  limits  of  the  new  variables  being  easily  obtained  from  those 
of  the  former  variables  by  means  of  equations  (61). 
Again,  from  (62)  we  have 


IL 


I    I  p^Binadadp  =  abc  I    I  sinijcfijiA^ 
vabc 

*  See  LbuviUe's  Journal*  Vol.  IV,  page  333.  The  wme  method  is  ex- 
tended to  integrala  of  higher  ordera  and  more  variablea ;  the  diacuaaion  hoff- 
ever  of  which  ia  beyond  the  acope  of  the  preaent  work. 
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242.3  Afl  position  in  space  may  be  determined  by  a  system  of 
polar  coordinates^  such  as  that  explained  in  Art.  165^  so  may  of 
course  the  equation  to  a  surface  be  expressed  in  terms  of  these 
polar  coordinates;  in  which  case  for  the  determination  of  the 
area  it  is  necessary  to  express  the  area-element  in  terms  of  them. 
This  may  be  found  by  transformation  of  either  of  the  expressions 
given  in  (29)  and  (31).  I  propose  however  first  to  investigate  the 
subject  on  principles  purely  geometrical^  and  subsequently  by 
analytical  transformation  to  exhibit  the  identity  of  the  result 
with  those  thus  determined. 

Let  p,  fig.  42,  be  the  point  (r,  0,  <fj)  on  the  surface  whose  equa- 
tion is  F  (r,^,<^)  =  0 ;  let  ^  and  <^  vary ;  and  let  the  radii  vectores 
due  to  the  partial  variation  of  6^  to  the  partial  variation  of  <p, 
and  to  the  total  variation  of  6  and  <^,  respectively,  intersect  the 
surface  in  the  points  V,  v,  r,  so  that  pubv  is  the  surface-element- 
From  p  draw  ps  at  right  angles  to  OP,  and  cutting  ou  in  s; 

then  PS  =  rde,  sxj  =  ( j^)^«    Also  from  p  draw  pt  at  right 

angles  to  op,  and  cutting  ov  in  t;  then  pt  s  p(2^  =  rsin^eJ^, 

TV  =  (t- 1  d^.    Also  let  OP  be  produced  to  z ;  then  from  the 

geometry,  as  explained  in  Art.  165,  it  is  plain  that  ps,  pt,  pz 
form  a  system  of  lines  at  p  such  that  each  one  is  at  right  angles 
to  the  other  two ;  and  consequently  they  may  be  considered  as 
constituting  a  system  of  rectangular  coordinates  originating  at 
p ;  we  will  employ  them  as  such,  and  take  ps,  pt,  pz  to  be^  re- 
spectively the  07—,  y— ,  r— ,  axes.     In  reference  to  this  system 

Pis(0,0,0);uis(rrf^,0,  (^)rfd);  v  is  (o,rsin^d^,(^) 

Hence,  if  dl  denotes  the  surface-element,  which  is  approximately 
a  parallelogram,  of  which  p,  u,  v,  r  are  the  angular  points, 

rfA  =  |r«(sintf)24.(sin^)«  (g)%  (^Jj^rdad*.      (68) 

.-.     A=yy|i^(sind)«+(sin(?)«(g)V(g)*[*rd»d^;     (64) 

this  integral  being  definite,  and  the  limits  being  assigned  by  the 
circumstances  of  the  problem. 

243.]  The  preceding  expression  for  the  surfaoe-element  may 
also  be  derived  by  transformation  of  coordinates  from  the  last  of 
(29)  by  means  of  the  formuke  given  in  (70),  Art.  165.    It  will  be 
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oonvenient  to  effect  the  transformation  by  first  replacing  x  and 
y  in  terms  of  p  and  ^^  and  subsequently  replacing  p  and  z  in 
terms  of  r  and  Q. 

Since  a^  =  p  cos  <^^  y  =  p  sin  ^^  therefore  dxdy  ss  pdpd<l>:  and 
as  after  substitution  the  equation  to  the  surface  takes  the  form 
F  (p,  <l>,  z)  =  0,  then,  as  in  (190),  Art.  107,  Vol.  I, 
(dY\       fdT\       ,      /(tr\  sinA 

/dT\      /rfp\  .    ^      fdv\  cos 6 

By  a  similar  process,  since  z  =  rcostf,  p  =  r sin^, 
/rfp\       /rfF\        .      /rfp\  sin^ 

idf\       /d¥\  .    ^      /rfp\  cos(^ 
Hence,  sabstitotdng  for  y^j ,  squaring  and  adding. 


(65) 


(66) 


and 


rem6d{raiid)d<l>i  (67) 


2  _  /rfgf     (dry'  1       (dry^       1 
•*   -  Vrfr/      Vrftf/  r«  ''"  \d<l>f  r»(8intf)» 

the  integral  of  course  being  definite. 

If  the  equation  to  the  surface  is  given  in  the  explicit  form 
r  =/(^,  <f>),  so  that  r—fiO,  ^)  =  p  (r,  tf,  4>)  =  0,  then 

and  (67)  becomes, 

A  =//|,-(8in(»«+(sin(»)«(^;)%  (^)yrded<Pi  (69) 

which  is  the  same  expression  as  (64). 

If  the  surface  whose  area  is  to  be  determined  is  a  surface  of 
revolution  about  the  ^r-axis,  then  the  equation  to  it  is  independent 
of  0,  and  (69)  becomes, 

A=yy|r2  +  (^)*prsintfrftfd^.  (70) 
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If  the  whole  surface  is  required^  the  ^-integration  may  be 
effected  for  the  limits  2^  and  0^  and 

A  =  2  irj{  (r  dey-^df^}^  r  sin  6.  (71) 

This  result  is  manifestly  identical  with  that  given  in  equations 
(17)  and  (21)  of  the  present  chapter.  Indeed  this  process  is 
general^  and  includes  all  the  preceding. 

244.^  The  following  examples  are  illustratiye  of  the  preceding 
general  formuIsB. 

Ex.  1.    To  find  the  area  of  a  spherical  triangle. 

Let  ABC  be  the  triangle  whose  angles  are  a^  b^  c ;  and  o  the 
centre  of  the  sphere.  Let  oc  be  the  z-axis;  and  let  the  central 
plane  containing  the  side  ab  be  inclined  to  the  plane  of  (of,  y)  at 
an  angle  =  a,  and  intersect  it  along  the  o^-axis.  Then  the  equa- 
tion to  this  plane  is  tan  0  =  cot  a  cosec  ^.  Let  <f>Q  be  the  ^-coor- 
dinate to  A^  and  consequently  i^^-fc  is  the  4^-coordinate  to  b. 
Let  r  =  a  be  the  equation  to  the  sphere,  and  let 

®  =  tan~^cotacosec^. 

Then  from  (69), 

r^+o  re 
the  area  =  a'  /         /sin  OdSd^ 


(1— cose)d^ 

^.       sine  cose  1 

Now 


1  tanasin^       {l  +  (tanasin«^)«}* 

1 


cose  = 


{(sec  a)*— (tan  a  cos  ^)*}* 
sin<^ 


{(cosec  a)'— (cos  <^)*}*' 

.•.    the  area  =  a'/         -jl ^ \d<b 

•Vo        t        {(cosec  o)»- (cos  <^)»}*) 

.  r  ,    .  ^*«+^ 

=  a*    0— cos""*  (sm  a  cos  <^) 

=  a'{c— cos-^(8inacos(<^o+c))  +  cos"'(sinacos<^o)}> 
But  from  the  geometry,  cos  a  =  sin  a  cos  0^, 

cos  (w—b)  =  sin  a  cos  (^o+c) ; 
.-.     the  area  of  the  triangle  =  a*  {A-f  b+o— w}. 
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If  A  =  B  =  ^^  the  triangle  becomes  half  of  a  lane;  and  conse- 
quently the  area  of  the  lune  =  2  a*  c. 

If  0  =  2vf  the  area  of  the  whole  sphere  =  4tvaK 
Ex.  2.    To  find  the  definite  integral  expressing  the  sm&oe  of 
the  ellipsoid  in  terms  of  polar  coordinates. 

Let  the  equation  to  the  ellipsoid  be  given  by  the  system  (88) ; 
then  X  ssz  asina  cos  /3  =  r  sin  ^  cos  4^^  1 

y  =  6  sin  a  sin  /9  =  r  sin  ^  sin  ^^  V  (^2) 

2r  =  ccosa  =  rcostf;         J 

so  that  eliminating  r, 

atanacosj3  =  ctan^cos^^) 
6tanasin)3  =s  ctan^sin^j } 
.\    ad(8eca)>tanac(adj3  =  c>(sec^)*tan0d0<2<^. 

.\     abcsinadadfi  szr^Bm0d0d<f>.  (78) 

and  substituting  in  (41)^ 

J-,  Jo  p 

which  is  the  required  expression.    Also  for  the  whole  ellipsoid 
/     /  r^8iiieded<l>  ^  abc I    J  sinadadp 

=  4vabc.  (75) 

Ex.  8.  The  lemniscata^  r^  =  a^  sin  2  ^>  is  described  in  the  plane 
of  {x,  y) ;  and  in  planes  perpendicular  to  that  of  {x,  y)  circles  are 
described  on  the  radii  vectores  as  diameters ;  find  the  area  of  the 
surface. 

The  equation  to  the  surface  is  (a?'+y*-f  2r*)*  ==  2a^xy;  and  in 
polar  coordinates     r*  =  a'  (sin  d)^  sin  2^ ;  whence^  by  (64), 

diL  =  fl2(sind)2rfdrf^; 
and  taking  the  surfiEtce  described  on  one  loop. 


Jo  Jo 


/o 

-'  4    ' 
Ex.  4.   If  j9  is  the  perpendicular  from  the  origin  on  the  tangent 
plane  at  the  point  of  the  surface-element,  and  if  the  surface  is 
closed,  and  has  no  singular  points, 

r^sin^^rf^ 


-a: 
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SEcmoK  5. — Gaust^  System  of  Curvilinear  Coordinates*. 

245.]  In  Art.  193^  Vol.  I^  it  is  remarked  that  the  equation  to 
a  plane  curve  may  be  expressed  in  terms  of  a  subsidiary  angle, 
or  indeed  in  terms  of  any  subsidiary  quantity,  by  means  of  two 
equations;  so  that  these  two  equations  taken  simultaneously 
express  the  curve ;  and  the  original  equation  to  the  curve  is  found 
by  the  elimination  of  this  subsidiary  quantity ;  and  this  system  of 
reference  has  been  applied  in  this  and  the  preceding  chapters. to 
the  rectification  of  curves  and  the  quadrature  of  plane  surfaces. 
Now  the  same  principle  is  also  applicable  to  curved  surfaces ;  for 
as  the  equation  to  a  surface  involves  three  variables,  viz.^  x,  y,  z, 
so  in  the  general  case  each  of  these  coordinates  must  be  a  function 
of  two  subsidiary  and  independent  quantities ;  and  the  equation 
to  the  surface  will  arise  from  the  elimination  of  these  quantities 
firom  the  given  equations.  Let  £  and  17  be  these  subsidiary  quan- 
tities ;  and  let  the  equation  to  the  surface  in  terms  of  a?,  y^zhe 

P(a?,y,z)  =  0:  (76) 

and  let  x,  y,  z  be  connected  with  £,  r\  by  the  equations, 

a?=/i(6^)>  y=/2  (&»)),  ^=/8(f>»?);  (77) 
where^^^^/3  are  ftinctions  such  that  f  {x^  y,z)=zO  arises  by  the 
elimination  of  £  and  17  from  them. 

The  following  are  particular  cases  of  these  equations. 

Ex.  1.  The  ellipsoid  may  be  expressed  by  the  following  equa- 
tions; viz. 

07  =  asini^cosf,        y  =  isiniysinf,        z  =  ccoBri;   (78) 
because  if  we  eliminate  £  and  17,  we  have 

^  4. 1^  +  ^  -  ]  .  (79) 

which  is  the  ordinary  equation  to  the  ellipsoid. 

*  The  matter  of  the  following  aection  is  in  a  great  measure  taken  from 
Gauss'  celebrated  Memoir  entitled  "  Disquisitiones  generales  drca  superficies 
cunras/'  which  is  contained  in  VoL  VI  of  the  Memoirs  of  the  Royal  Society 
of  Sciences  of  Gottingen,  i8a8.  It  has  been  reprinted  as  an  Appendix  to 
Monge's  Application  d'Analyse  &c.,  edited  by  M.  Liouvi]le»  Bachelier,  Paris, 
1850;  and  liooville  has  added  some  notes  elucidating  various  parts  of  the 
system  in  its  application  to  curvature  and  to  geodesic  lines.  Also  the  student 
desirous  of  furtiier  information  may  consult  a  profound  paper  of  M.  Ossian 
Bonnet  on  the  General  Theory  of  Surfaces,  in  ihe  Journal  de  I'Ecole  Poly- 
technique,  Cahier  XXXII,  Piuis,  1848. 

PBICB,  VOL.  n.  XX 
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If  a= J=:c,  the  ellipsoid  becomes  a  sphere :  in  which  case  (78) 
become 

a?  =  a  sin »;  cos  f ,         y  =  «  sin »;  sin  f ,         2;  =  a  cos  17 ;  (80) 
tad  f,  rf  are  the  ordinary  polar  coordinates. 

Ex.  2.  The  hyperboloid  of  one  sheet  may  be  expressed  by  the 
following  equations ;  viz. 

X  =  asecrjcos(,         y  =  A  sec  7  sin  f ,         z=ctaniy;   (81) 
because  if  we  eliminate  f  and  r/,  we  have 

4  +  6  -  i  =  1'  <82) 

a^       b^       (T 

which  is  the  ordinary  equation  to  the  surface. 

Ex.  3.  The  skew  helicoid,  (88),  Art.  868,  Vol.  I,  may  be  ex- 
pressed by  the  equations 

a?  =  ^cos  ry,         y  =  ^  sin  77,         z  =  karj.  (83) 

246.]  These  examples  are  sufficient  to  illustrate  the  method ;  and 
we  return  to  the  general  equations  (76)  and  (77).  As  f  and  rj  are 
independent  variables,  we  may  consider  them  separately.  Firstly 
let  rj  have  a  determinate  value,  say  77  =  Cg ;  and  let  f  vary ;  and 
let  I  be  eliminated  from  the  equations  (77) ;  then  two  equations 
result  in  terms  of  x,  y,  z  and  ?/,  each  of  which  represents  a  sur&ce; 
and  as  they  are  simultaneous,  taken  together  they  represent  a 
line,  which  is  generally  a  curve  of  double  curvature ;  and  which 
because  of  the  simultaneity  of  all  the  equations,  evidently  lies  on 
the  surface  {70) ;  this  line  is  called  77=^2;  and  by  giving  different 
values  to  (?2>  we  obtain  a  series  of  such  lines,  all  lying  on  the  sur- 
face (76).  Secondly  let  f  have  a  determinate  value,  say  f  =  Cj ; 
and  let  17  vary ;  then,  as  before,  it  is  evident  that  the  equations 
formed  by  the  elimination  of  17  will  represent  a  line  lying  on  the 
surface  (76) ;  and  if  diflferent  values  are  given  to  q,  we  shall  have 
a  series  of  lines  lying  on  the  surface.     Thus  the  two  equations 

f=(?,,         17=^2,  (84) 

taken  separately,  represent  two  diflTerent  systems  of  curves  drawn 
upon  the  surface  (76).  Now,  as  the  systems  are  continuousi 
every  point  on  the  surface  will  be  at  the  intersection  of  two  curves, 
one  of  which  is  a  member  of  the  first,  and  the  other  is  a  member 
of  the  second  system :  and  the  point  is  determined  whenever  these 
curves  are  given.  Suppose  {Xq,  y^,  Zq)  to  be  a  point  on  the  surface, 
corresponding  to  which  the  values  of  f  and  rj  are  (q  and  ii^,  these 
latter  quantities  admitting  of  the  value  zero ;  then  the  intersection 
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of  fo  and  tjq  may  conveniently  be  taken  to  be  the  origin ;  and  any 
other  point  to  be  at  the  intersection  of  two  lines  corresponding  to 
g^ven  values  of  f  and  ly.  And  ^  and  77  may  fitly  be  called  the 
curvilinear  coordinates  to  that  point.  \ 

Thus  take  the  ellipsoid^  as  given  by  the  equations  (78).  Let 
f  be  eliminated :  then  we  have 

^  4-  ^  =  (sinTj)^         z  =  ccoBTj;  (85) 

now  for  a  given  value  of  ri  the  former  of  these  equations  repre- 
sents an  ellipse  in  the  plane  of  {a?,  y),  and  generally  an  elliptical 
cylinder  whose  axis  is  the  r-axis ;  and  as  the  latter  represents  A 
plane  parallel  to  the  plane  of  (a?j  y),  it  appears  that  these  equations 
represent  an  ellipse  drawn  on  the  surface  of  the  ellipsoid,  and  lying 
in  a  plane  parallel  to  that  of  (^,  y).     Thus  the  second  system  of  A 

lines  as  given  in  (84)  is  a  series  of  ellipses  described  on  th^  surface 
of  the  ellipsoid  in  planes  perpendicular  to  the  z-axis.  Again,  if 
we  eliminate  tj  from  (78),  we  have 

w  a 
which  represents  a  series  of  planes  passing  through  the  z-axis ; 
and  as  these  intersect  the  ellipsoid  in  ellipses,  the  first  system  of 
lines  as  given  in  (84<)  is  a  series  of  ellipses  described  on  the  surface 
by  planes  passing  through  the  jzr-axis.  Thus  a  given  point  on  the 
surface  of  the  ellipsoid  will  be  determined  by  means  of  the  two 
ellipses,  one  of  each  system,  which  intersect  at  that  point.  The 
particular  values  of  f  and  r]  which  determine  these  ellipses  are  the 
curvilinear  coordinates  to  the  point. 

247.]  Let  there  be  two  points  {x,y,z){w  +  dXi  y-\-dyy  z  +  dz) 
on  the  surface  f  (j?,  y,  z)  =  0  infinitesimally  near  to  each  other  j 
and  let  us  suppose  the  first  to  be  at  the  intersection  of  £  and  rj^ 
and  the  second  at  the  intersection  of  f+rff  and  rj-^drj;  and  let 
ds  be  the  distance  between  them ;  let  us  investigate  the  relations 
between  these  points  in  terms  of  f ,  rj  and  their  differentials.  Dif- 
ferentiating (77)  we  have 


(86) 


X  X  i» 
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consequently,  if 

(f)*-(t)Mf)'=., 
(f)(f)-(f)(f)-(f)(f')='. 


(f)'-(t)^(t)'=».J 


(87) 


=  B(if»4-2pcifrf»y+Grfij*;  (88) 

and  if  9  is  the  length  of  a  curve  described  on  the  given  surface 
between  the  points  (ft,  t/i)  and  (f^,  ly^), 

9^  f  {Bdf«  +  2pdf rfiy+Grfiy^}*;  (89) 

Jo 

1  and  0  being  the  subscript  letters  of,  and  thus  conveniently  used 

as  abbreviated  expressions  for,  the  limits  of  the  integral.     I  may 

observe  that  this  is  a  notation  which  will  be  frequently  employed 

hereafter. 

Equation  (88)  enables  us  to  give  a  simple  geometrical  interpre- 
tation to  B,  F  and  G;  let  dri  =  0,  that  is,  let  us  suppose  17  to  be 
constant,  and  let  us  pass  from  {£,  17)  to  (f +df,  17).  Then  if  cJo-  is 
the  distance  between  these  points,  it  is  plain  from  (88)  that, 

d<r  =  E*rff;  (90) 

hence  e^  c2f  is  an  infinitesimal  arc-element  of  the  curve  17  =  c,, 
intercepted  between  two  consecutive  curves  of  the  other  system. 

Similarly,  if  da'  is  the  value  of  cfe,  when  f  =  c^, 

da'^G^dri;  (91) 

and  consequently  Q^drj  is  an  infinitesimal  arc-element  of  the 
curve  i  =  Ci,  intercepted  between  two  consecutive  curves  of  the 
other  system. 

Let  0)  =  the  angle  at  which  do-  and  da'  are  inclined  to  each 
other ;  let  ds  be  the  distance  between  (f,  rj)  and  (f +rff,  17+ Ay) ; 
then 

£fo2  =  rfa«  +  2Arrf<r'cos«4-cfcr'« 

=  Brff»  +  2B*G*rf£rfi7COs»+Grfi7«;  (92) 

and  equating  this  to  the  value  given  in  (88),  we  have 

COS©    =    -r— r.  (98) 

B*G* 

Or  thus ;  the  direction-cosines  of  a  curve  of  the  first  system,  when 
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ly  =  a  constant,  are  proportional  to  (-^)>  {-^rji  \~^)'  ^^^ 
those  of  a  carve  of  the  second  BjBtem,  when  £  s  a  constant,  are 
proportional  to  \-4^)f  (";r^)^  \~J^)'  ^®^^  ^^  follows  that  if  o  is 
the  angle  at  which  two  curves  of  the  systems  intersect  at  {i,rj), 
co6c»  =  -~^.  (94) 

Hence  also  {bg-p»}*         v  ,or, 

ifv«  =  BG-P»,  (96) 

=i(f)-(f)r-i(fMf)rH(f>(f;)r-<»'> 

the  last  equivalent  of  v  being  expressed  in  the  notation  of  de- 
terminants. 

Let  0  and  ^  be  the  angles  between  ds  and  the  lines  at  (£,  rj)  of 
the  first  and  second  systems  respectively;  then 

cose  =  E^+I*?,  (98) 

anO  =  ^.  (99) 


E^ 


l*rf# 


COB(y=l^i±^,  (100) 

Bin0'=4^.  (101) 

Also  to  determine  the  direction-coBuies  of  the  nomul  to  the 
•u&oe  st  (f  >  i|)  we  have 

vd»+Ydy+vdz  =  0; 

■••  {"(#)- (f) -(f)  W 

whence,  since  f  and  ri  are  independent, 

"(f)+'(f)-(f)=<''" 
'(f)-(f)-(f)=»j 
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\dir\dr,}        ^rff/'Vd,/        \d(J'^drif 


=  ^J(102) 


which  g^ve  the  direction-cosines  of  the  normal. 

If  every  one  of  either  of  these  systems  of  lines  intersects  at 
right  angles  every  one  of  the  other  system  so  that  the  two 
systems  are  orthogonal^  then  the  surface  becomes  divided  into  a 
series  of  infinitesimal  rectangles^  and  o  =  90® ;  and  consequently 
from  (87),  f  =  0 ;  that  is, 

(f)(^)-(t)(f)-(t)(f)=<''  <'<«' 

in  which  case,  da^  =  e  rff^  +  o  drj^.  (104) 

Also  hereafter  we  shall  find  that  this  expression  admits  of  fiirther 
simplification,  by  taking  such  a  system  of  lines,  that  either  E  or 
G  is  equal  to  unity. 

248.]  Although  the  substance  of  the  preceding  article  has 
reference  chiefly  to  length-elements  of  curves  on  surfaces,  and 
thus  to  the  rectification  of  curves  of  double  curvature,  yet  it 
arises  out  of  the  necessary  explanation  of  the  system  of  coor- 
dinates ;  and  it  will  be  moreover  of  considerable  use  in  the  sequel. 
Now  we  return  to  the  proper  subject  of  the  present  chapter,  and 
shall  investigate  the  most  general  analytical  value  of  the  surface- 
element  in  terms  of  curvilinear  coordinates.  Imagine  two  sys- 
tems of  curves,  as  explained  above,  to  be  described  on  the  surface; 
the  surface  will  thereby  be  divided  into  elements,  an  element 
being  contained  between  two  curves  of  the  first  system,  viz. 
f,  and  f -t-rff,  and  between  two  curves  of  the  second  system, 
viz.  rj,  and  rj  +  drj.  This  element  will  be  approximately  a  parallel- 
ogram, and  the  sides  of  it,  which  meet  at  the  point  (f ,  rf),  will  be 
da  and  day  the  length  of  which  have  been  determined  in  (90) 
and  (91) ;  and  o»,  as  determined  in  (93)  or  (94),  will  be  the  angle 
between  them ;  so  that  if  ef a  is  the  sui'fSaoe-element, 
dA  =  da  da' sin.  (o 

^vdr^di  (105) 

-ii(f)-(f)r-riMfM(fMf)iT'"*'<'««) 

employing  the  value  of  v  as  given  by  the  determinant-notation 
in  (97). 

This  value  of  the  surface-element  may  also  be  found  by  ana- 
lytical transformation  according  to  the  principles  of  chap.  VIII. 
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Prom  (86)  we  have,  as  in  (34),  Art.  213, 

whence,  squaring  and  adding,  and  substituting  from  (30),  we 
have 

-= !  Kf  Mf)|Vi(f  ).(«f  H(f  )-(f  )IT*« «-) 

which  is  the  same  result  as  (106). 

As  this  formula  is  general,  it  includes  all  the  preceding ;  and 
the  following  are  examples  of  its  application. 

Ex.  1.    Let  a?  =  f,  y  =  77,  r  =/(a?,  y)  =/(f,  1;). 

which  is  the  expression  already  determined. 

Ex.  2.     The  equations  to  the  skew  helicoid  are  <r  =  £  cos  rj, 
y  =  fsin?7,  z  =  Araiy. 


(#)=•>. 


Now  this  surface  is  that  of  the  under-side  of  spiral  staircases ; 
thus  if  the  radius  of  the  cylinder  which  incloses  the  staircase  is  a, 
and  the  surface  of  one  turn  is  required,  the  limits  of  f  and  ri  are 
a  and  0,  and  2ir  and  0  respectively :  so  that  if  a  =  the  corre- 
sponding area. 


=  Tra* 


(110) 


Digitized  by 


Google 


344  GAUSS'  STSTEM  OF  [249. 

249.]  The  preceding  theory  of  curvilinear  coordinates  g^ves  a 
geometrical  explanation  of  the  general  transformation  of  a  double 
integral.  For  if  the  double  integral  involves  two  variables  x  and 
y ;  and  if  these  are  connected  with  new  variables  ^  and  17  by  the 
equations  x  =/i(f, »?),  y  =/2(f*  »?)>  then  we  have^  as  in  (34) 

Now  the  leffc-}iand  member  of  (111)  represents  the  infinitesimal 
area-element  referred  to  rectangular  coordinates^  and  therefore  the 
right-hand  member  expresses  the  analogous  element  in  terms  of 
curvilinear  coordinates.  Suppose  then  in  fig.  43  p  to  be  the  point 
of  interscQtion  of  the  lines  corresponding  to  i  and  17^  and  p,  to  be 
the  point  of  intersection  of  the  Unes  corresponding  to  i+d(, 
fl-\-dri,  so  that  vv^f  p^p,  are  two  consecutive  lines  of  the  first 
system,  and  pp^,  PjP,  are  two  consecutive  lines  of  the  second 
system :  then,  in  terms  of  curvilinear  coordinates,  p  is  (i,  rj),  p^  is 
(f +rf&  ri),  P2  is  (£  V+drj),  P,  is  (f -h^f,  17+rfii) ;  and  in  terms  of 

rectangular  coordinates  p  is  (a?,y),Pi  is  (  a?  +  l;/^)^'^"*"  (^)^^)' 

n  i.(.+  (|)«+  (|)<i„  ,+  (*)«  +  (|)i,),»d,.i. 

yx-h  \3-)<^l}  y+  (;/  Z^'?)-  Hence  as  the  area  of  a  quadrilateral 

=  -^^Axi,  yj\,  i{dA  is  the  area  of  the  surface-element  whose  angu- 
lar  points  are  p,  Pj,  P3,  p,. 

Hence  by  the  geometry  of  tlie  figure  we  have 


=  (|)'^f'  ».'«=(gM 


(113) 


rp, 


If  the  area-element,  delineated  in  the  figure,  is  on  a  curved 
surface,  it  is  evident  that  p  p^  and  pp,  are  the  lines  denoted  by 
d<r  and  d<r  in  Art.  247,  and  by  a  similar  process  we  have 
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=  l!*rffj  (115) 

=  Q^drj;  (116) 

which  are  the  same  results  as  before. 

250.]  The  equations^  which  connect  a?,  y,  z  with  ^  and  iy,  have 
been  taken  in  (77)  to  be  explicit.  Suppose  them  however  to  be 
implicit,  and  of  the  forms 

Fi(^,y.^>f>'?)  =  0,  F2(a?,y,2f,f,i7)  =  0,  P3(a?,y,2r,f,iy)=0j  (117) 
then  by  differentiation  we  have,  making  obvious  substitutions, 

a2ifo+iarfy  +  Ca/fe  +  ajrff  +  i32*7  =  0,    \  (118) 

OgCfe  +  ia^y  +  ^s^  +  as^f +  A^'?  =  0;  J 
But  if  F  (j?,  y,  r)  =  0  is  the  equation  to  the  surface,  it  result? 
by  the  elimination  of  f  and  i)  from  (117) ;  and  as  hereby  a?,  y,  z 
are  connected  by  a  relation,  we  have  also 

udip+vrfy+wflfe  =  0.  (119) 

This  relation  between  dx  dy  and  dz  will  also  arise  by  the  elimina- 
tion of  rff  and  d'r\  from  (118).     Now  from  (118)  we  have 
\a^yh^,c^\dx  ^  -{ai|4a.Csl+«al*3^^il  +  a8|4i,C2l}rff 

-{^il*2.C3l  +  ^2l*8.^il+Al*i>^al}rf^;(120) 

=    -K,ft2.^3Kf-|/3l>*2i^8|rf^;  (121) 

and  also  similar  values  for  dy  and  djr.  These  equations  are  of 
the  forms  (86) ;  and  consequently  all  the  theorems  which  have 
been  deduced  from  (86)  may,  mutatis  mutandis,  be  deduced  from 
these  equations. 
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CHAPTER  X. 


CUBATURE   OP    SOLIDS. 


Section  1. — Cubature  of  Solids  of  Revolution ;  and  of  similarly 
generated  Solids. 

251.]  Another  important  application  of  definite  multiple  in- 
tegration is  that  whereby  we  are  able  to  determine  the  volume, 
or  the  quantity  of  space,  contained  within  given  bounding  surfaces, 
and  thereby  to  compare  it  with  the  volume  of  a  cube ;  whence 
arises  the  name  Cubature  of  Solids.  The  process  will  generally 
involve  triple  integration ;  and  I  shall  first  investigate  the  most 
simple  case,  that  viz.  of  the  volume  contained  within  a  surface  of 
revolution,  and  between  two  given  planes  which  are  perpendicular 
to  the  axis  of  revolution. 

Let  opqBA,  see  fig.  17,  be  the  plane  surface  by  the  revolution 
of  which  about  the  line  oa,  which  is  the  a?-axis,  the  volume  is 
generated;  and  let  the  equation  to  opqb,  which  is  its  bounding 
curve,  be  y  =/(^).  Let  e  be  the  point  (,r,  y)  in  the  surface  on 
which  abuts  the  infinitesimal  surface-element,  the  area  of  which 
is  dydxi  now  imagine  the  surface  to  have  revolved  about  the 
line  ox  through  an  angle  </> ;  then  as  (p  is  increased  by  d<f>,  the 
surface  element  at  B  will  generate  a  volume,  which  is  approximately 
a  parallelepipedon,  of  which  the  base  is  dy  dw  and  the  altitude  is 
y  d(f) ;  and  consequently  the  volume  ofit  =  y  d<f>dydx;  which  is 
a  triple  differential,  the  definite  integral  of  which  with  the  proper 
limits  will  give  the  volume  of  the  solid. 

To  consider  the  effects  of  the  several  integrations.  The  <^-in- 
tegration  with  the  limits  2?:  and  0,  will  give  the  volume  of  the 
ring  which  is  generated  by  the  complete  revolution  about  ox 
of  the  surface-element  whose  area  is  dydx.  The  subsequent 
y-iutegration  wdth  the  limits  of  the  ordinate  of  the  curve  and  of 
zero,  will  give  the  sum  of  all  these  rings  which  are  in  a  plane 
slice  perpendicular  to  ox ;  and  this  sum  is  evidently  the  circular 
plate  of  thickness  dx  which  is  generated  by  the  revolution  of  the 
slice  MQ  of  the  generating  surface :  and  the  final  o^-int^gration 
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will  give  the  sum  of  all  these  circular  plates^  which  is  the  re- 
quired volume.     Thus,  if  v  =  the  required  volume, 

V  =/.    /       /    yMdydx  (1) 

•fro  ^0       ^0 

=  2^/     /      ydydw  (2) 

^'nr{f{x)Ydw.  (3) 

This  process  resolves  the  problem  of  the  cubature  of  a  solid 
of  revolution  into  its  most  simple  elements,  and  is  applicable 
when  the  generating  area  does  not  revolve  through  a  whole  cir- 
cumference, and  in  that  case  the  limits  of  the  ^^-integration  will 
not  be  2w  and  0,  but  ^^  and  ^q  say,  which  will  be  given  by  the 
conditions  of  the  problem.  The  process  is  also  applicable  when 
the  limits  of  the  y-integration  are  both  ordinates  to  certain  given 
curves ;  in  which  case  the  solid  of  revolution  is  hollow.  Ex- 
amples of  this  latter  case  will  occur  in  the  sequel.  The  final 
integral  given  in  (3)  may  however  be  found  by  the  following 
process  without  the  intervention  of  the  first  two  integrations. 
Let,  as  before,  y  =  f{x)  be  the  equation  to  the  plane  curve 
bounding  the  area,  by  the  revolution  of  which  the  solid  is  ge- 
nerated j  and  let  the  axis  of  x  be  that  of  revolution ;  see  fig.  33 ; 
then,  as  the  elemental  area  pqnm  revolves  about  ox,  it  generates 
a  circular  slice  whose  thickness  is  mn  =  dx,  and  of  whose  cir- 
cular faces  one  has  a  radius  mp  =  y,  and  the  other  has  a  radius 
Nq  =  y  +  rfy ;  therefore  the  volume  of  the  slice  is  intermediate  to 

Tty^  dx    and    ir  (y  +  dy)'^  dv ; 
whence,  neglecting  infinitesimals  of  the  higher  orders,  as  is  neces- 
sary, the  volume  of  the  elemental  slice  is  equal  to  iry^  dx ;  and 
therefore,  if  x^  and  Xq  are  the  distances  from  the  origin  of  the 
extreme  faces  of  the  solid  thus  formed, 

the  volume  =:  ir  I    y^dx  (4) 

=  '^r\f{^)ydx.  (5) 

352.^  The  following  are  examples  in  illustration  of  the  pre- 
ceding formula. 

Ex.  1.  To  find  the  content  of  a  right  circular  cone,  whose 
altitude  is  a,  and  the  radius  of  whose  circular  base  is  b, 

Yy  2 
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The  equation  to  the  generating  line  is  y  =  -jt  ;  therefore 

the  volume  of  the  cone  =  ir-=r  /  a?^  dSr  =  — = — 

a^  Jo  8 

Thus  the  volume  of  the  cone  is  equal  to  one-third  of  that  of  the 
cylinder  of  equal  altitude  and  equal  base. 

Ex.  2.  To  find  the  content  of  a  paraboloid  of  revolution  whose 
altitude  is  a,  and  the  radius  of  whose  base  is  b. 

The  equation  to  the  generating  curve  is  ay^  =  bl^a^;  and 

the  volume  of  the  paraboloid  = j  xdx  =  — ^ . 

T&us  the  volume  of  the  paraboloid  is  one-half  of  that  of  the  cir- 
cular cylinder  on  the  same  base  and  of  the  same  altitude. 

Ex.  8.  To  find  the  volume  generated  by  a  circular  area  of 
radius  =  a,  revolving  about  the  diameter^  the  abscisssB  to  the 
extremities  of  which  are  w^  and  ^q.     Here^  since  :i^+y^  =  a^, 

the  volume  =  w  /    (a^— «^)  dof 

Hence  the  volume  of  a  spherical  s^ment 

=  Try    (a»-ar>)&r 

=  M-8-^^"*+t}' 

/a  4 

4 
Ex.  4.    The  volume  of  a  prolate  spheroid  =  5  tt  aft*. 

o 

Ex.  6.   Determine  the  volume  formed  by  the  revolution  about 

its  base  of  the  cycloid^  whose  equations  are 

a?  =  a(^— sin^),        y  =  a(l— cos^). 


the 


volume  =  2ira3/    (1— cos^)»d»  =  Sw^a^. 

Jo 


Ex.  6.    The  volume  generated  by  the  revolution  of  the  cycloid 
about  its  axis  is  .3^      g. 
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Ex.  7.     The  volume  of  the  solid  generated  by  the  revolution 
of  y  =  a  log  Xy  about  the  axis  of  Xy  with  the  limits  x  and  0^ 
=  7ia*ar{(logar)*— 2loga?+2}. 

Ex.  8.  The  volume  of  the  solid  generated  by  the  revolution 
of  y  =  a'  about  the  axis  of  Xy  with  the  limits  x  and  —  oo  y 
=  ir(loga)"^a**. 

Ex.  9.  If  the  equation  to  the  bounding  curve  of  the  revolving 
area  is  dry  =  ^^,  the  volume  of  the  solid  =  irA:*(yo— yj ;  and  if 
y^  =  0,  the  volume  =  it^y^* 

Ex.  10.  Find  the  curve  which  by  its  revolution  about  the 
X-axis  generates  a  solid^  the  volume  of  which  varies  as  the  nth 
power  of  (1)  the  extreme  ordinate ;  (2)  the  extreme  abscissa. 

Ex.  11.    The  volume  of  the  solid  generated  by  the  revolution 

of  the  equitangential  curve  round  its  x-axis  r=  -^  • 

263.]  If  the  plane  area  revolves  about  the  axis  of  y,  and 
thereby  generates  a  solid^  then^  as  is  manifest  &om  fig.  84^ 

the  volume  of  the  solid  =z  v  I  x^dy;  (6) 

afl  dy  being  expressed  in  terms  of  a  single  variable  by  means  of 
the  equation  to  the  bounding  curve^  and  the  limits  being  assigned 
by  the  conditions  of  the  problem. 

Ex.  1.    Determine  the  volume  of  an  oblate  spheroid.     Since 

^       y*       , 
fl«  ^  ft*  ~  ^' 

ra'  4 

•vr(ft*— y^rfy  =  -wfl^ft. 
^     or  o 

Ex.  2.  The  volume  formed  by  the  revolution  of  the  cissoid 
about  its  asymptote. 

The  equation  to  the  bounding  curve  is 

^        2a— a; 
6eefig.87j  OM=a?,  MP  =  y,  0A=:2a,  AM=2a— ;p;  therefore  the 
content  of  the  differential  circular  slice  pqqV  iBv(2a—xYdy; 

the  volume  =  27r/     {2a^x)^dy 

Jo 

Jo 
=  2v^a\ 
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Ex.  3.     The  equation  to  the  Witch  of  Agnesi  being 

^  a? 

the  volume  of  the  solid  formed  by  its  revolution   about  the 
asymptote  is  4  ir*  a^. 

Ex.  4.  The  volume  of  the  solid  generated  by  the  revolution 
of  the  right-angled  triangle  whose  sides  are  a,  b,  e  about  a  line 

passing  through  a  and  parallel  to  bc  =  — 5 —  . 

Ex.  5.  The  volume  of  the  solid  generated  by  the  revolution 
of  the  companion  to  the  cycloid  about  its  base  =  3  n*  a*. 

254.]  If  the  plane  surface  by  the  revolution  of  which  the  solid 
is  formed,  is  referred  to  polar  coordinates,  and  the  prime  radius 
is  the  axis  of  revolution,  then,  see  fig.  26,  the  area  of  the  infini- 
tesimal area-element  abutting  at  £  is  r  dr  dO,  and  the  perpen- 
dicular distance  of  b  from  the  prime  radius  is  rsin^ ;  so  that  if  the 
plane  surface  revolves  about  ox  through  an  angle  d<^,  it  generates 
an  approximate  parallepipedon  of  which  the  base  is  r  rfr  dO,  and 
the  altitude  is  r  sin  0  d<f>,  and  consequently  the  volume  of  it 
=z  7^ smO d4>  dr  dd ;  and  the  triple  definite  integral  of  this  difier- 
ential  will  give  the  volume  of  the  generated  solid.  Now  the 
(^-integration  with  the  limits  2  it  and  0  will  give  the  volume  of 
the  ring  generated  by  the  complete  revolution  of  the  surface- 
element  whose  area  =  rdrdO;  the  r-integration,  with  the  limits 
of  the  radius  vector  to  the  curve  and  of  zero,  will  give  the  sum 
of  all  these  rings,  which  is  evidently  a  conical  shell,  the  thick- 
ness of  which  varies  directly  as  the  distance  from  the  vertex ; 
and  the  final  ^-integration,  with  the  limits  assigned  by  the 
problem,  will  give  the  whole  required  volume.  If  these  final 
limits  are  6^  and  0,  the  solid  will  be  fiiU;  but  if  the  inferior 
limit  is  a  finite  angle,  say  $q,  the  solid  will  be  hollow.  Thus  if  v 
is  the  required  volume,  and  r  =/(^)  is  the  equation  to  the 
bounding  curve, 

ra      /•■£   /*2ir 

v=/  7    /    7^&med(l>drd$,  (7) 

=  27r  /  " fV  sin  6  dr dO,  (8) 

=  ^f\mYBmede.  (9) 
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Ex.  1.  The  volume  of  the  solid  formed  by  the  revolution  of 
the  cardioide  whose  equation  is  r  =  a  (1  -f  cos  6),  about  the  prime 
radius. 

Here  r  =  a  (1  -h cos  d)  =  2a (cos ^ j  • 


The  volumes/    /    /     r^  Bind  cUffdrdO 

•^0   J  a  Jo 


•^0    .'0 


r^  Bind  drd$ 


I     (cos^jsm^a^ 


•"      3 

"     3    ' 

Ex.  2.  The  volume  of  the  solid  formed  by  the  revolution  of  a 
sector  of  a  circle^  the  angle  of  which  =  a,  about  one  of  its 

}x)unding  radii  =  —^ —  (1  —  cos  a). 
o 

Ex.  3.  The  volume  of  the  solid  formed  by  the  revolution  of 
the  circle  whose  equation  is  r  =  2  a  sin  0  about  the  prime  radius 

=  2«2fl3. 

Ex.  4.  The  volume  of  the  solid  formed  by  the  revolution  of 
the  spiral  of  Archimedes,  whose  equation  is  r  :=  aOy  with  the 

0<-S/t3 

limits  fi  =  IT,  and  (?  =  0,  =  — ^ —  (n*— 6). 

o 

Ex.  6.  If  an  ellipse  revolves  about  its  latus  rectum,  the 
volumes  of  the  solids  generated  by  the  larger  and  smaller  seg- 
ments are  respectively  equal  to 

-^(l-0{-^-f^j3^,tani(^J,     and 

Hence,  if  an  ellipse  revolves  about  its  latus  rectum,  the  excess  of 
volume  generated  by  the  larger  segment  over  that  generated  by 
the  smaller  =  Zi^ea^b. 

Ex.  6.  The  volume  formed  by  the  revolution  of  the  loop  of 
the  lemniscata,  r*  =  a*  cos  2^,  about  its  prime  radius 


=  .«3|flog(2J  +  l)-l|. 
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Ex.  7.  The  vertex  of  a  right  cone^  whose  vertical  angle  is  2  a, 
is  on  the  surface  of  a  sphere^  and  the  axis  of  the  cone  passes 
through  the  centre ;  prove  that  the  volume  contamed  within  the 

cone  and  the  sphere  =  — «—  {1  — (cosa)*}. 

266.]  The  surfaces  which  bound  the  volumes  investigated  in 
the  preceding  articles  are  all  surfaces  of  revolution^  and  are  there- 
fore generated  hj  circles  whose  planes  are  parallel^  and  whose 
radii  vary  according  to  a  law  assigned  hj  the  equation  of  the 
bounding  curve ;  and  the  preceding  method  of  cubature  consists 
in  the  summation  by  the  Integral  Calculus  of  the  circular  slices 
into  which  the  solid  admits  of  being  resolved :  a  similar  method 
therefore  is  applicable  to  solids  whose  bounding  surfaces  are 
generated  by  curves  or  lines  moving  according  to  other  given 
laws :  the  following  cases  exemplify  the  process. 

Ex.  1.  To  find  the  volume  of  the  ellipti'cal  cone^  of  a  given 
altitude,  which  is  generated  by  a  varying  ellipse  moving  parallel 
to  itself  and  perpendicular  to  the  axis  of  x,  along  which  its  centre 
moves,  and  the  semi-axes  of  which  are  the  ordinates  to  two 
straight  lines  intersecting  at  tha  origin  and  lying  respectively  in 
the  planes  of  (z,  a?)  and  {x,  y). 

Let  the  equations  to  the  lines  be  az  =  cxj  ay  ^  bx;  then,  ae 
the  area  of  an  ellipse  whose  semi-axes  are  a  and  fi  is  vafi,  the 
volume  of  the  elliptic  elemental  slice  of  the  cone  contained  be- 
tween two  planes  perpendicular  to  the  axis  of  w,  and  at  a  distance 

dx  apart,  is  — g-  a^dx; 

therefore  the  volume  of  the  cone  =  — =-  I  a^da  =  ■■      ,   ; 

a*  Jo  3a« 

X  being  the  altitude  of  the  cone. 

Ex.  2.  Let  the  generating  ellipse  move  as  in  the  preceding 
example,  and  let  its  semi-axes  be  the  ordinates  of  parabolas  re- 
spectively in  the  planes  of  {z,  x)  and  {x,  y)  whose  equations  are 
z^ss^  ax,  y^  ^  ibx;  so  that  the  volume  of  the  elemental  slice, 
ivhesaihiclaiess  is  dx,  =  4!'ir{ab)^xdx; 

therefore  the  vojume  of  the  solid  =  4'jr(aft)*  I    xdx 

Jo 

=  2ir(a*)*^. 
The  bounding  surface  is  the  elliptic  paraboloid. 
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Ex.  8.    The  volume  of  the  ellipsoid  may  hj  a  similar  process 

4 
be  shewn  to  be  equal  to  ^irabc, 
o 

Ex.  4.  Two  equal  quadrants  of  circles  being  described  from 
the  origin  of  coordinates  as  centre^  and  in  the  planes  of  (z,  x)  and 
(z,  y)y  a  variable  square  moving  parallel  to  the  plane  of  {x,  y), 
and  having  the  ordinates  of  the  quadrants  for  sides^  generates  a 
surface  called  the  Groin ;  it  is  required  to  determine  the  volume 
included  between  it  and  the  coordinate  planes. 

The  equations  to  the  director-circles  are,  see  fig.  88, 

.'.   the  volume  of  the  square-element  of  the  solid  =  {a^^z^)dz; 

,  • ,     the  volume  of  the  solid  =  /    (a* — z^)  dz 

Jo 

As  the  mode  of  generation  may  be  continued  into  the  other  seven 

1  f\ 
octants,  the  volume  of  the  whole  groin  =  -^  a*. 

Ex.  6.  A  surface  is  generated  by  a  rectangle  moving  parallel 
to  the  plane  of  (4?,  y ),  one  of  its  sides  being  the  ordinate  of  a  given 
straight  line  passing  through  the  origin  which  is  in  the  plane  of 
(y,  z) ;  and  the  other  being  an  ordinate  of  a  semicircle  which  is 
in  the  plane  of  (a?,  z),  and  passes  through  the  origin,  and  whose 
diameter  is  coincident  with  the  axis  of  xr :  it  is  required  to  find 
the  volume  of  the  solid. 

Let  the  equations  to  the  director-lines  be 

y  =  az,        d?2  =  2axr— z*; 

then  the  volume  =  —j: —  . 

Ex.  6.  On  the  double  ordinates  of  an  ellipse,  and  in  planes 
perpendicular  to  that  of  the  ellipse,  isosceles  triangles,  of  vertical 
angle  =  2a,  are  described;  prove  that  the  volume  of  the  surface 

thus  generated  =  ^-r 

^  3  tana 

256.]  If  the  generating  plane  area  has  not  the  axis  of  revolu- 
tion for  one  of  its  containing  sides,  but  is  bounded  by  two  curves 
whose  equations  are  y  =  ?  (a?)  and  y  :szf{x\  then  the  elemental 
annular  slice  is  equal  to  ir  {(y(^))*  —  (/(^))*}  dx ; 

PEICE,  VOL.  II.  Z  Z 
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and  the  volume  required  =  ttJ  {(f(^))2— (/(a?))^}  dw;       (10) 

-the  limits  of  integration  being  given  by  the  geometry  of  the 
problem. 

Of  the  formula  (10)  the  following  is  an  useful  result.  Suppose, 
as  in  fig.  39,  that  the  generating  plane,  which  for  convenience 
sake  we  will  call  a,  is  such  as  to  be  divisible  into  two  parts  per- 
fectly equal  and  symmetrical  by  a  straight  line  parallel  to  04?,  the 
axis  of  revolution,  in  the  same  manner  as  the  closed  figure  bpcp' 
is  divided  by  eg  which  is  parallel  to  oa? :  then,  if  the  equation  to 
EPC  isy  ^f{w)y  when  ebc  is  the  axis  of  x,  and  if  ab  =  a,  the 
equations  to  epo  and  bp'o  with  respect  to  oo?  as  the  axis  of  a?  are 
severally  y  =  a-\-f(x),  and  y  =  a—fix) ;  and  therefore  by  (10), 
the  volume  of  the  solid  generated  by  the  revolution  of  epcp'  about 

^^  =  ^f{{a+f{x)f-{a-f{x)Y}  dx 


=  4nTajf(x) 


dx 


=  27raxA;  (11) 

that  is,  the  volume  of  the  solid  is  equal  to  the  product  of  the  re- 
volving area  and  the  circumference  of  the  circle  whose  radius  is 
the  distance  between  the  axis  of  revolution  and  that  of  symmetry. 

Ex.  1.  The  volume  generated  by  a  circle  of  radius  a  about  an 
axis  in  its  own  plane  at  a  distance  b  from  its  centre  =  2  ir^  a^  b. 

Ex.  2.  The  volume  generated  by  an  ellipse  revolving  about  a 
tangent  at  the  extremity  of  the  major  axis  is  2  tt*  a*  6. 

Ex.  3.  The  volume  generated  by  an  isosceles  triangle,  whose 
altitude  =  a  and  base  =  26,  about  a  line  in  its  plane  parallel  to  and 
at  a  distance  c  from  the  bisector  of  the  vertical  angle  =  2Tr abc. 


Section  2. — Cubature  of  Solids  bounded  by  any  Curved 
Surface. 
257.]  If  the  bounding  surface  of  the  solid  is  not  one  of  the 
particular  forms  discussed  in  the  preceding  section,  but  is  deter- 
mined by  a  general  equation  involving  the  coordinates  of  a  point 
in  space,  the  problem  of  cubature  involves  a  triple  integral,  and 
is  solved  by  the  following  process. 

First,  let  position  be  determined  by  means  of  a  system  of  rect- 
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angular  coordinates  fixed  in  space ;  see  fig.  40 ;  and  let  e  be  a 
point  within  the  space  whose  volume  is  to  be  found,  and  let  e  be 
{Xg  y,  z)i  let  p  be  another  point  within  the  space,  and  infini- 
tesimally  near  to  b,  and  let  p  be  {w-^dx,  y-hdy,  z-\-dz)',  then 
the  Yolume  of  the  infinitesimal  rectangular  parallelepipedon  of 
which  B  and  f  are  two  opposite  angles  is  dx  dy  dzx  and  the 
aggregate  of  all  such,  for  the  limits  of  integration  assigned  by 
the  problem^  is  the  required  volume.  If  therefore  v  represents 
the  required  volume, 

Y  ^fjfdzdydx;  (12) 

and  the  volume  depends  on  the  integration  of  this  triple  integral 
for  the  assigned  limits. 

Let  us  consider  the  effects  of  these  successive  integrations,  and 
the  relations  between  the  limits  of  integration  and  the  geometri- 
cal data;  and,  to  fix  our  thoughts,  let  us  suppose  the  volume  to 
be  such  as  that  delineated  in  fig.  36,  and  contained  within  three 
coordinate  planes. 

Now  dzdydx  is  the  volume  of  the  infinitesimal  parallelepi- 
pedon, one  angle  of  which  is  at  B,  whose  coordinates  are  x^y,  z; 
the  efiTect  of  the  ;?-integration  therefore,  w  and  y  not  changing 
value^  is  the  determination  of  the  volume  of  a  prismatic  column, 
whose  base  is  dy  dx,  and  whose  altitude  is  given  by  the  equations 
to  the  bounding  surfaces :  thus,  if  the  volume  is  such  as  that  de- 
lineated in  fig.  36,  and  the  equation  to  the  surface  is  -zr  =  f{Xy  y), 
the  limits  of  the  2r-integration  are  f{x,  y)  and  0 1  and  the  volume 
of  the  elemental  column,  whose  height  is  nf,  is  /(^,  y)dydx: 
or  if  the  volume  to  be  determined  is  that  contained  between  two 
surfaces  whose  equations  are  z  =/i  (x,  y),  z^/^  (x,  y)  respec- 
tively^ then  the  volume  of  the  elemental  column  is 

{/i  (^>  y)-/a  (^>  y)}  dy  dx ;  (13) 

and  similarly  whatever  the  bounding  surfaces  may  be^ 

Suppose  that  we  next  integrate  with  respect  to  y ;  the  integral 
expressing  the  volume  is  now  a  double  integral,  and  of  the  form 

V  ^jjf{x,y)dydx,  (14) 

f(Xf  y)  being  a  function  of  x  and  of  y,  which  is  introduced  by  the 
limits  of  jsr.  *  Taking  then  fig.  36  to  express  the  normal  case,  sinee 
f{x,  y)  dy  dx  is  the  volume  of  the  elemental  column,  the  sum  of 
aO  aach  determined  by  the  y-integration,  when  x  is  constant,  is 

z  z  a 
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the  elemental  slice  lpkjr  contained  between  two  planes  paralld 
to  the  coordinate  plane  of  (y,  z),  and  at  an  infinitesimal  distance 
dsp  apart.  In  the  case  therefore  of  the  volume  being  such  as  that 
of  the  figure^  the  limits  of  ^  are  mk  and  0^  mk  being  the  y  to  the 
trace  of  the  surface  on  the  plane  of  (op,  y)  and  which  may  there- 
fore be  found  in  terms  of  x  by  putting  2r  =  0  in  the  equation  of 
the  surface.  Or  if  the  volume  is  contained  between  two  planes 
parallel  to  that  of  {x,  z)  and  at  distances  ynylfo  ^^^  ^^>  Vn  ^^^  Vo 
being  constants^  they  are  in  that  case  the  limits  of  y ;  and  simi- 
larly must  the  limits  be  determined  if  the  bounding  surfSeuse  is  a 
cylinder  whose  generating  lines  are  parallel  to  the  axis  of  xr;  in 
all  these  cases  the  result  of  the  y-integration  is  the  volume  of  a 
slice  contained  between  two  planes  at  an  infinitesimal  distance 
apart^  the  length  of  which^  viz.  that  parallel  to  the  axis  of  y,  is  a 
function  of  its  distance,  from  the  plane  of  (y,  z) ;  and  therefore  if 
the  length  is  expressed  by  p  (a?), 

V  =zjv(x)dx,  (15) 

and  the  volume  is  the  sum  of  all  such  differential  slices  taken 
between  the  assigned  limits.  Thus  suppose  in  fig.  36  the  volume 
contained  in  the  octant  to  be  required,  and  o  a  =  a,  then  the  limits 
of  07  are  a  and  0 :  or  suppose  the  required  volume  to  be  contained 
between  two  planes  at  distances  of^  and  a^  from  the  plane  of  (y,z), 
then  x^  and  Xq  are  the  limits  of  a?.  The  following  examples  how- 
ever of  such  cubatures  will  serve  best  to  clear  up  any  difficulties 
which  arise  from  inadequate  explanations  of  general  principles. 

258.]  Examples  of  cubature. 

Ex.  1.  Find  the  content  of  a  rectangular  paiallelepipedon, 
three  of  whose  edges  meeting  at  a  point  are  a,  b,  c. 

Let  the  point  at  which  the  edges  a,  6,  c  meet  be  the  origin^ 
and  let  the  axes  of  x,  y,  z  severally  lie  along  them ;  then  if  v  is 
the  volume, 

V  =  /   /  /  dzdydx  —  cdydx 

Jq  Jo  »'o  •'0  -  0 


=/• 


bcdx  =  abc. 

0 


Ex.  2.    Determine  the  volume  in  the  first  octant  of  a  right 
elliptical  cylinder  whose  axis  is  the  ^-axis,  and  whose  altitude 
=s  a :  and  the  equation  to  the  generating  ellipse  is 
c«y>+6*;?»=6»c«. 
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Here  the  superior  limit  of  z  is  ^  (6*— y*)^  which  I  will  call  z, 

and  the  inferior  limit  is  0 ;  the  limits  of  y  are  b  and  0 ;  and  of  x, 
a  and  0. 

V  =  /   /    I  dzdydx 

Jo  J  a  Jq 

c  C^l^  It  J         vabc 

Ex.  3.    To  find  the  volume  of  the  ellipsoid  whose  equation  is 
a^      y^      z^       - 
a«  ^  A»  ^  c> 
Hence  the  limits  of  integ^tion  for  the  volume  in  the  first  octant 

are,  tor  z,  c  <l 1  ^  T2  c  >  which  I  will  call  z,  and  0;  for  y, 

1 jj  ,  which  I  will  call  y,  and  0;  for  x,  a  and  0; 

,'.   V  =  8/    /    /  dzdydx 

Jo  Jq  Jo 

i  Jo   L        2  2  tJo 

2ir6cr,        «»1"       4      . 

Ex.  4.    To  find  the  volume  of  the  Cono-Cuneus  of  Wallis. 
Fig.  41.  DA  =  CB  rs  CB  ss  a ;  oc  s  AB  rs  c;  and  the  equation 
to  the  surface  is.  Vol.  I,  Art.  867,  (89),  c^sfl^f^  (a»-af") ;  there- 
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fore  for  the  volume  in  the  first  octant  the  limits  are  of  2r^  -  (a*  —  ,ar*)*, 
which  I  will  call  z,  and  0 ;  ofy,  candO;  of;p,aandO.   Therefore 

the  volume  required  =  4/    \    1   dzdydx 

•/o  •'0  •'0 

Ex.  5.  To  determine  the  volume  contained  within  the  surface 
of  an  elliptic  paraboloid  whose  equation  is 

and  a  plane  parallel  to  that  of  (y^  z)^  and  at  a  distance  e  from  it. 

Hence  for  the  volume  in  the  first  octant  the  limits  of  integra- 

/             6      \*        . 
tion  are,  for  Zj  iisbx y*  )  ^  which  I  shall  call  z,  an4  0;  for 

y,  2(aa?)*,  which  I  shall  call  y,  and  0;  for  ^,  c  and  0 ; 

.•.     the  volume  required  =  4  /   /    /  dzdydx 

•'o  •'0  *^o 

=  4  [^'-)jvaxdx  =  2ffc*(a*)*. 

Ex.  6.  Find  the  volume  of  the  solid  cut  from  the  cylinder 
x^-\-y^  =  a'  by  the  planes  jsr  =  0^  and  z  =  or  tan  a. 

Here  the  limits  of  integration  are^  for  Zy  x  tan  a^  which  I  will 
call  z,  and  0;  for  y,  (a*— 2r*)*,  which  I  will  call  y,  and  —  y;  and 
for  Xf  a  and  0 ;  so  that^  if  v  is  the  volume, 


V  =  /    /      I  dzdydx 
=  2tana/   a?(a*--a?^)*cte 


^'0 

s  ^a^tana. 
o 


Ex.  7.  If  the  general  equation  of  the  second  degree  represents 
a  closed  surface^  explain  the  process  by  which  the  several  limits 
of  integration  as  required-in  Art.  214  are  determined.. ' 

Correspimding  to  given  values  of  x  and  y  iiiere  are  generally  two 
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values  of  z,  say  Zj  and  Zq,  which  are  the  limits  of  the  r-integra- 
tion,  so  that  the  ;8r-integration  gives  the  volume  of  a  right  prism 
which  is  perpendicular  to  the  plane  of  {x,  y),  whose  altitude  i? 
Zj— Zq,  and  whose  base  is  dydx.  The  subsequent  y-integration 
gives  the  sum  of  all  those  which  lie  in  a  thin  slice  parallel  to  the 
plane  of  (y,  z),  the  limits  of  this  integration  being  fixed  by  those 
points  in  that  slice  at  which  the  tangent  plane  of  the  closed 
surface  is  parallel   to   the  j^-axis,  and  at  which  consequently 

( -7-)  =0;  and  thus  if -zr  is  eliminated  between  F(.a?,  y,  -s^)  =0^  and 

(— )  =0,  we  shall  have  a  quadratic  in  y,  which  will  give  two 

roots,  say  Yj  and  Yq  ;  and  these  are  the  limits  of  the  y-integra- 
tion.  The  subsequent  a»-integration  will  give  the  sum  of  all 
these  slices,  and  thus  the  volume  included  within  the  closed 
surface ;  and  the  limits  of  the  a?-integration  are  determined  by 
the  values  of  the  a?-ordinate  at  which  these  slices  parallel  to  the 
plane  of  (y,  z)  vanish,  and  at  which  consequently  the  surface  is 
touched  by  planes  parallel  to  that  of  (y,  z).    At  these  points 

then  P  =  0,  \-j-)  =  0,,  \-^)  =  0,  and  the  elimination  of  y  and  z 

by  means  of  these  three  equations  will  give  a  quadratic  in  terms 
of  X,  the  two  roots  of  which  are  the  limits  of  the  .^-integration* 

259.]  If  the  infinitesimal  element-function  of  a  triple  integral 

-  >  ^ ,  - ) ,  and  the  inequality  which  assigns  the 

/x  t/    z\ 
limits  of  integration  is  also  of  the  form/  (">  t  >  - )  <  ^9^  that, 

if  I  is  the  integral, 

then,  if  a?  =  af,  y  =  brj,  z  =  cf, 

i^abc  r  Y^yS  (f,  r,,  O  dCdrj  di,  (17) 

^'X'o  '^Y'o   ^2:0 

and  the  inequality  which  assigns  the  limits  becomes /(f, »;,  f)  <  1; 
consequently  if  the  definite  integral  given  in  (17)  is  known,  that 
of  (16)  is  also  known. 

Thus,  in  Ex.  3  of  the  preceding  article,  if  a?,  y,  xr  are  replaced 

severally  by  af,  bri,  cC,  v  =  dbc  I  I  I  dCdri  df,  and  the  equa- 
tion to  the  ellipsoid,  which  assigns  the  limits  of  integration,  be- 
comes f*  +  i;*-l-C*  =  1*  which  is  the  equation  to  a  sphere  whose 
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radius  =  1.     Now  J  J  j  dCdrj  di  for  these  limits  expresses  the 

volume  of  a  sphere  whose  radius  =  1 ;  that  is^  =  -^ ;  and  therefore 

o 

4sirabc 


V  = 


3 


Again^  since  the  value  of  a  right  cone  of  altitude  =  c,  de- 
scribed  on  a  circular  base  of  radius  =  a,  =     -     ,  that  of  a  right 

A 

cone  of  the  same  altitude  on  an  elliptical  base  =  — = —  • 

o 

260.]  It  is  frequently  convenient  to  refer  the  element  of  a 
volume  to  a  mixed  system  of  coordinates ;  as^  for  instance^  to  the 
Z'Bxis,  and  to  polar  coordinates  in  the  plane  of  {^,  y) ;  so  that  in 
the  expression  for  the  volume-element  g^ven  in  (12)j  dy  dw  must 
be  replaced  by  rrfreW;  and  consequently 

Y  =  JJJdzrdrdO;  (18) 

in  this  case  the  base  of  the  elemental  prismatic  column^  which 
results  from  the  xr-integration^  is  the  plane  area-element  whose 
area  =  rdrdS ;  and  the  volume  of  that  column  =  zr  dr  d$.  Now 
if  the  r-integration  is  next  effected^  the  sum  of  all  these  columns^ 
&  being  constant^  will  be  a  sectorial  slice,  the  limits  of  r  being 
given  by  the  trace  of  the  surface  on  the  plane  of  {x,  y) ;  and  if 
the  inferior  limit  of  r  is  zero,  the  edge  of  the  sectorial  slice  will 
coincide  with  the  2r-axis ;  and  the  final  ^-integration  will  give 
the  sum  of  all  such  sectorial  slices,  and  consequently  the  volume 
required  by  the  conditions  of  the  problem.  The  following  exam- 
ples illustrate  the  process. 

Ex.  1.  The  axis  of  a  right  circular  cylinder  of  radius  b  passes 
through  the  centre  of  a  sphere  of  radius  a,  b  being  less  than  a; 
find  the  volume  of  the  solid  bounded  by  the  surfaces. 

Let  the  plane  passing  through  the  centre  of  the  sphere  and 
perpendicular  to  the  axis  of  the  cylinder  be  that  of  {x,  y)  j  then 
the  equations  of  the  surfaces  are  o;^  -f  y*  4-  ^*  =  a*,  and  4?*  -f  y* = i*; 
or,  in  terms  of  polar  coordinates,  the  equation  to  the  cylinder  is, 
r=b. 

For  the  volume  therefore  contained  in  the  first  octant  the 
limits  are,  of  xr,  (a*— ^— y^)*  or  («*— r*)*,  which  I  will  call  z, 

and  0 ;  of  r,  b  and  0 ;  of  ^,  ^  and  0;  therefore 
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v=  8  /    /   jdzTdrde 
Jq  Jq  .'o 

=    I    f  (a^^r^)irdrde 

=  -  ir  [(«■-")•]> 

Ex.  2.  Through  the  centre  of  a  sphere  of  radius  a  passes  the 
surface  of  a  right  circular  cylinder  the  radius  of  whose  director- 
circle  is  half  that  of  the  sphere :  find  the  volume  of  the  solid 
bounded  by  the  surfaces. 

K  the  centre  of  the  sphere  is  the  origin,  and  the  plane  through 
it  and  perpendicular  to  the  axis  of  the  cylinder  is  that  of  (a?,  y), 
theo  the  equations  of  the  sphere  and  the  cylinder  are 

^■f  y*-h^^  =  a^j        3^-^y^  =  a^; 
and  if  the  angular  point  of  the  volume-element  nearest  to  the 
origin  is  (z,  r,  6),  the  equations  to  these  surfaces  may  be  put  into 
the  following  forms,  ^  =  a*— r",  r  =  a  cos  ^ ;  so  that  if  v  is  the 
required  volume, 

v  =  4/    /         /  dzrdrde 

2(3ir-4) 
"■         9 

Ex.  3.  To  determine  the  volume  contained  within  a  surface  of 
revolution,  and  two  planes  perpendicular  to  the  axis  of  revolution. 

Let  the  axis  of  revolution  be  the  xr-axis ;  then,  by  Vol.  I, 
Art'.  869,  it  is  evident  that  the  general  equation  of  such  surfaces 
is  **+y*  =^fi^)  l  and  if  r  is  the  distance  of  {x,y,z)  from  the 
z-axis,  the  equation  to  these  surfaces  is  r"  =zf(z).  Now  if  the 
angular  point  of  the  volume-element  nearest  to  the  origin  is 
(r,  r,  $),  and  if  r*  =:/(z),  and  if  z^  and  Zq  are  the  distances  from 
the  origin  of  the  two  bounding  planes, 


=/T/ 

*^zo   Jo      ^Q 


T 

rdrdOdz 

0 


_)dz.  (19) 

which  is  the  same  result  as  that  obtained  in  Art.  251. 
PEiCB,  vol..  II.  3  A 
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261.]  The  value  of  the  volume-element  given  in  (18),  and  the 
ensuing  triple  integration  is  readily  applicable  to  those  problems 
in  which  the  trace  of  the  bounding  surface  on  the  plane  of  {x,  y) 
is  a  circle  or  other  curve  which  is  expressed  in  polar  coordinates 
more  simply  than  in  rectangular  coordinates.  For  other  traces 
other  systems  of  reference  may  be  more  convenient,  and  these 
must  be  left  to  the  ingenuity  of  the  student,  the  preceding  prin- 
ciples being  of  sufficient  breadth  for  all.  I  will  however  take 
another  example,  that  of  the  cubature  of  the  ellipsoid.  Let 
V  be  the  volume  of  the  octant  contained  within  the  positive  rect- 
angular coordinate  planes.  Then,  i{  z  is  the  height  of  an  ele* 
mental  prism  whose  base  is  dy  dx,  zdydx  is  the  volume  of  that 
prism,  and  the  double  integpral  of  this  volume-element  is  the 
volume  required.     Now  if  the  equation  to  the  ellipsoid  is 

we  may  as  in  (38),  Art.  238,  replace  as  follows ;  let  j? = a  sin  a  cos  /3, 

y  =  &sin  asin^,  2  =  ccosa;  then  dy  dx  =  od  sin  a  cos  a  da  </)3 ; 

BO  that  r  r 

V  =  /  jzdydx 

=  abcl    I     (cos  a)^  sin  a  da  rf/3 
•'0  -'0 

_  Tabc 

Ex.  4.  The  volume  of  the  solid  contained  between  the  para- 
boloid a?*  -f  y*  =  2  az,  the  cylinder  a?^  -f  y* — 2  a^  =  0,  and  the  plane 

.,       X        3wa-^ 

of(a:,  y),  =  -^. 

Ex.  5.  The  volume  of  the  solid  contained  between  the  surface 
2r  =s  ac"  c«     and  the  plane  of  {x,y),  =  irac*. 

262.]  If  the  system  of  reference  is  that  of  polar  coordinates  in 
space,  which  has  been  explained  in  Art.  165,  the  volume-element 
will  be  expressed  in  the  following  form.  Let  B,  fig.  42,  be  the 
point  (r,  6,  4>),  and  let  H  be  the  point  {r-^dr,  0-^d$,  <^  +  d^); 
this  latter  point  having  been  determined  from  the  former  by  the 
following  process.  Let  the  meridian  plane,  in  which  B  is,  be 
drawn,  and  let  oe  be  increased  by  the  infinitesimal  element 
EJ  =  dr ;  let  the  radius  OE  revolve  in  the  meridian-plane  through 
an  infinitesimal  angle  bof  =  d^,  so  that  bf  =r  rd0,  and  the  area 
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EPGJ  ^rdrdd.  Also  let  the  meridian-plane  revolve  about  oz 
through  an  infinitesimal  angle  Noq=6{<f>9  whereby  the  rectangle 
£F6J  will  come  into  the  position  idhk,  and  each  one  of  the 
angular  points  will  have  passed  through  a  distance  equal  to 
Bi  or  NQ,  neglecting  infinitesimals  of  the  highest  orders;  but 
N  q  =  ox  X  c2(^  =  p  rf{^  =  r  sin  ^  rf<^ ;  and  therefore  the  volume  of 
the  elemental  parallelepipedon^  of  which  e  and  h  are  opposite  an- 
^lar^points,  is  r^8mddrd6d<l>;  and  consequently  by  integration 
between  assigned  limits^ 

the  volume  =  /  /  /  r^  sin  (9  dr  dO  dip.  (20) 

The  order  in  which  the  integrations  are  to  be  efiTected  is  scarcely 
arbitrary  ;  for  the  form  of  the  equations  to  surfaces  in  most  casfes 
renders  it  necessary  to  integrate  first  with  respect  to  r ;  and  as 
the  infinitesimal  expression  represents  an  element  of  a  pyramid 
whose  vertex  is  at  o,  and  whose  base  is  an  element  of  the  bounding 
surface^  so  does  the  r-integration  produce  the  volume  of  the  py- 
ramid^ complete  or  truncated,  according  as  the  inferior  limit  of  r 
is  0  or  a  given  finite  quantity ;  and  every  solid  admits  of  being 
resolved  into  such  pyramids ;  but  the  order  in  which  the  0-  and  ^- 
integrations  are  effected  is  arbitrary ;  and  if  the  ^-integration  is 
effected  next  after  that  of  r,  it  produces  a  sectorial  or  cuneiform 
slice  of  the  solid,  complete  or  truncated,  according  to  the  limits 
of  r ;  and  the  subsequent  (^-integration  will  produce  the  aggre- 
gate of  all  such  slices :  or  if  the  (^-integration  is  effected  next 
after  r,  it  produces  a  complete  or  truncated  cuneiform  conical 
slice,  the  aggregate  of  all  which  is  found  by  the  subsequent  d-in- 
tegration. 

The  particular  values  of  the  limits  of  course  may  be  different 
for  every  case,  and  are  assigned  by  the  geometrical  conditions  of 
the  problem.  If  the  origin  is  in  the  interior  of  a  closed  surface, 
the  volume  contained  within  which  is  to  be  determined,  then,  if 
the  equation  to  the  bounding  surface  is  r  =/(^,  4>),  this  value,  as 
the  superior  limit  of  the  r-integration,  it  is  convenient  to  express 
by  r ;  whereby  if  v  is  the  volume, 

V  =  r^  r  f^f^  sin  e  dr  dS  dtf^  (21) 

=  I  r  t\f(e,  <!>)  y  sin  6  dS  d<p.  (22) 

The  preceding  expression  for  the  volume-element  in  terms  of 
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polar  coordinates^  viz.  r*  sin  6  dr  dB  d<l>,  may  also  be  deduced  by 
transformation  from  the  expression  of  the  volume-element,  viz., 
dz  dy  dXy  which  is  in  terms  of  rectangular  coordinates.  The 
equations  which  connect  rectangular  and  polar  coordinates  have 
already  been  given  in  (70),  Art.  165,  and  the  transformation  has 
been  made  in  (2),  Ex.  2,  Art.  213,  the  result  being  given  in  (38); 
so  that  it  is  necessary  here  only  to  call  the  attention  of  the  reader 
to  those  equivalents. 

263.]  Examples  illustrating  the  preceding  process. 
Ex.  1.     Determine  the  volume  of  a  sphere. 
Let  the  radius  of  the  sphere  =  a ;  then 

the  volume  =  /     /    I  r^  sin  6  dr  dd  d<l> 

Jo      Jo    Jn 


^3    fiw  fn 

=  -Q-  /      I   ein0dOd<t> 
=  -3- Jo    ^*  =  - 


3~* 

Ex.  2.  Determine  the  volume  of  that  part  of  a  sphere  which 
abuts  at  the  centre,  and  is  bounded  by  the  ring  contained  between 
two  parallels  of  latitude,  for  which  the  values  of  0  are  6^  and  0q. 


r^  sin  0drd0d(f} 

=  — g-Ccos^o-cos^J. 

Hence  if  0^  =  o,  and  0^  =  0,  v  =  —5—  (1  —  cos  a).      This  is 

o 

evidently  the  volume  of  the  solid  common  to  the  sphere  and  to  a 

right  circular  cone  whose  vertical  angle  is  2  a,  and  whose  centre 

is  at  the  centre  of  the  sphere. 

Ex.  3.  Determine  the  general  expression  of  the  volume  in- 
cluded within  a  conical  surface  and  a  given  base. 

Let  the  origin  be  at  the  vertex  of  the  cone,  and  let  the  axis  of 
z  fall  within  the  conical  surface ;  so  that  the  equation  to  the  sur- 

*""        ^=/©^  « 

then  this  equation,  in  terms  of  polar  coordinates  g^ven  by  (70), 
Art.  165,  becomes 

tan  Bsintf)  =  /(tan  0  cos  <^) ; 
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and  let  us  suppose  this  to  be  put  into  the  form 

tan^  =  F(sin^).  (24) 

Now  suppose  the  required  volume  to  be  contained  between  the 
conical  surface^  and  a  plane  perpendicular  to  the  ^-axis  at  a  dis- 
tance c  from  the  origin ;  then  the  limits  of  the  r-integ^tion  are 
c  sec  ^  and  0 ;  of  the  ^-integration^  tan'^  f  (sin  (f>),  which  I  shall 
call  e,  and  0 ;  and  of  the  ^-integ^tion  2ir  and  0 ;  so  that 

^'o    •'0   -'0 
=  ^/     /    tan^(sec^)«rf^d;^ 

/.8  riw 
=  "6"J!>     {^(sin0)}«d0; 

but  by  (24),  cv  (sin  0)  =  c  tan  $  =  the  radius  vector  of  the  plane 
base  of  the  cone  drawn  from  the  point  where  it  is  pierced  by  the 
axis  of  z ;  therefore  by  equation  (12),  Art.  226, 

-^  /     {f  (sin  0)}^  d4>  =  the  area  of  the  base  of  the  cone; 
.• .     V  =  -  X  the  area  of  the  base  of  the  cone; 

consequently  the  volume  of  a  cone  is  one-third  of  the  right 
cylinder  of  the  same  base  and  of  the  same  altitude. 
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CHAPTER  IX. 

ON  SOME  QUESTIONS  IN  THE  CALCULUS  OP  PROBABILITIES, 
AND  ON  THE  DETERMINATION  OF  MEAN  VALUES. 

Section  1. — Ont?ie  Caladua  of  Probabilities. 

264.]  The  Calculus  of  Probabilities  contams  two  or  three  classes 
of  problems,  which  cannot  be  solved  without  the  Integral  Cal- 
culus ;  and  as  they  afford  a  good  and  apt  illustration  of  definite 
integration,  and  are  moreover  in  themselves  curious  and  instruc- 
tive, it  is  desirable  to  devote  a  few  pages  to  their  treatment. 
It  is  not  of  course  my  intention  to  enter  on  a  discussion  of  the 
diflSculties,  metaphysical  and  moral,  in  which  the  calculus  of 
probabilities  is  often  enveloped.  I  shall  assume  and  merely  state 
the  mathematical  principles  of  it,  which  are  few  and  simple,  and 
apply  them  to  certain  problems  which  require  definite  inte- 
gration. 

The  first  principle,  which  is  indeed  the  foundation  of  the  cal- 
culus, is  the  following; 

In  a  system  of  possible  events,  of  which  all  are  equally  pro- 
bable ;  that  is,  in  which  we  know  no  reason  why  any  one  should 
occur  rather  than  another ;  the  probability  in  &vour  of  any  one 
is  the  ratio  of  the  number  of  events  favourable  to  its  occurrence 
to  that  of  all  the  events ;  and  the  probability  against  any  one  is 
the  ratio  of  the  number  of  events  adverse  to  its  occurrence  to 
that  of  all  the  events. 

The  word  Chance  is  synonymous  with  Probability;  so  that  the 
preceding  principle  is  valid  when  the  word  Probability  is  re- 
placed by  the  word  Chance. 

Hence  we  have  the  following  definitions ; 

The  chance  or  probability  in  favour  of  an  event  is  the  ratio  of 
the  number  of  favourable  events  to  that  of  all  the  events. 

The  chance  or  probability  against  an  event  is  the  ratio  of  the 
number  of  unfavourable  events  to  that  of  all  the  events. 

And  thus  the  mathematical  definitions  take  the  form  of 
fractions.  \ 

The  probability  in  favour  of  an  event  is  a  fraction  of  which 
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the  numerator  is  the  number  of  the  favourable  events^  and  the 
denominator  is  that  of  all  the  events. 

The  probability  against  an  event  is  a  fraction  of  which  the 
numerator  is  the  number  of  the  unfavourable  events^  and  the 
denominator  is  that  of  all  the  events. 

The  sum  of  these  probabilities  is  unity ;  and  as  one  or  other  of 
the  possible  events  must  (as  it  is  assumed)  occur^  the  result  is 
certainty.  Hence  unity  is  the  mathematical  definition  of  cer- 
tainty. 

This  result  is  also  otherwise  evident :  in  the  case  of  certainty 
all  the  events  are  favourable,  so  that  the  numerator  and  the 
denominator  of  the  fraction  which  defines  the  fiekvourable  chance 
are  equal ;  and  consequently  the  favourable  chance,  which  is  cer- 
tainty, is  unity. 

The  ratio  of  the  number  of  fiivourable  events  to  that  of  un- 
&vourable  events  is  called  the  odds  in  favour  of  an  event. 

The  ratio  of  the  number  of  unfavoorable  events  to  that  of 
&vourable  events  is  called  the  odds  against  an  event. 

Hence  it  appears  that  probabilities  and  odds  do  npt  vary^  when 
the  number  of  possible  events  varies,  if  the  ratio  of  the  numbers 
of  &vourable  and  unfieivourable  events  remains  the  same. 

All  these  definitions  may  be  expressed  mathematically  in  the 
following  manner;  let  A  and  B  be  two  contradictory  events; 
that  is,  B  occurs  if  a  does  not  occur;  then^  if  a  =  the  number  of 
possible  events  favourable  to  the  occurrence  of  a,  and  b  =  that 
of  possible  events  favourable  to  the  occurrence  of  b,  all  being 
equally  probable. 


The  chance  in- favour  of  a  = r . 

a-^b 

The  chance  against  a  s= j . 

The  odds  in  favour  of  a  =  ^ . 

o 

The  odds  against  a  =  - . 


(1) 
(2) 
(8) 

(4) 


265.]  Now  the  case  to  which  I  propose  first  to  apply  t^ese 
principles  is  that  in  which  the  number  of  possible  events,  as  also 
that  of  the  favourable  events,  is  infinite ;  in  which  however  the 
numbers  of^  or  the  areas  or  the  extents  which  include  these  several 
claaws  of,  events  are  not  equal;  so  that  these  are  to  be  calculated; 
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and  they  become  the  numerators  or  denominators  of  the  firactions 
which  express  the  chances  and  the  odds.  In  these  problems  the 
several  events  are  no  longer  discreet  cases^  as  distinct  units  or 
integers ;  of  which  the  sum  is  found  by  simple  addition ;  but  they 
are  elements  of  a  continuous  series^  and  their  sums  are  definite 
integrals  of  which  the  limits  are  assigned  by  the  conditions  of  the 
question.  From  the  preceding  principles  we  have  the  following 
definitions ; 

The  chance  in  favour  of  an  event 

_  The  extent  of  favourable  cases ,   .^. 

~  The  extent  of  all  possible  cases ' 
The  chance  against  an  event 

^  The  extent  of  unfavourable  cases   ^ 

""  The  extent  of  all  possible  cases  ' 
and  similar  definitions  are  of  course  true  of  the  odds  for  and 
against  an  event.  Although  the  direct  solution  of  problems  of  this 
kind  requires  the  integral  calculus  for  the  determination  of  these 
several  extents^  yet  in  many  cases  these  can  be  compared  without 
that  process^  and  I  propose  first  to  give  some  examples  of  this 
kind. 

Ex.  1.  A  needle  is  thrown  on  a  plane  horizontal  table.  What 
is  the  chance  that  the  line  of  it  is  within  15**  of  the  meridian? 

In  this  example  the  whole  extent  of  possible  cases  is  360*" ;  and 
as  the  needle  may  lie  within  15**  of  the  meridian  to  the  east  or  to 
the  west^  and  either  towards  the  north  or  the  souths  the  extent  of 
favourable  cases  =  60**.     Hence 

60        1 
The  chance  in  favour  of  the  event  =  ^^jz  =  ^ . 

ooU       o 

y"  Ex.  2.  A  plane  surface  of  indefinite  area  is  divided  into  equal 
squares^  and  a  thin  circular  coin  falls  flat  on  the  surface.  What 
is  the  probability  that  it  does  not  fall  across  one  of  the  dividing 
lines  of  the  surface  ? 

Let  a  •=.  the  side  of  each  square^  and  r  =  the  radius  of  the  coin. 
As  all  the  squares  are  equals  it  is  evident  that  the  estimation  of 
the  chance  for  any  one  square  is  sufficient  for  that  of  all.  Draw 
lines  parallel  to  the  sides  of  a  given  square^  and  within  it^  at  a 
distance  =  r  from  each  side;  then  a  new  square  is  described 
within  the  original  one^  each  side  of  which  =  a— 2r,  and  of  which 
consequently  the  area  =  {a^-^r)^.  Now  if  the  centre  of  the  coin 
falls  within  this  area^  the  coin  does  not  intersect  a  dividing  line  of 
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the  area,  and  consequently  the  area  of  tavoorable  cases  =f  (a — 2r)'. 
But  as  the  centre  of  the  coin  may  fall  anywhere  within  the  square, 
the  area  of  all  possible  cases  =  a'.     Hence 

The  chance  of  the  coin  falling  clear  of  a  dividing  line = j —  • 

The  chances  may  be  similarly  determined  if  the  plane  surface 
is  divided  into  equilateral  triangles  or  into  reg^ar  hexagons. 

Ex.  8.  A  circular  coin  falls  flat  on  a  circular  plate ;  determine 
the  chance  that  (1)  the  coin  does  not  meet  the  edge  of  the  plate ; 

(2)  the  coin  meets  the  edge  of  the  plate  and  does  not  fall  over ; 

(3)  the  coin  meets  the  edge  and  falls  over. 

Let  B  =  the  radius  of  the  plate^  r  =  the  radius  of  the  coin ; 
then  it  is  evident  that  we  may  estimate  only  those  areas  on  which 
the  centre  of  the  coin  may  Mi.  Now  in  each  of  the  cases  the 
area  of  possible  events  =  ir  (b  +  r)^ ;  and  the  areas  of  the  favour- 
able events  are  respectively '7r(B--r)*,  irr(2B— r),  irr(2B-fr);  so 
that  if  c^,  c^,  C3  are  the  chances, 

_  (B-jr)*  _  2Br  — r^  _  2Br  +  r^ 

^  ■"  (B+r)«^        ^  ■"    (B+r)»  '        ^  ■"   (B-fr)»  ' 
As  these  three  cases  exhaust  all  the  possible  events,  c^  +  c^ + €3=  1. 

Ex.  4.  A  heavy  spherical  ball  falls  through  a  grating,  the  bars 
of  which  are  infinitesimally  thin,  and  are  equidistant.  What  is 
the  chance  that  it  falls  clear  of  a  bar  ? 

Let  2a  =  the  distance  of  the  bars  from  each  other,  and  let  r 

CI  —  r 

:=  the  radius  of  the  ball :  then  the  chance  = • 

a 

Ex.  5.  Four  points  are  taken  at  random  in  a  plane  of  indefinite 
area.  What  is  the  chance  that  some  one  of  the  four  points  is 
included  within  the  triangle  of  which  the  other  three  points 
are  the  vertices  ? 

With  these  four  points  four  triangles  may  be  formed,  let  a,  b,  c 
be  the  three  points  which  form  the  largest  triangle,  and  let  p  be 
the  fjMirth  point.  Through  a,  b,  c  respectively  draw  the  lines 
b'o',  cL',  a'b'  parallel  to  bc,  ca,  ab  respectively ;  thus  forming 
a  new  triangle  a'b'c',  the  area  of  which  is  four  times  that  of  abc, 
and  so  that  ^BC  =  b'oa  =  c'ab  =  abc.  Now  p  must  fall  within 
the  area  a'bV;  for  if  it  fell  without  it,  the  triangle  abo  would  not 
be  the  greatest  which  could  be  made  out  of  the  original  four 
points.     Consequently  a'b'c'  is  the  area  of  all  possible  events ; 
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that  ifl^  of  events  consistent  with  the  asamption  that  abc  is  the 
largest  triangle ;  and  abc  is  the  area  of  all  the  favourable  events ; 
and  hence 

the  area  of  abc 


The  required  chance  =  rr ^   ,  ,^, 

tne  area  oi  a  r  '^ 


1 
=  4' 
The  solution  of  this  problem  is  due  to  Professor  Cajlej  of 
Cambridge. 

Similarly^  if  five  points  are  taken  at  random  in  space,  the  chance 
that  the  fifth  point  may  be  included  within  the  tetrahedron  of 

which  the  other  four  points  are  the  vertices  =  -^  • 

266.]  The  following  are  examples  in  which  the  integral  cal- 
culus is  directly  required. 

Ex.  1.  A  large  plane  area  is  ruled  with  equidistant  straight 
lines ;  a  thin  straight  needle,  the  length  of  which  is  less  than  the 
distance  between  two  consecutive  lines,  falls  on  the  plane ;  what 
is  the  probability  that  it  falls  clear  of  a  dividing  line  ? 

In  this  problem  we  may  evidently  confine  our  attention  to  the 
space  contained  between  two  consecutive  lines,  and  to  the  middle 
point  of  the  needle  with  reference  to  that  space. 

Let  2a  =  the  distance  between  two  consecutive  lines ;  and  let 
2  c  be  the  length  of  the  needle.  Let  the  distance  between  two 
consecutive  lines  be  bisected  by  a  straight  line  parallel  to  each  of 
the  lines,  and  let  x  =  the  perpendicular  distance  of  the  middle 
point  of  the  needle  in  any  position  from  this  line ;  also  let  <^  be 
the  angle  at  which  the  needle  is  inclined  to  the  line  perpendicular 
to  the  dividing  Unes.  Now  it  is  evident  that  x  admits  of  all 
values  &om  —a  to  a,  and  that  0  admits  of  all  values  from  —  v  to 
IT ;  and  that  the  needle  does  not  intersect  a  dividing  line  so  long 
as  ^  +  ccos  4>  is  less  than  a,  or  ~^— coos^  is  greater  than  —a. 
Let  d^  be  an  infinitesimal-increment  of  or,  which  we  will  suppose 
to  be  coincident  with  the  centre  of  the  needle,  and  let  dftbe  an 
infinitesimal  increment  of  4>,  and  we  will  suppose  d^  to  be  coin- 
cident with  the  needle.     Then 

The  extent  of  all  possible  cases  =  /      /     dff^dx 

=  4ira. 
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Let  a— c  ooB^  ss  x;  then 
The  extent  of  favourable  cases  =  2  /     /    dafd<p 


= <<"- 


c  cos  4>)  d<P 


=  4(ira— 2c). 
Hence  the  chance  that  the  needle  is  clear  of  a  dividing  line 
=  1 ;  and  the  probability  that  it  falls  across  a  dividing 

line  = 

va 

If  in  the  calculation  of  the  favourable  extent,  the  ^-integration 
d  preceded  the  or-integration,  the 
The  extent  of  the  favourable  cases 


had  preceded  thex-integration,  then,  if  ♦  cs  cos"* 


=  8  f"  Pdit>dx+S  f'   I  dijidx 


=  4ira— 8c; 

which  is  the  same  result  as  before. 

The  result  of  this  problem  sugg^ts  a  curious  way  of  finding 
the  value  of  ir.  Let  a  needle  of  given  length  be  thrown  on  a 
table  ruled  as  in  the  question;  and  in  tn-i-n  trials  let  m  =  the 
number  of  times  in  which  the  needle  falls  clear  of  a  dividing 

line :  then  —  =r ;  so  that  w  =  ^ —  • 

ira       m  +  n  na 

^^-^"'Ifcx.  2.  In  the  adjacent  sides  oa,  ob  of  a  rectangle^  two  points 
p  and  q  are  taken  at  random;  what  is  the  probability  that  the 
rectangle  contained  by  op  and  oq  is  not  greater  than  the  nth 
part  of  that  contained  by  oa  and  ob  ? 

Let  OA  =  a,  OB  =  A ;   op  =:  or^  oq  =i  y ;   then 

The  extent  of  all  possible  cases  =  /    I  dydx 

Jo  Jo 

=  ab. 
In  calculating  the  favourable  cases^  the  limits  of  x  and  y  are 

g^ven  by  the  inequality 4?y  >0;  so  that  for  all  values  of  x 

between  -  and  0,  y  ranges  from  4  to  0 ;  but  for  any  value  of 
X  intermediate  to  a  and  ->  y  ranges  from  — to  0;   consequently 

3B» 
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a  ab 

the  extent  of  favourable  eases  =/     I  dydx  +  I    I  '^'dy  dx 


ab      ab, 

= h  — loff«. 

n        n     ^ 


The 


required  chance  = —  • 


The  following  is  another  solution  of  this -problem; 
Let  OA  and  on  be  taken  as  rectangular  axes  of  x  and  y  re* 
spectively^  and  let  the  rectangular  hyperbola^  whose  equation  is 

^y  =  —  ,  be  drawn :  and  let  it  intersect  the  sides  of  the  rect- 

angle  opposite  to  oa  and  ob  in  c  and  d  respectively ;  let  a  be  the 
point  {x,  y) ;  and  from  b  draw  op  and  o  q  perpendicular  to  o  a  and 
OB  respectively ;  then  the  conditions  of  the  problem  are  fulfilled 
if  B  falls  within  the  area  oadcb. 

dx 

Now  the  probability  that  p  falls  between  x  and  x-^-dx  =^  — ; 

and  that  q  falls  between  y  and  y^dy  =  •—;  consequently  the 
probability  of  the  concurrence  of  these  two  events  =  ^.  ;  and 
this  is  the  probability  that  £  falls  within  the  area  dy  dx,    Hence^ 


ab 


a 

smce  bc  =s  -, 
n 

0 

The  required  probability  r 

"  ab  (i,  i 

= 

^1  +  Iogn 
n 

'^  Ex.  8.  A  stick  is  broken  into  three  parts ;  what  is  the  chance 
that  the  sum  of  the  lengths  of  every  two  is  greater  than  the 
length  of  the  third;  that  is^  that  the  three  parts  wiU  form  a 
triangle  ? 

Let  the  length  of  the  rod  =  2a;  and  let  or  =  the  length  of 
the  first  part^  and  y  =  the  length  of  the  second  part.     Then 

rta  r«a-jr 

The  extent  of  all  possible  cases  =  /     /         dydx 

Jo    Jo 

=  2a\ 

In  calculating  the  favourable  cases  x  may  range  from  a  to  0; 
and  since  x-{-y>a,y  may  range  from  a  to  a^x ;  so  that 
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the  extent  of  favourable  eases  =  /    /     dydr 


.'.     The  required  chance  =  ^  • 

^"^^  Ex.  4.  Two  arrows  are  fixed  in  a  circular  target.  What  is 
the  probability  that  the  distance  between  them  is  greater  than 
the  radius  of  the  target  ? 

Let  the  radius  of  the  target  :=  a;  and  let  2r  =  the  distance 
of  one  of  the  arrows  from  the  centre  of  the  target;  so  that 
4frdrd0  is  the  area-element  of  the  target  which  we  may  sup- 
pose to  be  occupied  by  this  arrow.  Now  the  area  of  that  part  of 
the  target^  all  of  whose  points  are  at  a  distance  from  this  arrow 

not  less  than  the  radius  of  the  target,  =  2r(a*— r^)*+2a*8in"^  -. 

a 

Consequently  the  extent  of  the  favourable  cases 


=  8 /y*' Jr(fl»-r2)*  +  a2sin-^^|rd»dr 
=  16ixy^'|r(a«-r*)*+a2sin-i-|rrfr 


Jo 


The  extent  of  all  possible  cases  =  /    /    4fva^rd$dr 

Jo  .'o 

.-.     The  required  chance  =  -j^ — 

^  Ex.  5.  Two  arrows  are  fixed  in  a  circular  target.  What  is 
the  probability  that  they  and  the  centre  of  the  target  are  at  the 
angles  of  an  acute-angled  triangle  ? 

Let  a  =:  the  radius  of  the  target ;  and  let  f,  the  place  of  one 
of  the  arrows,  be  at  the  point  (r,  6).  Let  o  be  the  centre  of  the 
target;  join  of,  and  on  op  as  a  diameter  describe  a  circle;  a^ 
o  and  F  draw  lines  perpendicular  to  op;  then  the  area  of  the 
part  of  the  target  included  between  these  two  lines 

=  r(a*-r2)*  +  fl>sin-"*-; 
a 

and  if  q,  the  place  of  the  other  arrow,  is  in  any  point  of  this 
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area,  except  within  the  small  circle^  the  triangle  oP<l  is  acute- 
angled.    Hence 
The  extent  of  favourable  cases 

■"      4 

The  extent  of  all  the  cases  s=  /     /  ita^rdrdO 

Jo    Jo 

=  71^  a*. 
.•.    The  chance  required  =  -j* 

As  this  result  is  independent  of  the  radius  of  the  target^  it  is 
true  when  that  radius  is  infinite^  in  which  case  the  centre  is  an 
indeterminate  point  j  and  hereby  we  have  the  conclusion  that  m 
infinite  circular  space^  if  three  points  are  taken  at  random^  one  of 
them  being  the  centre  of  the  space,  the  probability  that  they  are 

the  angles  of  an  acute-angled  triangle  is  -  • 

267-3  "^^  integral  calculus  is  also  required  for  the  complete 
discussion  of  the  laws  of  combination  of  events,  when  the  number 
of  events  is  infinite ;  and  this  inquiry  is  most  important  in  the 
indirect  application  of  the  theory  of  probabilities  to  the  investi- 
gation of  the  probabilities  of  the  causes  to  which  certain  observed 
events  are  due;  because  in  most  physical  investigations,  the 
number  of  events  or  of,  what  amounts  to  the  same  thing,  ob- 
servations may  be  infinite,  and  it  is  necessary  to  ascertain  the 
character  which  this  circumstance  brings  into  the  result.  Here 
however  I  must  first  have  recourse  to  some  elementary  con- 
siderations of  compound  events. 

Let  there  be  a  system  of  possible  events  of  only  two  classes ; 
one  of  which  produces  A,  and  the  other  produces  b  ;  and  let  a 
and  b  be  the  numbers  of  events  of  these  two  classes  respectively ; 
and  let  us  suppose  all  to  be  equally  probable,  and  assume  the 

necessity  that  either  a  or  b  must  occur.    Thus r  * r  are 

•^  a-f ft'  a  +  ft 

the  probabilities  in  favour  of  a  and  b  respectively.     Let 
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SO  that  p  and  q  are  the  probabilities  in  favour  of  A  and  B  re- 
spectively.   Also^  it  is  evident  that 

so  that  q  =  l»/>;  and  the  sum  of  the  probabilities  =  1^  which 
represents  certainty. 

Now  let  us  suppose  m  trials,  or  observations,  to  be  made  on 
this  system  of  possible  events ;  then  the  probability  that 
A  will  occur  m  times,      ---.-=  p^, 
A  -    -    -    -  (m— 1)  times,  and  B  once   =  mp^^^q, 

A'    ^    ^    ^  (w— 2)  times,  and  b  twice  =  — y~o —  P^'^9^» 

A  -    -    -    -  once,  and  b  (m— 1)  times  =  m/?g"*~*, 
B  will  occur  m  times  =  5*" ; 

these  are  all  the  possible  combinations  of  the  events,  and  are 
evidently  the  successive  terms  of  the  development  of  a  binomial ; 
consequently  the  sum  of  all  the  probabilities  =  (P-f  g)*"  =  1. 

Hence  it  appears  that  of  the  several  terms  of  {p  -f  q)^  in  its 
expanded  form  each  expresses  the  probability  of  an  event  com- 
pounded of  A  repeated  as  many  times  as  is  the  index  otp,  and  of 
B  repeated  as  many  times  as  is  the  index  of  q.  Also  that  the 
sum  of  the  first  n  + 1  terms  gives  the  probability  that  in  m  trials 
A  will  occur  not  less  than  m—n  times;  or,  what  is  the  same 
thing,  that  b  will  occur  not  more  than  n  times. 

Since  the  number  of  terms  of  (p  +  g)"*  is  i»+ 1,  the  number  of 
terms  increases  as  m  increases;  but  as  (p  +  g)*  =  1,  the  sum  of 
the  terms  is  always  the  same,  and  consequently  each  term  de- 
creases as  m  increases.  Thus  the  probability  of  a  particular 
combination  becomes  less  and  less,  although  the  sum  of  all  the 
probabilities  is  the  same. 

These  results  admit  of  the  following  graphic  representation. 
Take  a  straight  line  oa  of  definite  length,  in  the  axis  of  x^  say ; 
and  divide  it  into  m  equal  parts ;  at  each  of  the  m+ 1  points  of 
partition  draw  ordinates  in  order,  severally  proportional  to  the 
several  successive  terms  of  the  development  of  {p-\'q)^,  and  join 
their  extremities;  we  shall  hereby  have  a  broken  line,  which 
will  ultimately  become  a  curve  under  certain  conditions,  when 
HI  =  00,  the  ordinates  of  which  represent  the  probabilities  of 
certain  compound  events  which  are  assigned  by  the  absciss®. 
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Thns^  if  MP  is  the  ordinate  corresponding  to  the  nth  point  of  par- 
tition of  OA^  MP  is  proportional  to  the  nth  term  of  the  developed 
binomial^  and  expresses  the  probability  that  the  event  will  be 
compounded  of  a  repeated  m— n+1  times^  and  of  b  repeated 
n— 1  times;  that  is^  MP  corresponds  to  the  probability  that  the 
number  of  repetition  of  the  events  a  is  to  the  number  of  repeti- 
tion of  the  events  b  in  the  ratio  of  am  to  mo.  This  curve  is 
called  the  curve  of  possibility ;  and  an  examination  of  the  several 
terms  of  the  binomial  will  at  once  shew  the  general  course  of  it. 
Let  the  origin  be  at  the  foot  of  the  ordinate  which  corresponds 
to  the  first  term ;  then^  as  the  values  of  the  terms  of  the  binomial 
continually  increase  up  to  a  maximum^  so  will  the  ordinates  of 
this  curve  increase,  and  ultimately  attain  to  a  maximum ;  and 
afterwards  they  will  decrease  as  the  terms  of  the  binomial  series 
decrease,  until  the  curve  comes  to  a  point  whose  abscissa  is  oa, 
which  is  nearest  to  the  ;r-axis  because  it  corresponds  to  the  last 
term  of  the  series.  K  p  =:  g,  the  curve  will  be  symmetrical  on 
the  two  sides  of  its  greatest  ordinate;  but  such  will  not  be  the 
case  i£p  and  q  are  not  equal. 

268.3  Now  a  most  important  application  of  the  preceding 
theory  is  that  to  the  combination  of  errors  of  observation.  All 
observations  of  physical  facts,  whether  made  by  instruments  or 
otherwise,  are  subject  to  certain  elementary  errors,  of  which  the 
number  is  indeterminate,  and  the  causes  are  unknown;  all  are 
supposed  to  be  independent  of  each  other,  and  to  be  of  the  same 
absolute  magnitude,  but  to  be  either  positive  or  n^;ative.  The 
true  error  in  each  particular  case  is  the  algebraical  sum  of  these 
elementary  errors,  and  the  probable  true  error  is  the  object  of  our 
inquiry. 

In  applying  to  this  case  the  theory  of  the  preceding  article^  I 
shall  take  the  existence  of  a  positive  elementary  error  to  be  the 
event  a,  and  that  of  a  negative  elementary  error  to  be  the  event 
B;  so  that  the  number  of  cases  which  produce  a  and  B  re- 
spectively is  the  same ;  consequently  a  =  ft,  j^s^ss^.     Let 

each  elementary  error  be  denoted  by  ax;   and  let  2f9i  =  the 
number  of  them,  each  of  which  may  be  either  positive  or  negative. 

/I      Ix'*" 
Then  the  seveial  terms  of  (s  +  0/      S^^^  ^®  probabilities  of  the 

combinations  of  the  repetitions  of  the  positive  elementary  errors 
with  those  of  the  negative  elementary  errors :  as  the  two  terms 
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of  the  binomial  are  equals  the  middle  term  of  the  development^ 
which  is  the  (m+  l)th  term^  is  the  largest^  and  terms  equidistant 
from  it  are  equal.  Thus  the  combination  of  an  equal  number  of  posi- 
tive and  negative  elementary  errors  is  the  most  probable,  and  the 
probability  of  the  combination  of  2  m— »  positive  with  n  negative 
errors  is  equal  to  that  of  the  combination  of  n  positive  errors 
with  2  m— n  negative  errors.  Hence  the  most  probable  event  is 
that  in  which  there  is  a  compensation  of  errors,  and  consequently 
no  resultant  error;  and  the  cases  that  are  most  likelj  to  occur 
after  this  are  those  in  which  the  errors,  whether  positive  or 
negative,  are  small. 

Now  in  this  case  the  curve  of  possibility  is  symmetrical  re- 
latively to  its  greatest  ordinate;  and  this  corresponds  to  the 
middle  term  of  the  series.  Let  the  point  where  this  greatest 
ordinate  intersects  the  axis  of  ^  be  the  origin;  and  along  the 
4r-axi8  in  both  directions  take  a  series  of  lengths,  each  of  which 
=  AX,  and  thus  corresponds  to  an  elementary  error ;  and  at  each 
of  the  points  on  the  a?-axis  thus  determined,  draw  ordinates  pro- 
portional to  the  corresponding  terms  of  the  expanded  binomial. 
^^  y^y  VifVif  "  ^  ^^®  ordinates  thus  drawn ;  then 

_  ^,,^2m(2m-l) ...  (m+2)(m-f  1) .  ,qx 

^«-^        1.2.3...  (m-.l)m '  ^^ 

_  ^,,^2m(2m-l)...(m+2),  .^ 

J'^  -  ^  1.2.3...  (m-1)       '  ^^"^ 


_o,2^2m(2m-l)...(m-f*-H).  ,... 

y*  -  ^       1.2.3...  (m-*) '  ^^^^ 

_  o.,^2m(2m--l)...(m+*-f2).  ..^ 

y^^^-^  1.2.8  ..(m-*-!)       '  ^     ^ 

.-.      y*±l=      ^7*     .  (18) 

y*  m  +  *4-l 

Let  VLB  suppose  the  number  of  causes  which  produce  these 
elementary  errors,  and  consequently  the  number  of  errors,  to  be 
infinite,  so  that  m  =  oo ;  and  let  us  suppose  the  error  due  to 
each  one  to  be  infinitesimal,  so  that'  ax  becomes  dx;  then  the 
curve  of  possibiliiy  becomes  a  continous  curve ;  and  if  we  take 
yt  to  be  a  general  value  of  the  ordinate^  to  be  y,  bslj,  yj^^  ^ =y  +  dy; 
also  kdx  ^^Xi'BO  that  multiplying  the  numerator  and  denomi- 
nator of  the  second  member  of  (13)  by  dSr,  (18)  becomes 

PUCE,  VOL.  II.  3  c 
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y-\-dy  mdx--x 

~~y      ~  mdx  +  x  +  dx' 

dy  2x-\'dx 

y   "       mdx-\-x-\-dx 
2xdx-\-dx^ 


« (14) 

mdx^-\-xdx-\-dx^ 

Now  with  reference  to  the  terms  in  the  numerator  and  de- 
nominator of  this  last  fraction^  which  must  be  omittedj  it  will  be 
observed  that  m  dx  represents  the  whole  length  of  the  d?-axis^ 
inasmuch  as  an  infinite  number  of  causes  allows  it  to  be  extended 
to  any  distance;  it  is  indeed  that  distance  beyond  which  no 
error  can  be  supposed  to  reach;  and  this  distance  is  evidently 
infinite^  inasmuch  as  we  know  of  no  limit  to  the  number  of 
errors ;  consequently  m  dx  will  be  in  the  general  case  infinitely 

greater  than  x;  and  thus  if  m  d^  =  -r«  >  (14)  becomes 

^  =  -2A2a7rf^;  (15) 

y 

.-.      log-?^  =  -A«^;  (16) 

ainoe  y  =  yo>  ^  given  in  (9),  when  a?  =  0 ;  hence  the  equation 
of  the  curve  of  possibility  in  this  case  is 

y^y.e'^^;  (17) 

and  this  equation  gives  the  relation  between  the  possibility  of  an 
error  and  the  magnitude  of  that  error ;  that  is,  if  the  abscissa 
represents  an  error,  the  ratio  of  the  corresponding  ordinate  to  the 
gpreatest  ordinate  represents  the  possibility  of  that  error. 

The  curve  whose  equation  is  (17),  cuts  the  axis  of  y  at  a  dis- 
tance y^  from  the  origin^  and  the  tangent  at  the  point  of  inter- 
section is  parallel  to  the  axis  of  x,  and  y^  is  the  maximum  ordi- 
nate. The  axis  of  x  is  an  asymptote ;  the  curve  always  lying  on 
the  positive  side  of  it ;  and  there  are  points  of  inflexion  when 

J?  =  ±  jr^ .   The  curve  is  also  evidently  symmetrical  relatively  to 

the  y-axis. 

Since  the  ordinates  to  this  curve  are  proportional  to  the  posai* 
bilities  of  the  errors  which  correspond  to  the  several  absoissse,  a 
variation  of  y©  will  change  all  the  ordinates  in  the  same  ratio,  and 
consequently  will  produce  no  alteration  in  the  relative  values  of  the 
ordinates.    Any  variation  of  h  however  will  produce  an  important 
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change  in  the  curve^  for  the  greater  h  \By  the  more  rapidly  does 
the  curve  approach  its  asymptote^  and  the  less  do  the  ordinates 
become  for  a  given  abscissa^  and  consequently  the  less  is  the 
possibility,  or  the  probability,  of  a  given  error.  Thus  A  is  a  measure 
of  the  precision  of  the  observations.* 

269.]  If  the  curve  of  possibility  is  also  the  curve  of  probability, 
then  the  sum  of  all  the  probabilities  =  1 :  and  as  the  probabilities 
are  measured  by  the  several  ordinates,  it  is  necessary  that  the  sum 
of  all  these  ordinates,  that  is,  the  area  contained  between  the  curve 
and  the  or-axis,  should  be  equal  to  unity.     Hence 


~    h  ' 

SO  that  this  last  equation  is  that  of  the  curve  of  probability. 

270.]  We  can  also  hereby  determine  the  probability  of  a  given 
error  of  observation,  say  x ;  for  i{p  =  the  probability  required,  it 
is  equal  to  the  ratio  of  its  particular  possibility  to  the  sum  of  all 
the  possibUities.     Hence 

P  = 


/: 


<?-*"*•  rfar 


-  A  e-^'^  dx,  by  (342),  Art.  188 ;  (19) 

=  ydx', 
if  y  is  the  ordinate  of  the  curve  of  probability  gfiven  in  (18) ;  so 
that  the  probability  of  an  error  x  is  equal  to  the  area-element 
ydx  oi  the  curve  of  probability. 

Hence,  if  P  is  the  probability  of  an  error  which  is  not  greater 
than  07.  A    C'  ^^ 

If  we  compare  two  observations  of  different  precisions,  so  that  the 

*  On  the  subject  of  the  measure  of  precision  (mensura  prsecisionis),  as  also 
on  other  properties  of  the  preceding  function,  see  Gauss,  "  Motus  Corporum 
C«lettium/'art.  178. 

3C% 
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possibility  of  error  is  the  same  in  both  cases^  that  is,  so  that  — 
is  the  same  in  both  cases^  then  h^ai^  =  h'^ x^ ;  and  consequently 

-1  -  ^ 

that  is^  the  errors  vary  inversely  as  the  precisions. 

271.]  Other  very  important  problems  in  the  theory  of  pro- 
babilities are  the  determinations  of  the  probability  of  an  events 
and  of  a  precedent  cause  of  that  events  by  means  of  certain  events 
which  have  been  observed.  In  this  case  the  cause  and  the  pro- 
bability of  its  action  are  supposed  to  be  unknown,  so  that  the 
problem  is  the  determination  of  its  probability,  from  a  given 
number  of  observed  events.  When  the  number  of  possible  causes 
or  of  hypotheses  is  finite,  we  have  the  following  theorem.  Let 
Aj,  Ag, . . .  ^H  be  the  probabilities  of  the  n  possible  causes,  of  which 
let  the  probabilities  as  shewn  by  observed  events  be  respectively 
PiiP^i  ''Pn>  then,  as  the  sum  of  the  probabilities  of  the  several 
possible  causes  =  1, 

K  _K  ^         .  =  ^  =  — ;  (21) 

P\        P2         Pn        ^'P' 

and  thus  the  probability  of  each  possible  cause  is  assigned  by 
means  of  the  observed  events ;  h  and  p  are  called  respectively  the 
a  priori  and  a  posteriori  probabilities  of  a  possible  cause. 

Now  when  this  theory  is  applied  to  the  probabilities  of  physical 
facts,  the  number  of  hypothetical  causes  which  may  be  assig^ed 
as  the  fore-runners  of  these  facts  is  infinite,  and  the  probability 
of  each  cause  may  have  any  value  between  the  limits  0  and  1 ; 
thus,  in  this  case  the  denominator  of  (21)  is  the  sum  of  a  con- 
tinuous series  and  becomes  a  definite  integral,  and  the  integral 
calculus  is  required  for  the  investigation  of  its  properties. 

Suppose  then  we  have  two  contradictory  events  a  and  b,  of 
which  A  has  already  occurred  m  times,  and  b,  n  times ;  and  of 
the  producing  causes  of  which  we  know  nothing  beyond  that 
which  these  facts  supply ;  then,  if  ^  =  the  probability  of  a,  1  —  ^ 
=  the  probability  of  b  ;  and  x  may  have  all  values  ranging  from 
0  to  1.  Then  the  a  posteriori  probability  of  an  event  compounded 
of  A  repeated  m  times  and  of  b  repeated  n  times  is  represented  by 
an  expression  of  the  form  kx^  (1 —a?)" :  and  the  probabilities  of  all 
the  possible  producing  causes  will  be  given  by  this  formula  when  x 
varies  from  0  to  1 ;  so  that  as  we  have  hereby  a  continuous  varia- 
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tion,  the  probability,  infinitesimal  indeed,  of  the  action  of  the 
cause  which  produces  the  event  a,  and  of  which  the  probability 

IS  X,      =  /I  (22) 

/  x'^iX^xydx 
Jo 


Jo 

x^{l—x)^dx 

B(m+1,  n+1) 

r(m+n+2) 


,  by  reason  of  (267),  Art.  126; 
x'^{l-x)*dx.  (23) 


r(m-hl)r(«+l) 

If  n  =  0,  so  that  all  the  past  events  are  a,  then  the  proba- 
bility of  the  hypothesis  which  assigns  to  the  event  a  the  particular 
probability  x 

=  ^^^^x'^dx  =  (m+l)^*"dir.  (24) 

r(i»+l) 

272.]  Hence  we  can  easily  deduce  the  probability  of  the  future 
event  a.  As  (22)  gives  the  probability  of  the  hypothesis  which 
assigns  to  a  the  particular  probability  x,  the  probability  of  the 
occurrence  of  that  event 

-P«+i(l-ar)-<fo 

/  ^~(l-^)«dir 

and  the  sum  of  all  these  probabilities^  as  x  varies  from  0  to  1, 
will  give  the  whole  probability  of  the  event  a.     Hence 

Px'^+^il^xydx 

the  probability  of  a  =  — ^— — —  (25) 

/  a?'"(l-ar)"dp 
Jo 

_  B(?»-h2,  n  +  1) 
B(in+1,  n+l) 

_  r(f».f  2)r(n  +  l)     T(m-^n+2) 
""      r(i»+»+8)      r(m+l)r(»+l) 
m-fl 


m+n+2 


(26) 


Similarly  the  probability  of  b  =      ""*"^     .  (27) 

The  siun  of  these  probabilities  =  1,  as  the  result  ought  to  be, 
since  the  events  are  contradictory. 

K  the  event  a  has  occurred  m  times  consecutively,  and  b  has 
not  occurred  at  all,  »  =  0 ;  so  that 
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the  probability  of  the  occurrence  of  a  = 5  , 

the  probability  of  the  occurrence  of  b  = 


(28) 


Thus^  for  example^  if  the  Sun  has  abready  risen  m  times^  and  it 
has  not  been  observed  not  to  rise, 

the  probability  of  the  Sun^s  rising  again  =  ^ : 

which  =  1,  that  is,  certainty,  when  m  =  00  . 

278.]  When  of  two  contradictory  events  a  and  b,  a,  of  which 
the  probability  =  x,  has  abready  occurred  m  times,  and  b,  n  times, 
the  probability  that  in  the  next  {p^-q)  times  a  will  occur  p  times 
and  B  q  times  may  thus  be  found. 

By  reason  of  Art.  267  the  probability  of  the  required  compound 

1.2.3...  y a?Ml-^)S 

and  multiplying  this  by  the  probability  of  the  hypothesis  which 
is  given  in  (22) ;  and  taking  the  sum  of  all  the  products  thus 
formed  for  the  limits  0  and  1  of  a?,  the  required  probability 

/  ^'»+p(l-a?)-+«flte 


(/>+y)(/>+g-l)...(jp+l)-^) 
1.2.3...  g 


(29) 


_     r(/?+g+l)r(m-h;?+l)r(n  +  g-f-l)r(w-Hn-h2) 
""  r(p+l)r(5r+l)r(«»  +  l)r(n+l)r(m-f»+j94-5'-f2) 
If  w  =  y  =  0,  then  the  probability  that  a  will  occur  p  times  in 
succession,  when  it  has  already  occurred  m  times, 

_  r(m-hjP  +  l)r(m  +  2)  _     m+l  xgQ. 

r(m4-l)r(i»-i-^-|-2)       f»-|-;j+l' 
Thus,  if  a  coin  has  turned  up  heads  four  times  in  succession,  and 
no  tail  has  occurred,  the  probability  that  it  wiU  turn  up  heads  the 

5 

following  three  times  in  succession  =  g . 

If  j3  =  w,  and  m  is  very  large,  the  probability  that  a  will  occur 
m  times  without  interruption,  when  it  has  already  occurred  w» 

times  without  interruption,  =  ^ . 

We  may  also  hereby  determine  the  value  of  x  which  gives  the 
most  probable  of  all  the  hypothetical  causes  which  can  produce  A. 
Thus  let  p  be  the  general  probability ;  then  by  (22), 
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P 


"7^ • 


(31) 


Now  the  denominator  of  this  fraction  being  a  definite  integral 

rfp 
does  not  vary  with  x.     Consequently  if  -7-  =  0,  we  have, 

a?«-i(l-^)*-i  {m(l-a?)-nx}  =  0; 

...      X  :=.  :  1— a?  = (32) 

m-\-n  i»4-n 

Thus,  the  most  probable  of  all  the  hypotheses  is  that  in  which 

the  probabilities  of  the  events  a  and  b  are  equal  to  the  ratios 

which  the  number  of  the  favourable  past  events  bear  to  the  whole 

number  of  past  events. 

274.]  Prom  the  preceding  equations  we  can  also  deduce  the 
following  problem,  which  is  of  considerable  interest.  If  in  a  certain 
number  of  observations  in  which  two  contradictory  events  a  and 
B  are  possible,  one,  say  a,  has  occurred  more  frequently  than  the 
other,  we  are  naturally  led  to  suspect  the  existence  of  some  cause 
of  this  result.  If  the  producing  causes  of  the  two  were  equal,  one 
should  in  the  long  run  occur  as  frequently  as  the  other ;  but  if 
this  equality  is  interrupted,  we  suspect  a  preponderance  of  cause 
in  favour  of  that  event  which  more  frequently  occurs ;  that  is, 
we  suspect  that  the  probability  in  favour  of  that  event  is  greater 

than  ^;  and  the  suspected  preponderance  increases  according  as 

the  number  of  events  of  that  particular  kind  increases.     In  this 
case  if  a  is  that  event  on  the  side  of  which  the  preponderance 

exists,  then  the  limits  of  a?,  which  is  its  probability,  are  1  and  ^  '• 

80  that  if  p  is  the  probability  of  the  existence  of  a  cause  which 
produces  a,  by  (31) 

J  x'^il-^xYdx 

P=i (33) 

/  x^  {l^xydx 

If  n  =  0,  so  that  a  has  occurred  m  times  without  interruption, 
and  B  has  not  occurred  at  all, 

/  x^dx 
J  6  2~+i— 1 


x'^dx 

'0 


Digitized  by  VjOOQ IC 


384  DBTBRMINATION  OF  MEAN  VALUES.  [275. 

whicli  expresses  the  probability  of  the  existence  of  a  cause,  that 
is,  of  an  hypothesis  the  probability  of  which  is  greater  than  -, 

which  favours  the  repetition  of  a. 

Thus,  for  example,  all  the  eighty-eight  planets  which  constitute 
the  Solar  system  as  at  present  (Oct.  1, 1864)  known,  have  a  direct 
motion ;  that  is,  move  round  the  Sun  from  west  to  east.  And, 
as  the  motion  of  all  these  in  the  same  direction  is  the  repetition 
of  the  same  fact,  whereas  the  contrary  fiBu^t  might  exist,  it  shews 
the  high  probability  of  the  existence  of  a  cause  which  produces 
this  fact :  and  if  p  is  this  probability, 

which  fraction  nearly  =  1 ;  and  consequently  the  doctrine  of 
chances  shews  the  well-nigh  absolute  certainty  of  a  physical  cause 
of  this  fact. 

The  limits  of  my  work  preclude  me  from  giving  other  problems 
in  this  most  interesting  branch  of  the  higher  mathematics,  and  I 
can  only  refer  the  reader  to  treatises  where  the  subject  is  specially 
investigated. 


Section  2. — On  the  Determination  of  Mean  Values, 

275.]  When  n  different  values  are  assigned  to  the  variable  of 
a  frinction,  so  that  the  frmction  thereby  receives  n  values,  the  nth 
part  of  the  sum  of  these  values  is  called  the  mean  or  average 
value  of  the  function,  or  in  more  precise  terms,  the  arithmetical 
mean  value  of  the  frinction.  This  is  the  definition  of  mean  value 
when  the  values  of  the  frmction  arise  from  discontinuous  values 
of  the  variable ;  but  an  analogous  definition  is  also  applicable 
when  the  variable  varies  continuously.  In  this  case  let  us  suppose 
f{x)  to  be  a  frmction  of  a?  which  varies  continuously,  and  does  not 
become  infinite,  between  the  limits  x^  andd^o ;  and  let  us  suppose 
x^-^Xq  to  be  divided  into  n  equal  parts  each  of  which  =  t ;  so 
that  x^--XQ^nii  then  the  mean  value  of  the  functions  corre- 
sponding to  the  several  points  of  partition 

^/(^o)4-/(^o4-t)-f/(a?o-h2t)  +  ...-h/K+(n-l)t} 

n  '   \    ) 

Let  the  numerator  and  denominator  be  multiplied  by  i;  and 
let  us  suppose  x  to  increase  continuously  from  Xq\o  x^\  then 
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Tl.e  mean  value  of /<^)  =  {/<^o)  V(^o+*)+  - +/<^.-^)}* 

m 

f'fix)  dx 


—  "^L 


r 


^«  —  ^n 


fix)  dx 

/    ds 

and  this  is  the  definition  of  mean  or  average  value  in  its  application 
to  a  continuous  function.  The  numerator  and  denominator  will  be 
definite  multiple  integrals,  if  their  elements  are  multiple  differen- 
tials. The  following  examples  are  in  illustration  of  their  definitions, 

Ex.  1.  Find  the  mean  distance  of  all  points  within  a  circle  (1) 
from  the  centre;  (2)  from  a  point  in  the  circumference,  the  radii 
vectores  to  the  points  being  regularly  distributed  in  each  case. 

The  meaning  of  the  last  condition  is,  that  the  finite  angle, 
through  which  the  radii  vectores  drawn  to  the  several  points  of 
the  circular  area  extend,  is  divided  into  equal  elements.  Let  a 
=  the  radius  of  the  circle ;  and  in  both  cases  let  the  point  p  from 
which  the  line  is  drawn  be  coincident  with  and  expressed  by  the 
area-element ;  so  that  r  dr  dO  denotes  that  point.  Then  as  r  is 
the  distance  of  this  point  from  the  origin,  r^  dr  d$  is  the  element 
of  the  definite  integral  which  is  the  numerator,  and  r  dr  dO  is  the 
element  of  the  definite  integiul  which  is  the  denominator  of  the 
fraction  whereby  the  mean  value  is  determined. 

In  case  (1),        the  numerator  =  /     I  r^drdO  =     ^    ; 


the  denominator  =  /      I  rdrdO  =.  tto^; 
Jo    Jq 

the  required  mean  value  =  -— . 


In  case  (2),         if  r  =  2a  cos  $y 

The  numerator  =  /         j-^drdd 

J-%Jo 


~    3  y.5 


the  denominator  =  /      /  rrfr  dd  =  tt a*; 

J-^Jo 

.'.     the  required  mean  value  =  7; —  • 

PRICE,  VOL.  II.  3  D 
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Ex.  2.     The  mean  distances  of  all  points  within  a  sphere  from 

its  centre  =  -j-  • 
4 

X^x.  3.  Find  the  mean  inclination  to  a  given  plane  of  a  system 
of  planes,  whose  number  is  infinite,  regularly  distributed  in  space. 
Let  the  positions  of  these  planes  be  determined  by  means  of 
their  normals,  and  let  us  suppose  all  these  to  be  drawn  through 
the  centre  of  a  given  sphere  :  then,  as  these  planes  are  regularly 
distributed  in  space,  the  number  of  normals  to  them  contained 
within  a  given  portion  of  the  surface  of  the  sphere  varies  as  that 
portion,  and  consequently  we  may  consider  the  surfkce-element 
of  the  sphere  to  express  the  point  of  section  of  the  normal  of  a 
particular  plane  with  it.  Now  if  a  =  the  radius  of  the  sphere, 
and  (a,  6,  </>)  is  the  place  of  this  element  in  reference  to  the  system 
of  polar  coordinates  explained  in  Art.  165,  a^BmOd$d<f>  is  by 
(69),  Art.  243,  the  area-element  of  the  surface ;  so  that  if  the 
given  plane  is  the  plane  of  (r,  y),  6  is  the  angle  at  which  the 
other  plane  is  inclined  to  it.     Consequently  in  this  problem 

The  numerator  of  (36)  =  a^  T  '  /  $  sin  $dBdil> 

Jo    Jo 

=  2irfl2 ; 

The  denominator  of  (36)  =  aM   '/  sin  6  ded4> 

Jo    ^a 

=  27ra». 

^•,     the  mean  angle  =  1  =  57.29578°; 

that  is,  is  equal  to  the  angle^  the  subtending  arc  of  which  is  equal 
to  the  radius. 

In  the  eight  large  planets,  the  mean  value  of  the  inclination 
of  the  planes  of  their  orbits  to  the  plane  of  the  ecliptic  is 
2°  19^64";  and  in  case  of  seventy-nine  small  planets  the  mean 
inclination  of  the  planes  of  their  orbits  to  that  of  the  earth's 
orbit  is  7"*  41' 3".  Consequently  as  these  observed  results  are 
so  far  below  the  mean  a  priori  determined  as  above,  we  are 
necessarily  led  to  infer  a  physical  connection  between  these  planets 
and  the  plane  of  the  ecliptic ;  that  is,  the  doctrine  of  chances 
indicates  thus  far  a  physical  law  which  binds  these  several  bodies 
to  the  solar  system. 

On  the  other  hand  in  the  case  of  the  comets,  so  Seu*  as  a  general 
inference  can  be  drawn  from  the  calculated  elements  of  190,  which 
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have  been  observed  between  the  years  1556  and  1861* ;  the  mean 
inclination  to  the  plane  of  the  ecliptic  is  about  50%  which  is  so 
near  to  the  a  priori  mean  as  calculated  above  that  no  connection 
can  be  hence  inferred  as  to  a  physical  law  of  relation.  Many 
more  comets  have  been  seen,  but  the  above  are  all  which  have 
been  observed  between  these  years,  and  whose  elements  have  been 
calculated.  Also  of  the  18  which  have  elliptic  orbits,  and  whose 
periodic  times  are  known,  at  least  approximately,  the  inclinations 
are  very  small,  so  that  hereby  is  shewn  a  very  strong  probability 
of  a  law  of  relation  between  them  and  the  solar  system.  And  if 
these  comets  are  excepted,  the  mean  inclination  of  the  others 
rises  considerably  above  50°. 

"^"^Ix.  4.     Find  the  mean  of  all  squares  inscribed  in  a   given 
square. 

Let  a  =  the  side  of  the  given  square,  and  let  jp  =  the  distance 
from  one  of  its  angles  of  the  angle  of  the  inscribed  square ;  so 
that  the  side  of  the  inscribed  square  =  (2  a?*— 2flW7-|-  a^)*.    Hence 

The  numerator  of  (36)  =  l(2a:^—2ax-ha^)dx 

Jo 

2a^ 
The  denominator  of  (36)  =  /   dx  =z  a. 

•  0 

^" ,    The  required  mean  value  =  -^  • 

Ex.  5.  Find  the  mean  of  all  the  focal  radii  vectores  of  an 
ellipse,  which  are  drawn  at  equal  angular  intervals. 

Let  the  equation  to  the  ellipse  be  r  =  = ;:;  then 

^  ^  1  —  6  cos  ^ 

The  numerator  of  (36)  =  T  ^^^-^^^ 
^     '      J^^  1— ecosd 

=  «.a-.',.[u.-.{(l±i)'.«.|j];_ 

=  27ra(l-e2)*j 
,      The  denominator  of  (36)  ^  j     de=:2ir; 

♦  Chambera'  Hand-book  of  Astronomy.  Appendix  III.  Murray,  London, 
i86i. 

3  »* 
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.'.    The  required  mean  value  =  a (!—«*)*  =  b, 
that  is,  is  equal  to  half  the  minor  axis  of  the  ellipse. 

Ex.  6.  The  mean  length  of  all  parallels  of  latitude  on  a  sphere 
whose  radius  =  a,  drawn  at  equal  angular  interrals  from  the 
centre,  =  4  a. 

Ex.  7.  Another  interesting'  problem  of  mean  value  is  that  of 
the  distribution  of  double  stars  in  the  celestial  vaults  and  it  is 
also  important  on  account  rf  the  inference  drawn  from  it  by 
W.  Struve  as  to  the  physical  connection  of  such  binary  systems. 

Let  n  =  the  number  of  stars  up  to  a  given  order,  say,  to  the 
eighth  order  inclusive ;  in  which  case  n  =  100,000,  more  or  less. 

So  that  the  greatest  number  of  pairs  of  these  = ^ ;  let 

r  =  the  number  (very  small)  of  angular  seconds  of  separation  of 
the  two  members  of  a  double  star;   so  that  wr*  expresses  in 
seconds  the  area  of  the  circle  of  which  r  is  the  radius.     Let  x  = 
the  number  of  double  stars  which  the  space  Trr*  occupies,  when 
these  pairs  are  reg^arly  distributed ;  then  as  the  surface  of  the 
whole  sphere  expressed  in  seconds  =  4  ir  (206265)^, 
_  w(n-l)r^  . 
^  "■  8(206265)*' 
which  assigns  the  number  of  double  stars  which,  within  a  radius 
of  r",  the  celestial  vault  ought  to  exhibit. 

Now  Struve  has  found  311  double  stars  between  the  north 
pole  and  15°  of  south  declination,  the  angular  distance  between 
the  members  of  which  does  not  exceed  4" ;  whereas  if  such  stars 
were  regularly  distributed,  there  ought,  as  he  finds,  to  be  one  at 
most.  We  are  therefore  obliged  to  infer  that  the  distribution  in 
pairs  is  not  fortuitous,  but  that  there  exists  a  true  physical  law 
connecting  the  two  members  of  such  a  binary  combination. 
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CHAPTER  XII. 

REDUCTION   OF   MULTIPLE   INTEGRALS. 

Section  1. — Reduction  of  Multiple  Integrals  by  simple 
appUcation  of  the  Gamma-function. 

276.]  An  examination  of  the  processes  required  for  the  com- 
plete solution  of  the  problems  of  the  two  preceding  chapters  and 
of  other  similar  questions  shews  that  they  depend  on  the  deter- 
mination of  the  value  of  multiple  integrals ;  and  that  the  problems 
are  only  solved  when  these  integrals  are  evaluated.  Now  in 
many  cases  the  element-functions  are  of  certain  special  forms, 
the  general  forms  of  which  can  be  determined  by  means  of 
certain  other  integrals  which  have  already  been  evaluated ;  such 
as  the  Gamma-function  and  the  integral-logarithm.  In  other 
cases  the  order  of  the  multiple  integral  can  be  so  far  reduced, 
that  the  solution  depends  on  a  single  integration;  when  it  is 
said  to  be  reduced  to  a  quadrature.  There  are  other  processes  of 
simplification  which  are  frequently  of  great  importance.  All 
these  we  propose  to  investigate  in  the  present  chapter. 

277.]  The  limits  of  the  definite  integrals  which  ordinarily 
occur  are  either  constant^  or  are  determined  by  an  equation  which 
fixes  the  range  of  all  the  integration  processes ;  and  according  as 
the  limits  are  assigned  in  one  or  other  of  these  two  modes,  so 
will  the  method  for  the  reduction  of  the  integral  vary.  I  will 
first  take  the  case  in  which  all  the  limits  are  constant;  and 
explain  the  process,  devised  by  M.  Cauchy,  by  which  the  value 
of  a  given  multiple  integral  may  be  made  to  depend  on  that  of 
one  or  more  single  integrals. 

Let  the  integ^al^  which  I  will  denote  by  i,  be  a  multiple 
integral  of  the  nth  order^  and  of  the  form 

in  which  n  variables  x^y^z,,,,  are  involved;  where  m  is  a  posi- 
tive quantity ;  p  and  Q  are  functions  of  the  variables  of  the  form 
p  =  p^.Py.p, ...;  (2) 
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where  (^  is  a  constant ;  p^  and  Q^  are  functions  of  x  only ;  p,  and 
Qy  are  functions  of  y  only ;  and  so  on ;  where  q  is  always  a 
positive  quantity^  and  may  have  an  impossible  part^  if  the  real 
part  is  always  positive ;  and  where  all  the  limits  of  integration 
are  constant. 

Now  according  to  an  artifice  due  to  M.  Cauchy^  which  has 
already  been  applied  in  Art.  131, 1  propose  to  replace  q"*  in  (1) 
by  a  definite  integral,  with  constant  limits,  in  terms  of  a  variable 
/  which  is  independent  of  the  former  variables.  For  this  purpose 
we  have  by  (260),  Art.  122,      . 

r(w), 


'0  or 


1        1    r* 

r       Tim)  Jo 


80  that 


Let  p  and  q  be  replaced  by  their  values  g^ven  in  (2)  and  (3) ; 
and  separating  the  variables  as  the  limits  are  constant,  we  have 

I  =  -i-  I    e^^r-^dt  ,..jY^€''^^dyjT^e'^^dx.  (6) 

To  simplify  this,  let  us  make  the  following  substitutions  for  the 
definite  integrals,  each  integral  being  taken  with  its  proper  limits ; 

/  p,c-«»'cte  =  tt,        /  p,«-^'rfy  =  1;,         /  v^e-'^^dz  '=  w,    (7) 

80  that  u,v,tc, ..,  are  functions  of  / ;  then 

I  =  -7—  /     r~ic-^'...M?t;ttrf/;  (8) 

T(m)Jo  ^  ' 

and  thus  the  multiple  integral  given  in  (1)  is  reduced  to  a  single 
integral. 

278.]  The  following  is  an  example  of  this  general  theorem ; 
in  which  however  I  take  only  three  variables,  as  the  process  is 
the  same  in  all  cases. 

Let  p  =  a?^-i  y«-i  z''^  ^-(ar+ftr+et)^  1 

q  =:  k'\-ax+Py'k'YZ,  ) 

where  p,  q,  r,  a,  b,  c,  k^  a,p,YBTe  positive  constants ;  and  let  us 
suppose  00  and  0  to  be  the  limits  of  integration  for  each  of  the 
variables;  then 
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/     /    '^    y      '  / dzdydx  (10) 

Let  ^  be  replaced  by  its  value  given  in  (9) ;  then  since 

substituting  these  values  in  (11)  we  have 

,  _  r(p)r(g)r(r)  r  r'^e'^^dt  , 

r(w)  Jo  (a/+a)''(/3/+*)My/+cr  ^^ 
whereby  the  multiple  integral  given  in  (10)  is  reduced  to  the 
single  integral  in  (12). 

The  following  are  particular  cases  of  the  preceding  theorems* 
Let  a  =  i  =  c  =  0;  then 

f     /     /    —^ y — ? dzdvdx 

0   Jo  Jo    {k+ax+fiir+yzr 

_  T(p)T{q)T(r)  r  r-P'^-^-ie'^'dt 
"         r(m)         Jo  o^jS^y*- 

_  HpM9)J (r)r(m^p-g->r) .         « 

and  if*  =  o  =  )3  =  y  =  l, 

0     •'0   •^0 


^ dz  dy  dx 


(l+^+y  +  xr)" 

^  r(;?)r(y)r(r)r(m^f»-g^r)  ^ 

r(«»)  '  ^    ^ 

Prom  (18)  a  more  general  theorem  may  be  deduced  by  replac* 

ing  ax  by  (-)  ,  fiy  by  (|]  ,  yz  by  (-)  ;  but  it  is  unnecessary 

^  *  p    ,  y 

to  express  it  at  length. 

If  in  the  general  theorem  (12)  there  is  only  one  variable  x, 

Jo       {k-{-axr     ^  T{m)Jo        {a+aty     '  ^ 

In  this  equation  let  A:  =  a  =  1 ;  and  in  the  right-hand  member 
let  t  be  replaced  by  x ;  then 
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Again,  in  (15)  let  a  =  0,  A:  =  a  =  1 ;  then 

r  a---dx  ^r(g)   r«^,.^,,^,,^^ 
Jo     (1  +  a^r       r(m)yo 

_  r(/>)r(m-/?).  .^^. 

r(m)         ' 
a  result  which  has  already  been  found  in  Art.  125. 

279.]  Let  us  now  consider  these  cases  in  which  a  reduction  of 
a  multiple  integral  can  be  made  by  means  of  the  Gamma-ftmction, 
and  in  which  the  limits  of  integration  are  given  by  an  equation 
of  condition. 

The  integral  which  I  shall  take  is  the  following  of  n  variables. 

the  limits  of  integration  of  which  include  all  positive  values  of 
the  variables  satisfying  the  inequality 

sf  +  y+z+ <a.  (19) 

Let  us  however  confine  ourselves  to  three  variables ;  for  we 
thereby  fix  our  thoughts,  and  do  not  restrict  the  nature  of  the 
process  of  reduction  which  is  the  same,  whatever  is  the  number 
of  variables.  In  this  case  the  equation  of  limits  gives  the  sur- 
face which  boimds  all  those  points  in  space  which  are  included  in 
the  integral;  and  in  this  special  case  that  surface  is  the  plane 
whose  equation  is  a?+y+^  =  fl«     Hence 

I  =  rr"*r"*"i*»-*y«-^j2r*'-i(a---a?--y-r)'-i(tedydr.     (20) 
Jo  Jo      Jo 

Now  by  (270),  Art.  126, 

ru^'Hc^ur-'du  =  C«— ^  L^^);  (21) 

Jo  T(m+n) 

80  that  applying  this  theorem  to  the  successive  integrations  in 
(20),  we  have 

^  r(r)rW  f'^-^,        y,r„-,nq)T(r+»)^ 
T{r+8)  Jo        "•      *'  r(5r+r+«) 

^  r(g)r(r)r(<)  r(p)r(g+r+<)  ^,+,+r+,_, 
r(?+r+«)     rlp+q+r+t) 

^  T{p)T(q)T{r)v{s)  ^,+,+,+,_, .  (22) 

r(|>+g+r+»)  ' 
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which  result  completely  determines  the  value  of  the  integral 
given  in  (20). 

all  positive  values   of  the  variables  being  included  which  lie 
within  the  plane  whose  equation  is  :p+y+z  =  a. 

280.]  This  theorem  is  capable  of  extension,  and  in  its  extended 
form  supplies  the  solution  of  many  important  problems.  For  we 
can  by  a  similar  process  determine  the  value  of 

I  =JJja;P-i  y«-i  ^'■-i  dzdydx,  (24) 

when  the  limits  of  integpration  include  all  positive  values  of  the 
variables  given  by  the  inequality 

©■+(f)'+(i)'<i.        w 

where  />,  y,  r,  a,  b,  c,  a,p,yBJ[e  all  positive  quantities. 

PorUt  (?)-=f.       (!)•=„      {£)'=C  (26, 

80  that  the  inequality  (25),  which  assigns  the  limits,  becomes 

Hv+C=l:  (27) 

Also     <&  =  -fi"Vf,     dy=^rf'^dr,,     <fe  =  ff  *"'««•;     (28) 
a  p  y 

and  substitatiiig  these  in  (24), 

—3—/    /       /         i^     ij"    fv    dCdrid(i 
*py  •'0  •'0     •  0 


I  s= 


80  that  by  (23), 


^  ^  ^^_^^  _VJ£Jy^  (29) 

«^y  rf^  +  l  +  r+i) 

This  useful  theorem  was  first  given  by  Lejeune  Dirichlet*, 
having  been  deduced  by  him  from  a  general  process  which  will 
be  described  in  section  2  of  the  present  chapter  \  the  following 
are  examples  in  which  it  is  applied. 

Ex.  1.  Let  there  be  two  variables,  and  let  a  =  /3  =  2 ;  then 
the  equation  which  assigns  the  limits  is  f -)  +  ( r)   =  1 ;  ai^d 


*  Comptes  RenduB,  Tome  VIII,  p.  159 ;  1839. 
PRICE,  VOL,  II.  3  E 


Digitized  by  VjOOQ IC 


f 


394  REDUCTION  OF  MULTIPLE  INTEGRALS.  [280. 

consequently  the  range  includes  all  values  of  the  variables  which 
correspond  to  points  within  the  first  quadrant  of  an  ellipse ;  and 

ifY  =  -(a«-a?«)*, 

/    /   x^"^  y^-'^dydx  =  — ^  .  (80) 

TSp  =  jr  =  1 ;  then,  since  r  \£j  =  w*,  and  r(2)  =  1, 

And  as  the  left-hand  member  evidently  expresses  the  area  of  a 
quadrant  of  an  ellipse,  the  area  of  the  ellipse  =  vab. 

If  p  =  2,  y  =  1 ;  then,  since  r(^)  =  ^r(^)  =  ^w* ; 

f'rxdydx=^.  (32) 

Similarly,  if />  =  1,  g  =  2, 

Again,  let/>  =  3,  j  =  1 ;  then,  since  r(3)  =  2  r(2)  =  2, 

similarly,  iSp  =  1,  g  =  8, 

Hence  by  addition 

fjf^(^+y')  dy  ^  =  i^(«'+ *•)  >  (*^) 

and  consequently  for  the  whole  ellipse,  * 

II  r  ^"^ + »')  ^y  ^  =  ^  («*+**).  (37) 

All  these  expressions  will  be  of  considerable  use  in  the  sequel. 

Ex.  2.   Let  three  variables  be  involved  in  the  integral  (29),  and 
let  a  =  )9  =  y  =  2,  so  that  the  equation  which  assigns  the  limits 

^  ^  .  Kl  +  ^  _  1  .  •  (88) 
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and  consequently  the  range  includes  all  values  of  the  variables 
which  correspond  to  points  within  the  first  octant  of  the  ellipsoid. 

Also  let  c(l  -  ^  -  ^)*  =  z,  ft(l  -  J)*  =  t;  then 

Let /I  =  y  =  r  =  1 ;  then 

frf'dzdyd.^'L^.  (40) 

As  the  left-hand  member  of  this  equation  expresses  the  volume 
of  the  octant  of  the  ellipsoid^  the  whole  volume  of  the  ellipsoid 

Itp  =  2,  g  =  r  =  1,  then 
Ifp  =  3,  gr  =  r  =  1,  then 


w: 


^0    -^O    •'O  ^'v 

And  for  the  whole  ellipsoid 

Similar  equivalents  are  of  course  true  for  the  other  variables. 

Ex.  8.  Let  the  definite  integral  (29)  contain  three  variables ; 
and  leta=:/3=ry  =  4;  so  that  the  equation  which  assigns  the 
limits  of  integration  is 

then,  if/?  =  g  =  rs=:l,  i  in  (29)  expresses  the  volume  of  the 
octant  of  the  surface  whose  equation  is  (44) ;  and  if  v  is  the  whole 

volume,  abc 

V  = 


kHil- 


6.2*1 

which,  as  shewn  by  (57),  Art.  162,  may  be  expressed  in  terms  of 
the  are  of  a  lemniscata. 

Ex.4.  Generally  if  the  definite  integral  contains  three  variables 
Xj  y,  z,  and  d,  /3,  y  are  even  numbers  so  that  the  equation 

3  B  2 
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©■^  (i)'+  &- 1 

represents  a  closed  surface ;  then^  if  jo  =  g  =  r  =  1,  the  given  de^ 
finite  integral  expresses  the  volume  of  the  octant  of  that  surface, 
and  if  V  =  the  whole  volume, 


Sabc       ^a'     ^p'     ^y'  ,.^^ 

V  =  THrr  — T ^      1    ^  .  •  (45) 

-  +  -A  +  - 
a      p      y 


/I       I       1      ,\ 


281.]  Soon  after  the  publication  of  the  preceding  theorem  by 
Dirichlet,  M.  Liouville'^  gave  an  extension  of  it  to  those  cases  in 
which  the  element-function  involves  an  arbitrary  Amotion  of  that 
particular  combination  of  the  variables  which  is  given  in  the  fol- 
lowing form, 

I  ^jjj,\.f{x+y+z-\-...)x^'^y^'^z'-^.,,dzdydxi  (46) 

where  the  range  of  integration  includes  all  positive  values  of  the 
variables  given  by  the  inequality 

a^+y-f5r+ <A,  (47) 

where  A  is  a  positive  constant. 

Iiet  us  first  take  the  case  of  two  variables  only  \  then 

I  =  r  r'*f{x  4  y)  ^- 1  y«-i  dy  dx.  (48) 

Let  this  integral  be  transformed,  and  let  x  zsuv,y  =  u{l  — v) ; 
then,  as  in  (55),  Art.  215,  dydx  s=ududv;  and  taking  the  limits 
of  the  new  variables  so  that  the  same  range  may  be  included, 

I  =  r  fy(u)u^^^'^v^'Hl-vy''^dudv.  (49) 

Jo  Jo 

As  the  limits  of  both  integrations  are  constant,  the  order  in  which 

the  integrations  are  effected  is  indifferent;  and  consequently 

I  =  Iv^-^Oi^vy^dv  rf{u)u'''^'^du 
Jo  Jo 

^lMlS^rff^u)u^^^-^du;  (50) 

r(p+q)  Jo'' 

so  that  the  double  integral  given  in  (48)  is  reduced  to  the  product 
of  a  certain  combination  of  the  Glamma-function  and  of  a  single 
definite  integral. 

^       ♦^  LiouviUe's]  Journal,  Tome  IV,  p.  230. 
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Next  let  U8  suppose  three  variables  to  enter  into  the  integral 
(46);  so  that 

/         f(x+y-^z)x''^y''--^z'"^dzdydx.  (51) 

To  reduce  this^  let  a  transformation  be  made  of  two  variables 
similar  to  the  preceding;  and  let  y  =  vta,  z  =  r  (1— tr);  then, 
dydz^v  dv  dw ;  and 

I  =  /    r  ]f{x+v)  x^^  <?«+'-!  w^-^  (1  -tt?)*-!  dv  dw  dx 

Jq  -0    -^0 

r  (g  +  r)  Jo  Jo 

in  which  the  definite  integral  involves  only  two  variables  :  and 
transforming  again  as  in  the  former  cases  we  shall  have 

=  r (p)£(£)r(r)  ry  _,  5 

This  process  may  evidently  be  extended  to  any  number  of  varia- 
bles ;  and  we  shall  have  ultimately 

JjJ.../(x+y+z+...)x^-^y^'^z'''K..dzdydx 

^r(p)r(g)r(r)        /•>(^)«,.........irf^.  (58) 

where  the  limits  of  integration  are  given  by  the  inequality 

^+y+^+ <A;  (54) 

so  that  by  this  theorem  the  multiple  integral  is  reduced  to  a 
single  integral. 

If/(fi)  =  1,  we  have  the  result  already  given  in  (23). 

282.]  This  theorem  also  admits  of  extension  as  to  the  inequality 
which  determines  the  limits,  similar  to  that  of  Art.  280  from 
Art.  279.     In  this  case 

where  the  range  includes  all  positive  values  of  the  variables  which 
are  given  by  the  inequality 

(ir+(i)'+©'+ <*•        (») 
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Let  us  take  the  case  of  three  variables,  so  that  we  have  the 
integral 

'  =IIIA&-^  (1'"+  (^f|*-V-»^'-^<ferfyd»;  (56) 
where  the  limits  are  assigned  by  the  equation 

©■+ (!)'+©'=*>  ^'^ 

and  let  us  make  tlie  substitutions  which  are  given  in  (26)  and 
(28) ;  so  that  the  range  indades  all  values  of  the  new  variables 
()  n>  C^hich  are  given  hj  the  inequaliiy 

i+1+C<A}  and  (58) 

'  =  ^ri  I    i  /^f +  ''  +  f> ^"    ""    ^'    '^Cdnde    (59) 

If  f(u)  =  1,  and  A  =  1,  we  have  the  result  already  given  in 
(29) ;  so  that  this  theorem  includes  all  those  previously  given. 
The  following  are  examples  in  which  it  is  applied. 

Ex.  1.     Determine  the  value  of  /  /  f  = — -5 — ^]  dydx,  where 

the  limits  are  given  by  the  inequality  a?*-f  y*<  1. 

Here  we  have  only  two  variables ;  and  j9  =  y  =  l;  as/3  =  2, 
a  =  6=:lj  A  =  l;  so  that  if  y  =  (1-^)*, 

^^rOr-2)^  (61) 

Ex.  2.     Determine  the  value  of  /  /  / ^ ,  where 

the  limits  are  given  by  the  inequality  a?*-|-y*+2r*<  1.  In  this 
case  the  range  includes  all  points  lying  within  the  surface  of  a 
sphere  whose  radius  =  1.     If  z  =  (1— a?*— y*)*,  t  —  (1— «■)*» 

then  rrr  ^-^y^  ^^^rj^^^:g.  (62) 

Ex.  3.   Determine  the  value  of  /  /  /  (rT^X^~p)  ^^V  ^' 
where  the  limits  are  given  by  the  inequality  dP*  +  y*-Hj8r"<L 


Digitized  by  VjOOQ IC 


283.]  dirichlet's  method  op  reduction.  399 

Taking  the  same  notation  as  in  the  preceding  example^ 


rrf'i- 

Jq  Jo  Jo   ^1 


^- )dzdyda^ 


Section  2. — Dirichiefs  Method  of  Reduction  by  means  of  a 
Factor  of  Discontinuity,  The  Application  of  Fourier^ s  In- 
tegral. 

283.^  An  examination  into  the  theory  of  multiple  iotegrals 
at  once  shews  that  generally  the  difficulty  of  evaluating  those 
whose  limits  are  given  by  an  inequality  which  involves  the  vari- 
ables is  much  greater  than  that  of  evaluating  those  of  which  the 
limits  are  constant.  In  the  latter  case^  as  we  have  demonstrated 
in  Art.  99^  the  order  of  the  integrations  may  be  changed  without 
any  change  in  the  value  of  the  result^  and  in  very  many  cases  we 
are  able  to  simplify  the  integral  by  means  of  properties  of  the 
Gamma-function^  and  of  other  allied  integrals^  which  have  been 
proved  heretofore.  In  the  former  case  however  the  order  of 
integration  is  prescribed^  and  cannot  be  changed  without  (in 
many  cases)  considerable  difficulty  and  consequent  risk  of  error ; 
this  fact  is  apparent  from  the  difficulty  of  assigning  the  limits  of 
integration  when  the  integral  is  transformed  by  a  change  of 
variable.  Now  the  knowledge  of  this  circumstance  appears  to 
have  suggested  to  L.  Dirichlet  the  process  of  so  operating  on 
the  infinitesimal  element-function  of  a  multiple  integral^  of  which 
the  limits  are  assigned  by  an  inequality^  that  the  limits  may  be 
constant ;  and  indeed  as  he  has  shewn^  and  as  it  is  convenient 
to  take  them^  that  the  limits  of  all  the  several  integrations  may 
be  00  and  0.  To  effect  this,  he  introduces  a  factor  in  the  form 
of  a  definite  integral,  into  the  element-function;  this  factor 
being  a  discontinuous  fonction  which  =  1  for  all  values  of  the 
Tftriables  within  the  range  of  integration,  and  =  0  for  all  values 
of  the  variables  beyond  that  range.  Consequently  when  this 
factor  has  been  introduced,  we  may  enlarge  the  range  of  inte- 
gration to  any  extent ;  and  may  indeed  include  all  values  from 
00  to  0;  or  from  00  to  —  00 .  We  have  already  had  similar 
cases  in  which  the  range  has  been  so  enlarged ;  see  Art.  197. 

The  mode  of  applying  this  principle  is  as  follows ;  Let  the  given 
definite  integ^-al  contain  n  variables,  and  be  of  the  form 
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I  ^  jjj :..Y{x,yz,. ,.)... dzdydx;  (64) 

and  let  us  suppose  the  integral  to  include  all  positive  values  of 
the  variables  within  limits  assigned  by  the  inequality 

^+y+^+ <l.  (65) 

Now  suppose  that  we  have  a  single  definite  integral  of  the 

form  /  /{/,  *)  dt,  containing  the  undetermined  constant  *j   and 

that  this  integral  =  1  for  all  values  of  *  less  than  1,  and  =  0 
for  all  values  of  *  greater  than  1;  then  if  we  replace  *  by 
x^y^z-\. . . . ,  this  integral  will  be  equal  to  1  or  0,  according  as 
we  are  considering  values  of  the  variables  within  or  beyond  the 
range  assigned  by  the  inequality  (65).  Consequently  if  we  in- 
troduce within  the  integration-symbol  in  (64)  the  factor 


/ 


^f{t,x+y-\-z^,.,)dt,  (66) 


we  may  enlarge  the  limits  of  all  the  other  integrations  to  00  and 
0  without  changing  the  value  of  the  integral.     Thus  we  have 

moo  /•« 

.  .y   v{x,y,z,...)f{Jt,x^y-\^2+...)...dzdydxdt.{&r) 

The  case  in  which  k  =  ^+y +  ;?+  ...  =  1  wiU  only  give  one 
element  of  the  definite  integral^  when  the  limits  are  extended; 
and  consequently,  assuming  that  the  introduced  factor  is  finite 
when  A:  r=  1,  that  element  must  be  n^lected  in  the  definite  in- 
tegral; and  it  is  necessary  only  to  take  account  of  the  elements 
when  k  is  greater  than  and  less  than  1 .  This  remark  is  important; 
and  is  applicable  to  all  the  subsequent  cases  in  the  present  section 
where  the  limits  of  integration  are  given  by  an  equality,  and  the 
limit  of  the  value  of  this  inequality  is  expressed  by  a  discontinu- 
ous factor. 

Now  a  factor  satisfying  the  preceding  conditions  is  called  a 
factor  of  discontinuity.  A  quantity  possessing  these  qualities 
has  been  investigated  in  Ex.  4,  Art.  100;  in  which  it  is  shewn 

that  -  / c2/=l,  for  all  values  of  ^  less  than  m;  =  jr* 

when  ^  s=  m;  and  =  0,  for  all  values  of  k  greater  than  m;  con- 
sequently if  m  s=  1, 

-  / dt  =  1,  when  *  is  less  than  1 ;  .^^v 

TC  Jfi  t  V      (08) 

s=  0,  when  k  is  greater  than  1.  j 
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Hence  if  the  following  integral  includes  all  positive  values  of 
the  variables  within  limits  of  integration  assigned  by  the  in- 
equality ^  +  y  +  ^+  <li  (69) 

then 

I  —J  J  J     •  r{x,y,z,...)...dzdydr 

'"'  -'0  -^  0  y  0         * 

This  may  also  be  reduced  to  a  form  more  convenient  for  the 
evaluation  of  the  several  separate  integrations  by  means  of  the 
Gamma-function.     Since  cos  kt  is  the  real  part  of  e-***^,  (70) 
may  be  expressed  in  the  form, 

I  =  the  real  part 

of?  rrr „.^Y{x,y,..)e-^'^^^-'^''^~K..dydxdt.  (71) 

If  JQ    •/©    •'0  * 

This  last  equation,  as  also  (70),  states  the  theorem  discovered 
by  Dirichlet  for  the  evaluation  of  multiple  definite  integrals. 
One  of  the  most  useful  applications  of  it  is  to  a  problem  in  at- 
tractions which  occurs  in  a  future  part  of  this  treatise.  The  fol- 
lowing examples,  which  refer  to  suTbjects  already  discussed,  are 
sufiScient  to  exhibit  its  application. 

284.^  Ex.  1.  Let  us  take  a  case  of  three  variables,  and  assume 
^{^jy>^)  =  a?«'-^y^-ixr'-ie""<'+>'+'^;  and  let  the  limits  be  as- 
signed by  the  inequality  x  +  y-\-z  <  1 ;  then 

rir''~^x''^y''-^z'''^e-^^"^^+')dzdyda;  =  the  real  part 

of  ?  rrrr  ^x^-'^^-'^2''u-^-^''^^)^*^^^')dzdydxdt 

Tf  »Q  t  Jfi  Jq 

2  r«iP^^^        ^{P)_  r(g)_  r(r)_ 

2T{p)T{q)T{r)  r  sinid^  ^^^^ 

If  this  definite  integral  involves  only  one  variable, 
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r^^^e-^dx  =  the  real  part  of  ^iM  f       ^^.^    ; 

therefore  the  real  part  of 

r "^ =  5-^4 .  fV«—i  .-<-*;     (78) 

Jo   /(aH-^\/-l)'+«+'^       2T{p+g  +  r)Jo  ^ 

substituting  which  in  (72), 

r(p+j+r)   Jo  '  ^    ' 

and  thus  the  triple  integral  in  the  left-hand  member  is  expressed 
in  terms  of  the  single  integpral  in  the  right-hand  member. 
This  result  is  evidently  a  particular  form  of  (58).     K  a  =  0, 
ry..yi-,..     ^^    ^^  r(p)r(g)r(r) 

which  is  the  same  result  as  (23)^  if  a,  in  (28)^  ==  1. 

Ex.  2.  Hereby  also  we  may  find  the  volume  of  the  ellipsoid; 
and  this  example  is  a  good  illustration  of  the  mode  in  which  these 
functions  are  to  be  treated. 

In  this  case  the  inequality  which  assigns  the  limits  is 

Hence  if  v  is  the  volume  of  the  octant^ 
V  =:  j  j  j  dzdydx  ^  the  real  part 

v  Jq  Jq  Jq  Jq        t 

vJo         t  Jo  Jo  •'0 

2  fant  j^        ir*g vH ir*c 

"vJo       t         2(<^/:^l)i  2(«'/^)*2(/y^)*' 

by  reason  of  (842),  Art.  188  j 


abcit^  ["    sin  t  dt 

0  /4(^A^1) 

1  8w        /^r  .   8t 


Jo 


4     Jo   /4(^/In)5• 

1  8 

w  — ■ — ^,  =  cos  - 

(y-l)»       -s 

139,  and  (404),  Art.  146, 


(79) 


Now  — ,—_  .  =  cos  -; \/— 1  sin  -r--;   also  by  (849),  Art. 

(y_l)l  4  4 
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sin  tdt         .    (      3ir\     /      3\  2(2ir)-^ 


^4        --*\       4/     V      2 
V  = 


6 

And  thus  the  whole  volume  =  — ^ 

o 

285.]  An  extension  may  be  given  to  the  process  of  reduction 

of  a  multiple  integral  by  the  employment  of  a  discontinuous 

factor  of  a  more  general  form  than  that  hitherto  introduced. 

For  such  a  factor  is  suggested  by  Fourier^s  theorem,  which  is 

stated  in  (143),  Art.  204;  that  particular  theorem  however  not 

being  sufficient  for  the  purpose,  because  limits  of  a  more  general 

form  are  required.      Now  if  A  and  ijl  are  positive  quantities,  A 

being  greater  than  fi,  and  if /(/)  is  finite  and  continuous  for  all 

values  of  /  over  the  range  A— /ui,  then 

li^Jlk) I  Jj^t)c^^u^t^dtdu  =  l,  or  ^Q,      1       ^gjj 

according  as  k  falls  within  or  beyond  the  range  A— /x.  J 
Let 

1  =  1     I  f  (t)  COS  ku  cos  tudtdu 
Jo   Jii 

=  /    COB  kudu  I  f  (t)  cos  tudt 

Jo  Jfj, 

Jo  u  Jo  u 

Jft,  Jo  tt 

Now  by  the  theorem  given  in  Ex.  4,  Art.  100, 


sin«M?cos«a?  ,         tr         rr         ^ 


X  2'       4^ 

according  as  n  is  less  than,  is  equal  to,  or  is  greater  than  m. 
Hence  applying  this  theorem  to  the  terms  of  (82),  we  have  three 
several  cases ; 

(1)  Let  i  <  /i  <  A,  and  consequently  less  than  every  value  of  t 
involved  in  the  last  term  of  (82) ;  so  that 

=  I  {/(A)-/(m)-/(A)  +/(m)}  =  0.  (83) 
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(2)  Let  fi<k<K;  now  the  values  of  the  first  two  terms  of 
(82)  are  evident ;  but  as  /  in  the  last  integral  ranges  from  fx  to  A, 
and  as  k  falls  between  {jl  and  A^  it  will  be  convenient  to  divide 
this  integ^  into  two  parts^  as  follows ; 

Jx  '0  W  Jf^  Jo  ^ 


80  that 

I 


=/wi-/wxo-j{/(\)-/(*)}+jr/'(o<«xo 

(3)     Let  fx<  A <  A ;  then 

I  =  /(X)  X  O-/0x)  X  0  -  ffit)dt  X  0  =  0. 
Hence 

J    Jf{t)co6kuco&tudtdu  =  ^/(*),    or     =  0, 

according  as  k  falls  within  or  beyond  the  rang^  A— jyi. 
In  the  same  manner  it  may  be  shewn  that 

/(/)  sin  ku  sin  tudtdu  =:^  f{i),    or     =  0, 


a 


^0  J^  2 ' 

according  as  *  falls  within  or  beyond  the  range  A— fx. 
Hence  we  have  generally 


ia> 


coBkucostudtdu 


(84) 


=  -  /     rfit)anku8intudtdH  =/(*),  or  =  0, 

W  Jq     Jfi 

according  as  k  falls  within  or  beyond  the  range  A— jm. 

In  the  preceding  investigation  I  have  not  calculated  the  values 
of  the  definite  integral  when  k  =z  k,  and  when  k  ^  {jl,  because 
such  values  are  evidently  finite^  and  in  the  use  which  will  be 
made  of  the  function  each  will  give  only  one  value  of  the  in- 
finitesimal element ;  and  the  omission  of  this  element  will  not 
vitiate  the  definite  integral. 

If^  in  (84)^  A  =  00  and  /ui  =  0,  the  theorem  takes  the  form  of 
Fourier's  theorem  as  given  in  (14f5),  Art.  204.  Also  in  the  first 
part  of  (84),  if/(/)  =  1,  A  =  1,  ^  =  0,  we  have 
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2  /"^sintfCOS^tf  ,  -  ^ 

_  I      du  =  1 ,     or     =  0, 

according  as  it  is  less  than  or  is  greater  than  1.  This  is  the 
resnlt  already  given  in  (68)  of  the  present  chapter^  and  is  the 
fiu^r  of  discontinuity  which  has  been  heretofore  employed. 

286.]  I  propose  however  now  to  take  the  more  general  factor 
of  discontinuity  which  is  g^ven  in  the  first  part  of  (84) ;  whereby 
we  have 

l£Jy{t)eo8kucosiudtdu  =.f{k),    or     =0,1        ^g^^ 

according  as  k  falls  within  or  beyond  the  range  X— /x.  J 

The  following  are  examples  in  which  this  factor  is  employed. 
I  have  taken  integrals  of  only  two  or  three  variables,  so  that  the 
formulsB  may  be  shorter ;  and  as  the  process  is  the  same  in  all 
cases,  these  will  exemplify  it  quite  as  well  as  those  in  which 
more  variables  are  employed. 
Let  an  integral  involve  three  variables,  and  be  of  the  form 

I  = /7Ya?P--*y«--iz''-i€-(~+^+<*)p(a?+y-f  xr)  dzdy  *p,  (86) 

where  a,  i,  c  are  positive  quantities,  or  positive  in  at  least  the 
real  parts  of  them,  and  where  the  limits  of  integration  are  given 
by  the  inequality, 

li<af+y-hz<\.  (87) 

For  the  sake  of  abbreviation,  let  sp-^y  +  z  =  k-,  and  by  means 
of  (85)  let  us  replace  f  (*)  in  (86)  by 


It  Jo    J^ 


F  (/)  COS  ku  COS  tu  dt  du, 

which  =  P  (*)  for  all  values  of  k  within  the  range  A— jt* ;  that  is, 
within  the  range  given  by  the  inequality  (87) ;  and  =  0,  for  all 
values  of  *  outside  of  that  range.  Now  this  discontinuous  equi- 
valent of  P  (*)  is  the  real  part  of  -  /      /  f  (/)  e-*«^^  oosutdtdu ; 

80  that  substituting  in  (86),  and  extending  the  ranges  of  the 
X—,  y^^  z^  integrations  to  the  limits  oo  and  0,  we  have 

I  =  the  real  part 

1      rco    ."CO    /•» 

^  /     /  ¥(t)e'^'^^^cosfiidtdu 

J  —  X^UL 
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I  =  the  red  part 

of  1  f\{t)dt  f  cosutduf  a?'-ia-(«^--^^)*cte 

Jo  J9 


.-fHt)dtf' 


°cosu/rf«— ^<^> '-M ^ 


(o+ttv/-l)»(A+ttv/-l)«  (c+u\/—lY 
COS  ut  du 


/•flO 

^/    — 


(88) 


so  that  the  value  of  the  triple  integral  given  in  (86)  is  made  to 
depend  on  that  of  a  double  integral.  Similarly  if  i  had  been  a 
multiple  integral  of  the  nth  order,  its  value  may  be  made  to 
depend  on  that  of  a  double  integral. 

287.]  An  important  theorem  may  be  derived  from  (88).  Let 
a,  b,  c,  and  u  be  replaced  by  da,  Ob,  dc,  Ou  respectively ;  and  to 
shorten  the  formulse^  let  us  take  only  two  variables :  then,  from 
(86)  and  (88),  the  limits  being  given  by  /ui< or+y  <  X, 


//■ 


;p**-iy«-^  «-(•*+*•')•  p(a?+y)  dydx  =  the  real  part  of 

Hp)m_  f\^,^  ^  r COS  But  du.__ 

V       J^     ^'      ^-»(a  +  tt\/-l)'(A+tt\/-.l)«^+«-i 

Xict  each  side  of  this  equation  be  multiplied  by  ^+«~i€~«^  dO, 
and  let  the  ^-integral  of  each  side  be  taken  for  the  limits  oc  and 
0;  then 

Hence,  since  by  (250)  Art.  122,  and  by  (6),  Art.  82, 


/     ^-(m+a*+h9)$^p+<i-l  jg  _  r(p  +  qr)  - 

Jo  (o)4-aa?-f  6y)'+«' 


/ 


and     /    cosuid€''*^dO  = 


(90) 


/o  •*4-(mO* 

therefore  for  the  limits  assigned  by  the  inequality,  /z<a?+y<  A, 
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// 


^/"^w^r ^ — =-  .(91) 


a)r(;>)r(g) 

Now  the  last  integral  in  the  right-hand  member  admits  of 
evaluation  by  the  following  process  due  to  Lejeune  Diriehlet.* 
From  (161)  and  (162),  Art.  106,  it  is  evident  that 


/*  co&kudu  ^  V  _^j         r*  Bin  kudu  __  ^ 


so  that         /      — n; =—  =  y^      •  (92) 


/ 

•'o 


Also  since        /    t?*"' «"<•+"*'-«'' rfr  = 


r(p) 


^^')/' 


(a+ttv/-l)*' 


oD(A>+tt«)(a+ttv/-l)" 


=   f    V'-^  €'<''' dvf     ^i— -2 

'0  « 

h       Jq 


80  that 


(98) 

r  e->----^rfi._     _     ^^-"  (94) 

•/— (A«+tt«)(a  +  ti>/-l)'       A(a+A)»> 

Also  by  a  further  similar  process  it  may  be  shewn  that 

r  e-*--^^'d«  ^  ^£:^^ .(95) 

/-.  (A'+»*)(a+«v/^)'(6+«v/-l)«      A(a  +  A)»'(6+A)' 
80  that,  if  it  =s  0, 


l 


(A«  +  tt«)(ii  +  ttv/3I)P(6+ttN/^)«       A(a  +  A)P(6+A)«'   ^ 
And  substituting  in  (91),  and  observing  that  the  whole  expression 
is  real,  we  have 

♦  Crelle'8  Journal,  Vol.  IV,  p.  94. 
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-       <P--»F(0*  ^gyj 


^  r(l>)r(y)  T 

where  the  limits  of  integration  in  the  left-hand  member  are  given 
by  the  inequality  \>,<x-\-y<\, 

288]  This  theorem  also  admits  of  extension  to  the  case  where 
the  limits  are  given  by  the  inequality, 

^<©*+(i)^(i)^-<».      <»»' 

and  the  definite  integral  is  of  the  form 

The  process  of  reducing  this  to  the  form  (97)  is  exactly  similar  to 
that  of  Art.  280;  and  it  is  unnecessary  to  repeat  it.  The  follow- 
ing  example  will  illustrate  it. 

Let  it  be  required  to  determine  the  value  of 

fff_dzdyd^^_.  (100) 

where  the  limits  of  integration  are  g^ven  by  the  inequality, 

/p^  t/^  2^^ 

Let  -^  =  f ,     ^  =  ly,     —  =  f ;  BO  that  for  limits  assigned 

by  the  inequality  (101), 
dzdydx 


///, 


abc  r^' tUt 

8  J„'  {(a«/+«»)(6«/+<»)(c» /+»)}*' 


_  vabc  f 


;(102) 


•^H    {(a»tt«4-a))  (&*«*  +  <»)  (c«tt«+«)}5 
and  thus  the  triple  integral  is  reduced  to  a  single  integral. 

289.]  Thus  far,  when  the  infinitesimal  element  has  contained 
an  arbitrary  function,  the  subject  of  that  function  has  been  the 
expression  by  which  the  inequality  assigning  the  limits  of  in- 
tegration has  been  determined.     Let  us  consider  [the  following 
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integral  in  which  this  is  not  the  ease ;  and  here,  as  before,  I  will 
take  an  integral  involving  only  three  variables ;  viz. 


I  ^jjjv{x+y-\-z)dzdydXi 
where  the  limits  are  assigned  by  the  inequality^ 

so  that  the  integral  includes  all  values  of  the  variables  which  lie 
within  the  surface  of  an  ellipsoid.     Let 

J  +  ^+^=^;        x^y-\-z^8,  (103) 

Then  since  -  / rf/  =  1  or  0,  according  as  ^  is  less 

Tt  Jq  t 

than  or  greater  than  1,  so  will  the  real  part  of  -  /     — —-  c*''^~^  dt 

=  1,  or  0^  according  as  A:  is  less  than  or  grater  than  1 .  Hence 
if  we  introduce  this  factor  of  discontinuity  into  the  definite  inte- 
gral, the  ranges  of  the  a?-,  y-,  and  ^-integrations  may  be  extended 
to  00  and  —  00 ;  so  that  with  the  limits  assigned  by  the  given  in- 
equality, 

/  /  JY(x+y-\-z)dzdydx 

=  the  real  part  of    T  /"  H  ¥{8)dzdydx^  T  ^^^^~^  dL 

n     /•flo    •     J  /"ao      /•oo      /•oo 

-J    ^^*J     J    J  H»)e^*''~^dzdydx.  (104) 

Now  by  Fourier's  Theorem,  (144),  Art.  204, 
P  (s)  =  ^  /      /     F  (o))  COS  «(«— to)  du  rfo) 

=  the  real  part  of  5-  /      /     p  («)  ^  ('— )  '^^  du  rfw ;      (105) 
80  that  in  (104),  replacing  p  (a)  by  this  value,  we  have 
J  J  jv  iX'{-y'{-z)dzdy  dx  =  the  real  part 

<»f;p/    —dtj  H<»)d<oJ  e-'-^^^duJ     J      I    eff^^^^-f-^dzdydx 

dy('S>"')'''dx, 


replacing  *  and  a  by  their  values  given  in  (103). 
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But  by  (362),  Art.  140, 

and  similar  valaes  are  tnie  for  the  y-  and  the  z-integrals ;  so  that 
substituting  these,  and  replacing  a*+ft*  +  c*  by  r*,  we  have 

jjjv{x-\'y+z)dzdydx  = 
the  real  part  of  ^^^^f^rf/ /^(^jdi, (>(!?--) ^^d« 

abe  *i'/=l  rant   .,  f.  ,  .  2(ir/)*  C^-D^i 
w*  •'0     "  /*        *-•  " 

2abc  r*    ,  .  ,    /**sin/    .    »*/  .^  /^a/sn 

whereby  the  triple  integ^  is  expressed  in  terms  of  a  double 
integral. 

If  the  integral  contains  n  variables,  the  limits  being  given  by 
the  inequality, 

W^  |jS  ;g2 


/  /  /  ...v{x+y+z+...)  ...dzdydx 


=  2ir  ^    


and  thus  the  evaluation  of  f&e  multiple  integral  depends  on  that 
of  the  double  integral. 
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CHAPTER    XIII. 

EXPOSITION  OP  THE  PRINCIPLES  OF  THE  CALCULUS  OP 
VARIATIONS- 

290.*]  The  subjects  of  investigation  in  the  preceding  parts  of 
our  treatise  have  been  functions  whose  forms  are  known  and 
determinate;  such  as  those  symbolized  by  cos,  tan""^,  log,  log"^. 


♦  The  authors  and  titles  of  the  principal  works  on  this  branch  of  infini- 
tesimal calculus  are  the  following,  and  from  them  much  assistance  has  been 
derived :— - 

Euler,  Methodus  inveniendi  lineas  curvas  maxim!  minimive  proprietate 
gaudentes,  Lausanne,  1744* 

Lagrange,  Le9ons  sur  le  Calcul  des  Fonctions,  Paris,  1808. 

I^agrange,  Th^orie  des  Fonctions  Analytiques,  g^^  edition,  par  J.  A.  Serret, 
Paris,  1847. 

Poisson,  M^moires  de  I'lnstitut  de  France,  Tome  XII,  Paris,  1833. 

Jacohi,  Journal  fiiir  Mathematik,  Crelle,  Band  XVII,  Berlin,  1837  . 

Ostrogradsky,  M^moires  de  TAcad^mie  de  St.  Petersbourg,  Tome  I,  St.  Pe- 
tersbourg,  1838. 

Ibid.  Tome  III. 

Delaunay,  Journal  de  I'Ecole  Polytechnique,  XXIX  Cahier,  Paris,  1843. 

Delaunay,  Journal  de  Math^matiques,  par  Uouville,  Tome  VI,  Paris,  1841. 

Samis,  M^moires  present^s  par  divers  savants  k  I'Acad^mie  des  Sdences, 
Tome  X,  Paris,  1848. 

Strauch,  Theorie  und  Anwendung  des  Variations-calcul,  Zurich,  1849. 

Jellett,  Calculus  of  Variations,  Dublin,  1850. 

Schellbach,  Probleme  der  Variationsrechnung,  Crelle,  Band  XLI,  p.  393, 
1851. 

Stegmann,  Lehrbuch  der  Variationsrechnung,  Cassel,  1854. 

Todhunter,  History  of  the  Progress  of  the  Calculus  of  Variations ;  Cam- 
bridge, 1 86 1. 

Moigno  et  Lindelof,  Calcul  des  Variations ;  Paris,  1861. 
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and  other  such  like :  and  the  inquiry  has  been  for  the  most  part 
confined  to  the  properties  of  these  functions^  which  arise  from  the 
continuous  and  infinitesimal  variation  of  their  subject- variables ; 
we  have  had  no  occasion  to  consider  the  Amotions  themselves  as 
undergoing  continuous  change  as  to  form;  certain  invariable  re- 
lations have  been  shewn  to  exist  between  certain  functions ;  for 
by  the  process  of  derivation  we  pass  from  one  function  to  another; 
but  these  are  nevertheless  determinate^  and  the  relation  arises 
from  a  continuous  growth  of  the  subject- variable^  and  not  from  a 
continuous  and  infinitesimal  change  of  the  function  as  to  form. 
This  distinction  is  important ;  for  there  is  no  conceivable  reason 
why  functions  should  not  be  continuously  variable  as  to  form,  as 
well  as  numbers  be  as  to  magnitude.  Thus  for  instance  suppose  the 
subject  of  investigation  to  be  y  =  sin  x ;  the  value  of  y  may  mani- 
festly be  changed  either  by  a  change  in  the  subject- variable  a?,  or 
by  a  change  of  the  functional  symbol  into  any  other,  as  tan~* ; 
changes  due  to  the  former  cause  are  considered  in  the  Differential 
Calculus ;  but  those  arising  from  a  continuous  change  in  the  form 
of  the  function  require  another  mode  of  investigation;  and  whereas 
heretofore  we  have  passed  ^^  solium  from  one  function  to  another, 
the  new  calculus  requires  a  continuous  passage :  a  wide  extension 
then  is  opened  before  us,  one  the  subject-matter  of  which  is  not 
number  but  functions :  and  as  a  itmctional  symbol  expresses  the 
law  of  combination  of  its  subject-variables,  we  shall  have  to 
consider  laws,  and  not  subjects  of  laws.  Functions  then,  as  they 
are  the  subject  of  this  new  calculus,  are  free  from  all  concrete  or 
applied  signification,  and  express  laws ;  and  the  proper  end  and 
object  of  such  a  calculus  of  functions  is  to  investigate  their  origin 
and  their  principles,  their  growth  and  extent,  their  laws  of  com- 
bination, and  to  deduce  from  them  properties  with  which  they 
are  pregnant.  As  differential  calculus  investigates  properties  of 
continuous  number,  so  in  this  new  calculus  properties  of  con- 
tinuous fimctions  are  discussed. 

291.]  Apart  however  from  these  general  considerations,  let  us 
view  the  calculus  in  the  light  of  an  easy  problem  of  tliat  class, 
the  attempt  to  solve  which  gave  rise  to  it.  Suppose  that  it  i^ 
required  to  determine  the  form  of  the  function  connecting  x  and 
y  which  expresses  the  shortest  distance  between  two  given  points: 
if  the  function  were  given,  the  problem  would  be  one  of  rectifica- 
tion and  would  be  solved  by  the  integral  calculus  :  also  a  posteriori 
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we  know  that  the  required  Ainction  is  that  which  expresses  a 
straight  line :  but  the  direct  solution  of  the  problem  requires  a 
different  process;  viz.  the  assumption  of  a  general  functional 
symbol  imdetermined  as  to  form^  and  the  expression  for  the  dis- 
tance between  the  two  points  in  terms  of  it ;  so  that  if  an  infini- 
tesimal variation  of  the  distance  due  to  an  infinitesimal  variation 
of  the  form  of  the  function  is  calculated^  the  required  form  will 
be  determined  by  equating  to  zero  that  variation  :  provided  that 
the  form  so  determined  is  such  as  to  make  the  first  variation 
change  its  sign:  or  what  is  equivalent^  such  as  to  make  the 
second  variation  either  positive  or  negative  for  all  values  of  the 
determined  function  within  the  given  points :  for  such  an  opera- 
tion it  is  necessary  (1)  to  calculate  the  infinitesimal  change  of  the 
distance  due  to  the  infinitesimal  change  of  the  form  of  a  function^ 
(2)  to  be  able  to  determine  the  form  of  the  fimction  by  equating 
to  zero  the  variation  of  the  distance ;  in  other  words,  we  must  be 
able  to  differentiate  Amotions  as  to  form,  and  to  determine  func- 
tions by  means  of  given  conditions ;  also  if  these  conditions  give 
many  results,  we  must  be  able  to  discriminate  according  as  one 
or  another  is  taken.  Such  a  process  then  requires  a  knowledge 
of  ftinctions  as  accurate  and  complete  as  that  of  number  required 
in  the  differential  calculus.  It  will  be  observed  that,  as  the  two 
points  which  are  to  terminate  the  line  are  given,  the  only  variable 
quantity  of  the  problem  is  the  form  of  the  function. 

Suppose  however  that  the  problem  is,  to  determine  the  form  of 
the  fanction  which  expresses  the  shortest  distance  between  two 
given  curves  in  space ;  let  the  distance  be  expressed  by  means  of 
a  general  undetermined  function,  as  in  the  former  case,  and  in 
terms  of  the  current  coordinates  of  the  two  curves  which  it  is  to 
meet ;  then  it  becomes  dependent  on  the  form  of  the  function, 
and  on  the  coordinates  of  these  two  curves ;  and  as  these  quanti- 
ties are  independent  of  each  other,  they  may  be  considered  as  in- 
dependent variables,  and  their  variations  may  be  taken  separately ; 
that  arising  from  a  change  in  the  form  of  the  function  may  be 
estimated  as  in  the  former  case,  and  thence  may  be  deduced  the 
form  that  gives  the  least  distance :  and  those  which  arise  from 
the  coordinates  of  the  points  on  the  given  curves  at  which  the 
required  curve  is  to  meet  them  must  be  calculated  according  to 
the  rules  of  the  differential  calculus,  and  by  equating  them  to 
zero  we  shall  be  able  to  determine  the  points  of  meeting.  In  the 
solution  of  this  problem  therefore  two  kinds  of  variations  will  be 
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roquired^  one  arising  from  a  change  in  the  form  of  the  funetion^ 
and  the  other  from  the  differentiation  of  the  equations  of  the 
given  curves. 

292.]  The  infinitesimal  variations  therefore  of  the  calculus  of 
functions  and  of  the  differential  calculus  are  essentially  distinct 
in  kind:  in  the  former  they  result  from  a  change  of  form  of  an 
undetermined  frmction ;  in  the  latter  from  a  change  of  the  subject- 
variables  of  a  determinate  function :  and  to  use  language  borrowed 
from  the  geometry  of  curves,  a  variation  of  the  former  kind  leads 
from  a  point  on  a  curve  to  a  point  on  another  curve  infinitesimally 
near  to  it ;  a  variation  of  the  latter  from  a  point  on  a  curve  to  a 
point  on  the  same  curve  infinitesimally  near  to  it.  It  is  conve- 
nient therefore  to  have  different  names  for  quantities  so  different, 
and  to  express  them  by  different  symbols  :  in  the  former  calculus 
they  are  called  variationSy  in  the  latter  differentials :  hence  arises 
the  name  ''  calculus  of  variations/'  and  so  henceforth  we  shall 
employ  the  term  *'  variation''  in  a  technical  sense,  to  indicate  the 
particular  infinitesimal  change  of  this  calculus :  we  also  shall  use 
d  to  express  differential,  and  5  to  express  variation  :  consequently 
d  indicates  a  passage  from  one  system  of  variables  to  another, 
both  of  which  satisfy  a  given  determinate  function ;  2  indicates 
a  passage  from  a  system  which  satisfies  one  function  to  a  system 
satisfying  a  function  infinitesimally  different  from  the  former  one : 
thus  a  variation  as  applied  to  a  function  may  be  defined  as  the 
infinitesimal  change  of  the  value  of  the  Junction  due  to  its  change 
of  form  ;  and  variation  as  applied  to  a  variable  is  the  infinitesimal 
arbitrary  increment  of  it. 

293.]  The  symbols  in  relation  to  their  subjects  stand  as  follow: 
let  f«  be  an  undetermined  function;  then  bu  is  the  change  of 
value  of  u  due  to  its  change  of  form.  Now  let  a  certiiin  operation 
symbolized  by  f  be  performed  onu;  it  may  be  differentiation  or 
integration ;  and  let  y  =:  p(tt)  • 

then  8v=«.p(m);  (1) 

and  Jv  is  the  change  in  v,  =  f(m),  due  to  a  change  of  form  of  u. 
As  in  the  differential  calculus  there  are  partial  and  total  differ- 
entials of  functions  of  many  variables,  according  as  one  or  all  of 
the  variables  change  value ;  so  if  a  ftinction,  whose  variation  is 
to  be  calculated,  involves  many  undetermined  and  independent 
functions,  it  is  susceptible  of  different  variations  according  as  one 
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or  more  ^r  all  of  these  undetermined  functions  vary,  and  therefore 
in  the  present  calculus  there  will  be  partial  and  total  variations ; 
and^  by  the  principle  of  such  infinitesimal  changes,  the  total  vaiia- 
tion  is  equal  to  the  sum  of  the  several  partial  variations. 

Thus  let  t$i,  «2>  •  •  •  <f«  denote  n  undetermined  functions,  and  let 
F  denote  an  operation  performed  on  a  certain  combination  of 
them ;  and  let 

V  r=  P(tti,aj,...tt,);  (2) 

th»     „=(|1),^  +  (!1)k+...+(|1),„.,      „) 

using  brackets  to  denote  partial  variations.  Now,  and  this 
remark  is  important,  so  long  as  the  relation  between  f  and  Uj 
remains  the  same,  the  ratio  of  the  infinitesimal  changes  of  f  and 
«|  must  be  independent  of  the  particular  species  of  them,  that  is, 
must  be  the  same,  whether  the  changes  are  of  magnitude  or  of 
form ;  and  consequently 

and  similarly  for  the  others ;  and  thus 

whence  it  follows  that  the  variations  of  finite  quantities  and  of 
finite  Amotions  follow  the  same  laws  as  the  differentials  of  similar 
quantities. 

294.]  Thus  £ur  as  to  the  general  principles  of  the  Calculus  of 
VariationB  :  we  proceed  to  investigate  methods  by  which  it  may 
be  applied  to  the  solution  of  problems  which  are  of  the  greatest 
importance  in  the  present  state  of  mathematical  science,  and  which 
the  Differential  Calculus  fails  to  solve. 

Of  functions  in  their  integral  and  determinate  forms  our 
knowledge  is  too  scanty  for  the  attainment  of  the  present  object; 
bat  there  are  certain  general  expressions  for  infinitesimal  elements, 
independent  of  the  functions  of  which  they  are  elements,  and 
therefore  the  same  for  all,  provided  that  the  functions  satisfy 
the  law  of  continuity  within  the  range  for  which  they  are  con- 
sidered; thus  €U^  {dbs^-^  dy^}^  is  the  distance  between  two  points 
(#,  y)  (x-^dXy  y  +  dy)  on  a  plane  curve,  whatever  is  the  form  of 
the  function  y  =/(^),  which  is  the  equation  to  the  curve.  Thus 
also  {dy^dz^  -{-dz^dx^-^  dufl  rfy^)*  is  the  surface-element,  whatever 
is  the  form  of  f  (jr,  y,  z)=c,  which  is  the  equation  to  the  surface: 
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similarly  dxdydziB  the  volume-element  referred  to  rectangular 
coordinates^  and  is  independent  of  the  particolar  form  of  the 
bomiding  surface. 

Now  these  and  similar  general  expressions  for  infinitesimal 
elements  are  made  the  subjects  of  investigation ;  and  we  calcu- 
late their  variations  according  to  processes  which  will  be  de- 
veloped hereafter.  If  an  integral  function  is  the  subject  of  inquiry, 
it  is  considered  as  the  integral  or  sum  of  elements;  and  to  this 
sum  we  apply  the  conditions^  so  far  as  they  are  applicable^  for 
determining  the  unknown  function.  By  this  artifice  we  avoid 
the  difficulty  of  making  to  vary  the  Amotion  in  its  general  form. 
Thus,  for  instance,  in  the  problem  of  finding  the  shortest  line 
between  two  g^ven  points,  {x^,  y^  and  (x^,  y^) ;  instead  of  assum- 
ing the  distance  to  be  Jfix^^,  y^,  x^,  y^,  where  f  represents  some 
imdetermined  function,  and  then  determining  f  by  equating  to 
zero  the  change  of  the  distance  due  to  the  variation  or  change  of 
form  of  F,  we  assume  ds  =  {daf^-\-dy^}^  to  be  an  element  of  the 

distance,  so  that  the  distance  =*  /   {dsfl-^dy^}^',  and  we  make 

the  latter  sum  the  subject  of  investigation. 

And  in  the  most  general  case  \  suppose  that  we  have  to  in- 
vestigate the  form  of  the  relation  y  =  f{x),  where  /  is  the  symbol 
of  some  unknown  ftmction,  so  that  a  given  condition  should  be 
satisfied,  when  that  condition  is  the  sum  or  integral  of  a  series 
of  elements,  each  of  which  is  a  given  function  of  a?,  dx,  d^Xy...d^x, 
Vi  dy,  d^,. .  .d*y,  neither  x  nor  y  being  equicrescent ;  then,  if  the 
element  =  f  (x,  dx,  d^x, . . .  d*x,  y,  dy,  d^y,. .  .d*y),  where  f  repre- 
sents a  given  function,  and  if  x^^y^,  x^,  y^,  are  the  given  limiting 
values  of  x  and  y,  the  unknown  Amotion 

=  /  F (a?,  dx, d^x, . . .  d»^,  y, rfy, d%  ...  rf*y) ;  (6) 

Jo 

and  the  relation  which  exists  between  y  and  x,  that  is,  the  form 
off,  is  determined  by  means  of  conditions  to  which  (6)  is  subject. 
A  similar  method  is  applicable  if  the  element  of  the  unknown 
function  involves  more  variables  and  their  differentials. 

Now  the  principle  by  which  these  and  similar  problems  are 
solved  is  of  the  greatest  importance  ,*  and  is  that  of  which  the 
calculus  of  variations  is  the  development.  It  may  be  formally 
stated  in  the  following  terms; 

*  Instead  of  expressing  the  limits  of  integration  at  length,  we  have  merely 
put  their  subscript  letters,  as  we  have  already  explained  in  Art.  247. 
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If  a  quantity  depends  on  a  certain  unknown  function,  and  the 
determination  of  the  form  of  that  function  depends  on  certain 
given  conditions,  which  it  has  to  satisfy ;  in  the  general  case  our 
knowledge  of  functions  and  of  their  laws  is  insufficient  for  the 
determination  of  the  function,  and  especially  when  the  conditions 
require  an  infinitesimal  variation  ofit:  but  as  the  form  ofmany^ 
infinitesimal  elements  is  known,  and  is  the  same  whatever  is  the 
unknown  continuous  Junction,  we  may  consider  the  quantity  which 
depends  on  the  Junction  to  be  the  sum  of  certain  elements  between 
given  limits,  and  may  make  the  quantity  in  its  latter  form  the 
subject  of  inquiry. 

295.]  When  the  problem  has  been  put  into  the  above  form, 
the  following  is  the  most  convenient  method  of  effecting  and  of 
symbolizing  the  necessary  operations :  the  unknown  function  is 
made  to  assume  a  new  form  by  an  infinitesimal  change  of  the 
variables  and  their  differentials  which  are  involved  in  the  given 
element-function,  the  infinitesimal  variations  being  functions  of 
the  variables  to  which  they  are  applied ;  and  as  hereby  the  ele- 
ment-iunction  will  have  changed  value,  so  will  also  the  sum  of 
all  these ;  and  as  these  infinitesimal  changes  are  not  made  subject 
to  the  conditions  of  an  original  given  function,  they  may  be,  and 
generally  will  be,  inconsistent  with  it,  and  thus  a  new  law  will 
be  introduced  which  will  be  expressed  by  a  new  functional 
symbol.  Or  to  employ  the  language  of  geometry :  suppose  a 
certain  curve  to  be  expressed  by  the  undetermined  function  :  and 
suppose  each  point  of  the  curve  to  be  shifted,  and  thereby  each 
of  the  length-elements  and  each  of  the  successive  differentials  to 
change  value ;  the  curve  in  its  new  position  will  generally  have 
taken  a  new  form,  and  so  will  require  a  new  function  to  express 
it.  Thus,  suppose  the  curve  under  consideration  to  be  a  curve  of 
double  curvature,  and  let  the  position  and  form  of  it  be  changed ; 
then  if  to,  by,  hz  are  the  variations  of  the  coordinates,  these  being 
functions  of  x,  y,  z,  the  point  {x,  y,  z)  becomes  (x+bx,  y^-by, 
z+bz);  observe  then  the  change;  the  point  on  the  old  curve 
infinitesimally  near  to  (x,  y,  z)  iB(x  +  dx,  y  +  dy,  z + dz),  whereas 
x-\-bx,y'^by,z  +  bz  refer  to  the  same  point  as  x,  y,  z,  but  to  it 
in  a  new  position,  and  on  a  new  curve,  and  when  the  form  of  the 
function  has  varied.  Similarly  also  b.dx,  b.dy,  b.dz,  b.d^x,. .  .d.d"a? 
express  variations  which  the  several  succeasive  differentials  un- 
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dergo^  and  which  are  due  to  the  change  of  the  form  of  the 
fiinction. 

As  however  the  element-function  which  will  be  the  subject  of 
variation  will  generally  contain  the  differentials  of  the  variables 
as  well  as  the  variables  themselves^  it  is  necessary  to  consider 
with  great  precision  the  relations  between  variations  and  diflfer- 
entials.  And  as  the  operations  of  which  these  infinitesimal  quan- 
tities are  the  results  are  evidently  of  the  same  nature  though  of 
di£ferent  species^  the  order  in  which  they  are  effected  on  a  g^ven 
subject  is  evidently  indifferent ;  and  consequently  they  are  sub- 
ject to  the  commutative  law ;  so  that  we  have 

h.d^w  =  d.h.dx  =  d^.hx; 


(7) 


Similarly,  if  y=/(ar), 

h.dy  =  h.df{x)  =  d.y(«)n 


(8) 


5.rf"y  =  rf*.8/(a?). 

And  similar  results  are  also  true  for  other  variables. 

Now  as  d  denotes  an  operation  subject  to  the  index  law,  and 
which  is  true  for  negative  as  well  as  for  positive  values  of  the 
index,  the  results  of  the  operations  effected  on  x  and  on  /(jr) 
being  true  for  positive  integral  values  of  n  will  also  be  true  for 
negative  integral  values ;  that  is,  as  they  are  true  for  differentia- 
tion, so  will  they  also  be  true  for  integration.    Thus 


hjdx  ^Jb.dx; 
h.jf(x)dx  =:Jb.f(x)dx; 

^'fjf^^^y)^y^  ^jf^yf(«^y)dydx.  J 


(9) 


Similar  results  are  also  true  for  successive  variations;   so  that 
we  have  generally 

h^Jf..y...dzdydx  ^ff..,b^.{v,..dzdydx).  |      ^^°^ 
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o{x,y,Zf.,.  ,MO  they  are  sasoeptible  of  variation;  and  we  have 


(11) 


*  dlir  ""    A?  '  *  rfy  "~    rfy  ' 

'  dr*  ^   cte*  '  '  dxdy  "~  rfrdy ' 

and  also  still  more  generally 

296.]  As  these  results^  especially  (9)^  are  of  importance  in  the 
seqnel^  let  ns  consider  them  in  reference  to  a  plane  cnrvcj  see 
fig.  47. 

Let  PoPQ^i  be  a  plane  cnrve  whose  equation  is  y  ^f(x) ; 

110^0  =  yo>'   MPsryr    Gq  =  dyP    MiPi  =  yir 
q  being  a  point  on  the  curve  infinitesimally  near  to  P. 

Now  suppose  each  point  of  the  curve  to  have  shifted^  so  that 
the  points  indicated  by  the  letters  in  the  figure  assume  the  points 
indicated  by  the  letters  accented^  and  suppose  hereby  the  form  of 
the  function  to  have  changed ;  so  that 

Hif's:  &r)  ,       nn'=  l{x-\-dx)  =  lx-\-h,dx) 
p'l  =  Jyr        Kq'=«(y+rfy)  =  by-k-h.dy)  ' 
Also  as  F^^  q'  are  points  on  the  new  curve  infinitesimally  near  to 
each  other^  since  oic^=  x-^-tx,  therefore 

ii'n'=  d{x+ix)  =  dx-^-d.bx.    Also 
•.'     MN4-Nll'=  mm'+ liV; 
.-.     dx-\-bx-^b.dx  =  hx-\-dx+d.^;  • 
.-.     i.ctr  =  d.bx. 
By  a  similar  process  we  may  prove  that 
^.dy  =  d.8y; 
and  by  repetition  of  the  process  that 

b.d*y  =  d*.8y.  ) 

It  will  be  observed  that  we  have  made  the  limiting  points  of 
the  curve,  viz.  p^  and  v^,  to  change  position,  so  that  there  are 
variations  of  ^^^  y^,  ^i>  Vi  ^  ^  ^^^  general  case  this  will  of  course 

3H» 
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occur;  and  the  change  of  value  in  the  integral^  of  which  these 
are  the  limits^  is  the  sum  of  the  quantities  which  have  been  de- 
termined in  (86)  and  (87),  Art.  96.  If  the  limits  are  fixed,  there 
are  of  course  no  variations  of  them ;  and  if  the  limits  are  con- 
strained to  be  on  certain  curves,  their  variations  are  not  arbitrary, 
but  must  be  in  agreement  with  the  equations  to  these  curves. 
This  illustration  indicates  how  the  total  variation  of  a  quantity 
expressed  in  the  form  of  a  definite  integral  involves  partial 
variations  due  to  changes  of  the  limits,  as  well  as  of  those  due  to 
the  change  of  form  of  the  function. 

297.]  Problems  within  the  range  of  this  calculus  may  involve 
either  a  single  infinitesimal  element,  or  the  integral  of  such 
elements  between  given  limits  of  integration.  In  the  latter  case 
a  finite  function  is  the  subject  of  investigation ;  but  as  it  is,  and 
is  expressed  as,  the  sum  of  a  series  of  infinitesimals,  and  as  the 
order  in  which  the  operations  of  variation  and  of  integration  are 
effected  is  indifferent  in  the  result,  here  also  the  infinitesimal 
elements  are  the  first  subjects  of  investigation.  It  is  necessary 
therefore  in  the  first  place  to  investigate  the  effects  of  the  opera- 
tions of  the  calculus  of  variations  on  these  elements ;  and  I  shall 
take  those  which  have  arisen  in  the  preceding  chapters. 

Let  {x,yyZ)  (x-\-dx,  y-\-dy,  z-k-dz)  be  two  points  in  space 

iufinitesimally  near  to  each  other ;   and  let  ds  be  the  distance 

between  them ;  so  that 

d^  =  dx^  +  dy^-k^dz^,  (14) 

Let  (a?,  y,  z)  be  shifted  to  (a?+ fta?,  y  +  Jy,  z-^-hz),  where  hx,  by^  bz 

are  arbitrary  functions  of  w,  y  and  z ;   so  that  the  displacement 

of  the  point  (x,  y,  z)  may  be  most  general ;   then,  taking  the 

variation  of  (14)  according  to  the  theorem  given  in  (6),  we  have 

dsh.ds  =  dxh.dX'\-dyb,dy-\-dzh,dzy 

dx  dv  dz 

.'.     b.ds  =  -j-b.dx+  -^b.dy  +  -^^-dz;  (15) 

which  is  the  total  variation  of  ds,  and  shews  that  it  is  equal  to 
the  sum  of  the  projections  on  the  tangent  to  the  cm-ve  at  (a?,  y,  z) 
of  the  several  variations  of  the  coordinates. 

The  following  however  is  another  proof  of  this  theorem,  and 
as  it  involves  quantities  which  will  be  of  great  use  in  the  sequel, 
it  is  desirable  to  insert  it  at  once. 

I^et  (f ,  rf,  0  be  the  varied  place  of  (x,  y,z);  so  that 

^  =  x-^bx,        ri  =  y  +  by,        f  =  z-^bz.  (16) 
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Now  as  bx,  by,  hz  are  in  the  most  general  case  arbitrary 
functions  of  x,  y,  and  z*, 

-  '    d.lx  -       d.hx  -       d.hx  , 

i(^d.+-j-i.+-^d,+-^d.. 

But  as  hx,  hy,  bz  are  variations  of  the  a? — ,  y — ,  and  z  —  coordinates 
respectively,  it  is  evident  in  reference  to  bx  that  -^ —  and  -V- 

.    .  .  rf.8^       ^y       ^ 

are  infinitesimals  of  a  higher  order  than  -=— ;  and  analogous  re- 

dx 

suits  are  true  of  the  differentials  of  by  and  bz ;  so  that  taking 
infinitesimals  of  the  lowest  order  in  (17),  we  have 

Let  rf^  +  rf»?*  +  df*  =  rf<T^;  then  d<r  ^  ds-\'b.d8}  and  con- 
sequently 

and  omitting  infinitesimals  of  the  highest  orders,  this  on  ex- 
pansion becomes 

ds^+2dsb.ds  =  da?»  +  dy2  +  d«2^2{Ard.&c+rfyrf.5y  +  ckd.5z}; 

.-.     «.(fo  =  ^«.(te+^8.dy+ J8.(fe;  (20) 

ds  ds      '^     €U 

the  order  of  the  symbols  d  and  d  having  been  changed  by  reason 
of  (7).     And  this  is  the  same  result  as  (15). 

Now,  as  b.ds  is  the  change  in  length  which  the  arc-element 
undergoes  by  reason  of  the  displacement  of  ds,  it  has  been 
called  the  linear  dilatation  of  the  arc-element ;  and  similarly, 

2^  dx,j-  dy,  ^  dz  are  respectively  the  linear  dilatations  of  ebc,  dy, 

dz.     We  shall  have  important  applications  of  this  and  of  similar 
theorems  in  the  higher  mechanics. 

*  Many  of  the  brackets  which  are  indicative  of  partial  differentiation  are 
omitted  in  this  and  the  following  Articles,  that  the  heaviness  of  the  formula 
may  be  relieved. 
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298.3  Next  let  dydx  he  the  infinitesimal  whose  Tttriation  is  to 
be  determined^  which  is  the  area-element  of  a  plane  siir£EU».  Let 
f^  17^  as  in  the  last  article  be  the  varied  values  of  x  and  y ;  so 
that  f  =  a?+8«>  ri  =  y+^i  then 


j>       ,    .   d.hx  .    .    rf.te 


(21) 


and  conseqnentlj^  by  the  method  of  Art.  211^ 

where  infinitesimals  of  the  higher  orders  are  omitted.  Thnsj 
since  h.dx  dy  =  the  excess  of  the  area  of  the  displaced  element 
over  that  of  the  original  element  ssc^dr^-^dady. 

As  d.ete  dy  is  the  variation  which  the  infinitesimal  area-element 
undergoes  by  reason  of  its  displacement,  it  is  called  the  superficial 
dilatation  of  the  area-element ;  and  this  is  of  course  expressed  by 
the  right-hand  member  of  (23). 

Let  us  however  consider  this  subject  by  the  light  of  first  prin- 
cipleSj  for  we  shall  thereby  be  able  to  trace  not  only  the  area  of 
the  displaced  element,  but  also  its  form;  and  this  is  important 
in  a  problem  wherein  g^at  clearness  and  precision  are  required. 
Let  A,  B,  c,  D  be  the  four  angular  points  of  the  original  ai^ea-ele- 
ment,  dx  dy,  where  a  is  (^,  y);  b  is  («+  (£r,  y);  c  is  (or,  y  +  ily)  ; 
Dis(ar+cfcp,y  +  rfy);  also  let  a',  b',  o',  n',  be  the  places  of  a,b,c,d 
after  the  displacement ;  so  that  a'  is  (jr  4-  tx,  y'¥^)y 

3'is  (ar  +  Jar  +  cte-f  -^  ^j  y4-«y+  '^<^)» 

c/is  (a?+te+-^dr,  y+«y+rfy+-^dy)i 

, .    /       »        ,        d.bx  ,        d,bx  , 
D  IS  yx-^-bx-^dx^  -^ — dx-h  -j—dy, 
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Tl.»  .-.'=.i.|(l+f^)%(^)V=^.'= 

and  thus  the  figure  aVc'd'  is  a  parallelogram.  If  infinitesimals  of 
the  higher  orders  are  neglected^  these  results  are  the  same  as  (18). 
Also  let  0)  be  the  angle  between  the  two  sides  aV  and  aV  ; 
then  since 


COSM  ss 


dy 
2aVxaV 


=  ^  +  ^-^,  (24) 

ay        ax 

if  infinitesimals  of  the  higher  orders  are  neglected.  As  those 
howcTcr  iuTolved  in  the  right-hand  member  are  of  a  higher 
order  than  those  retained  in  (23)^  it  appears  that  approximately 
cos  tt  =  0 ;  consequently  «•  =  00%  and  the  displaced  area-element 
is  a  rectangle  as  it  was  in  its  original  state. 

Again,  let  us  investigate  the  variation  of  that  general^surface- 
element,  which  is  given  in  (30),  Art.  236 ;  viz. 

dJL^:=zdy^dz^-{-dz^dx^-hcUfdy\  (26) 

Let  dA^  be  the  area  of  the  displaced  surface-element,  so  that  if 
(&  Vf  0  ^  *t®  varied  place  of  {x,  y,  z), 

dA^^  =  dn^dC^+dCde-hdi^dri^.  (26) 

And  substituting  for  d(,  dri,  dC  the  values  given  in  (18),  we  have 

and  taking  the  square  root  of  both  members, 

(  dy        dz  )     dA  i  dz        dx  S     dA 


i^^ti^,  (»^ 
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all  infinitesimals  of  the  higher  orders  having  been  omitted.  Now 
since  8.dA  is  the  excess  of  the  area  of  the  surface-element  in  its 
displaced  state  over  that  of  it  in  its  original  state,  8.rfA  =  dn^—dA ; 
and  consequently 

fd.by      d.hz\dy^d^      ld,hz      d.hx\dsfld3(^ 


dy 


dz  '     djL 


{■ 


dz 


'-) 


dx  '     dJL 


(d.hx      d,hy\dx^dy^     ^ 


which  is  the  required  result ;  and  expresses  the  areal  dilatation  of 
the  surface-element.  I  may  observe  that  (28)  may  be  deduced 
from  (25)  by  taking  the  variation  of  (25)  according  to  the  rules 
of  differentiation. 

If  o,  p,  y  are  the  direction-cosines  of  the  normal  to  the  surface 
at  the  point  (x,  y,  z),  then  employing  the  values  given  in  (26), 
(27),  (28),  Art.  286,  (28)  becomes 


^  dy 


+(-^+^)'»'"^*'m 


dx        dy 

which  shews  that  the  variation  of  the  general  surface-element  is 
equal  to  the  sum  of  the  projections  on  its  plane  of  the  several 
variations  of  its  projections  on  the  coordinate  planes. 

299.]  Again,  let  the  infinitesimal  whose  variation  is  to  be 
determined  be  dxdydz;  that  is,  be  the  volume-element  in 
reference  to  a  system  of  rectangular  coordinates  in  space. 

I^t  (f,  ri,  C)  be  as  heretofore  the  varied  place  of  {x,  y,  z) ;  then 
by  reason  of  (17), 


d(dridC  = 


rf.te 

^^  dx' 

d.hx 
dy' 

d.lx 
dz 

d.iy 

dx  ' 

1     rf.8y 
^^  dy' 

d.hy 
dz 

d.hz 

dx  ' 

d.lz 

dy' 

•^^^ 

dxdydz;    (30) 


and  omitting  infinitesimals  of  the  higher  orders,  we  have 

And  as  the  variation  of  the  volume-element  is  equal  to  the  excess 
of  the  volume  in  its  displaced  position  over  that  of  it  in  its  origi- 
nal position. 
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This  is  called  the  cubical  dilatation  of  the  volume-element. 

As  this  subject  is  of  peculiar  importance  in  reference  to  subse- 
quent investigations^  let  us  examine  it  more  closely,  as  in  the  pre- 
ceding article,  by  means  of  first  principles,  and  retain  infinitesimals 
of  a  higher  order ;  so  that  hereby  we  may  clear  up  all  the  obscurity 
which  surrounds  it,  depending  as  it  does  on  the  preceding  partial 
differentials. 

Let  A,  B,  0,  D  be  the  four  angular  points  of  that  face  of  the 
elemental  parallelepipedon  which  is  parallel  to  and  nearest  to  the 
plane  of  (4r,y);  where  a  is  (4?,y,  z);  b  is  (a?  +  £to,  y,z)',  o  is 
(jr,  if +  rfy,  z);  d  is  (ar+rfa?,  y-l-rfy,  z).  Let  a',  b',  cT,  d'  be  the 
places  of  A,  b,  o,  d  when  the  variation  has  taken  place ;  so  that 

a'  is  (ar  +  «a?,  y-¥by,z+hz), 

B'is  (ar  +  dr  +  &p+-^d:ir,    y  +  bif+  -^dx,    z-^bz^-^dx), 

Cis(ar  +  to+-^rfy,  y  +  rfy  +  «y-h^rfy,    z+hz+~dy), 

i>is[x^dx^hx+^dx^^dy,y^.dy^hy^^x^-^dy, 

d.hZj      d.bZj  \ 

''^^'^'^-d^^'^-d^^y)' 

80  that  the  figure  aV&j/  is  also  a  parallelogram.  If  infinitesimals 
of  a  higher  order  are  neglected,  these  results  are  the  same  as  the 
first  two  of  (18). 

Similarly  if  the  variations  of  the  other  &oes  of  the  new  volume- 
dement  are  calculated,  it  will  be  found  that  they  are  parallelo- 
grams; so  that  the  volume-element  is  a  parallelepipedon,  its 
volume  being  given  in  (31),  so  far  as  infinitesimals  of  the  first 
order  are  involved.  Also  let  a,  /3,  y  be  the  angles  between  the 
edges  dri  and  d{,  d(  and  di,  d^  and  dr\  respectively ;  then,  as 
y  is  the  angle  between  the  two  sides  aV  and  aV,  and  as 
BV*r=AV«-2AVxAVcosy-fAV^     and 
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therefore  neglecting  infinitesimals  of  the  higher  orders^ 

Similarly  cosa  =  ^  +  ^;  (87) 

And  as  all  the  quantities  in  the  right-hand  members  of  these  last 
three  equations  are  infinitesimals  of  an  order  higher  than  that  of 
those  retained  in  (31)^  it  is  evident  that  a,  fi,  and  y  are  approxi- 
mately right  angles;  and  that  the  volume-element  in  its  displaced 
position  is  approximately  a  rectangular  parallelepipedon. 
'  Hence  it  appears  that  if  ^j  dy^  bz  are  functions  of  only  Xj  y,  z 
respectively^  we  shall  have  rigorously  cos  a  =  cos  /3  =  cos  y  =  0; 
so  that  the  volume-element  is  a  rectangular  parallelepipedon  in 
both  its  original  and  displaced  states.  Thus^  the  variation  of  the 
volume-element  is^  to  the  first  order  of  infinitesimak^  as  general 
in  this  restricted  case  of  the  variations  of  the  coordinates^  as  it 
is  in  the  general  case  where  hx,  by,  hz  are  arbitrary  functions  of 
off  y,  and  z. 

300.]  Finally^  let  us  take  the  general  case^  and  investigate  the 
variation  of  a  product  of  differentials  of  the  form  dx^dx^  dx^, . .  dx^, 
^i>  ^2>  ^9f-  ^n  being  n  variables  independent  of  each  other. 

I^t  fi>  $if  ^93-  be  the  values  of  x^,  x^,  x^, ,.,  in^ their  varied 
states ;  so  that  f  ^  =:  ^^  +  hx^ , 

(i  =  x^-^bxz, 


fn  =  ^n  +  ^^«i 

where  bXi, bX2, ...  are  functions  of  x^,  x^,  x^, ... :  then  we  have 
^.        (,      d,bx,)  -        d.hx,. 
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80  that^  by  the  method  of  Art.  211,  and  neglecting  infinitesimals 
of  the  higher  orders,  we  have 

«.*'«.-.  =  (u^)(l^^)(u'^)...*,*A.... 

12  3 

.-.     ».ir,&,d»,  ..  =  {^+'^'+...|<i,,<ir,i,,...   («) 
and  this  gives  the  yariation  of  the  multiple  infinitesimal  element. 

SOI.3  I  come  now  to  the  investigation  of  the  variation  of 
definite  integrals,  in  which  the  element-functions  involve  finite 
variables,  their  differentials,  and  differential  coefficients.  Here 
the  processes  will  be  longer ;  but  by  a  judicious  employment  of 
integration,  the  final  results  assume  a  practicable  form. 

Now  the  value  of  a  definite  integral  may  be  varied  in  many 
ways;  (1)  by  a  change  of  form  in  the  element-function;  this  is 
a  variation  which  falls  entirely  within  the  scope  of  this  Calculus  : 
(2)  by  a  change  in  the  limits ;  and  this  may  occur  in  two  ways ; 
either  the  limits  may  be  assigned  by  certain  determinate  Amotions; 
in  which  case  a  change  of  them  involves  a  passage  from  one  value 
to  another  in  accordance  with  certain  given  conditions,  as  along  a 
given  curve  or  a  given  surface ;  and  although  the  variations  of 
the  variables  at  these  limits  will  have  to  be  determined,  yet  at 
those  points  they  will  not  be  arbitrary,  but  of  the  nature  of  differ- 
entials and  not  of  variations ;  or  the  functions  which  assign  the 
limits  may  be  undetermined,  and  thus  subject  to  variation;  and 
thus  there  will  be  variations  of  these  limits  due  to  a  change  of 
form  in  the  functions  which  assign  them.  In  all  these  several 
cases  the  total  variation  will  be  the  sum  of  the  several  partial 
variations  which  are  due  to  the  changes  as  they  occur  in  parti- 
cular problems;  and  these  partial  variations  will  be  estimated 
separately. 

In  these  problems  it  appears  to  me  most  desirable  to  main- 
tain as  fiur  as  possible  symmetry  of  notation* and  symmetry  of 
expression ;  for  a  large  amount  of  labour,  both  of  brain  and  hand, 
is  thereby  saved.  With  this  object  in  view  I  have  at  first  con- 
sidered aU  the  variables  to  be  equally  dependent  and  equally 
subject  to  variation,  and  have  made  none  equicresoent ;  the 
rationale  of  this  process  being  that  each  variable  is  supposed  to 
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be  a  function  of  another  variable  which  is  not  involved  in  the 
expressions  either  explicitly  or  implicitly.  The  process  is  appli- 
cable with  especial  advantage^  as  the  sequel  will  shew^  when  the 
number  of  variables  is  small.  In  many  cases,  however  it  leads  to 
long  expressions  which  are  capable  of  abbreviation^  if  some  hypo- 
thesis is  made  as  to  the  character  of  one  or  more  of  the  variables 
or  of  their  variations^  as  to  equicrescence  and  variation,  and 
the  generality  of  the  problem  is  not  thereby  abridged.  Thus, 
suppose  the  element-Ainction  of  the  definite  integral  to  contain 
two  variables  x  and  y,  the  functional  relation  between  which  is 
not  fixed;  then,  for  the  variation  of  the  element- Amotion  apart 
from  its  values  at  the  limits,  so  long  as  the  variation  of  one  of 
the  variables,  say  y,  is  arbitrary  and  indeterminate,  the  generality 
of  the  whole  variation  is  not  abridged  if  a?  is  not  subjeet  to  varia- 
tion, or  if  a  particular  value,  or  a  series  of  particular  valuer,  is 
given  to  hx  \  apart  from  the  limits,  I  say ;  because  at  the  limits 
a  relation  may  be  ^ven  between  x  and  y,  and  this  relation  taken 
in  connection  with  the  general  functional  relation  may  absolutely 
determine  the  values  of  hx  and  of  hy  at  the  limits.  This  is  also 
evident  geometrically*  Each  point  in  a  plane  curve  may  be 
displaced  in  a  direction  parallel  to  the  axis  of  y,  and  thus  to  =0. 
Thus  in  fig.  47,  p  may  be  shifted  to  b;  in  which  case  if  all  the 
points  do  not  move  through  equal  spaces,  but  through  spaces 
which  are  functions  of  the  coordinates  of  the  point  in  its  original 
position,  the  form  of  the  equation  to  the  curve  will  change, 
although  the  point  has  the  same  abscissa  in  both  its  positions. 
If  however  the  extreme  points  Pq  and  p^  are  constrained  to  move 
on  g^ven  curves,  at  the  limits  generally  x  and  y  must  both  vary, 
and  consistently  with  the  equations  to  the  limiting  curves.  In 
many  cases  in  the  sequel  I  shall  take  one  or  more  of  the  variables 
to  be  equicrescent,  or  assume  that  they  have  no  variation,  or  take 
the  variation  of  a  variable  to  be  a  function  of  that  variable  only, 
or  make  some  other  hypothesis,  as  far  as  it  is  applicable,  which 
will  shorten  the  operations,  and  not  abridge  the  generality. 

302.]  In  the  first  place  let  us  consider  a  function  of  two  varia- 
bles X  and  y,  which  are  connected  with  each  other  by  a  functional 
symbol,  which  is  not  known ;  and  suppose  the  element  to  be 

p  {Xy  dx,  d^Xy ...  d"a?,y,  rfy, «Py, . • .  rf™y), 
where  p  expresses  a  known  function;  let  u  represent  the  sum 
of  these  elements,  between  the  limits  x-^^y^  and  x^j  y^;  so  that 
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tt  =  /  T(a^jdx,cPx, ..,  d''a^,y,dy,<Py, ...  d'^y) ;  (41) 

Jo 

it  is  required  to  calculate  the  Tariation  of  u,  the  relation  between 
OP  and  y  being  an  unknown  function. 

Let  the  yariation  be  of  the  most  general  kind  that  is  possible ; 
so  that  not  only  a?,  y,  but  also  dx,  d^x,  . . .  d^x,  dy,  d*y, . . .  d^y  re- 
ceive yariations ;  and  let 

n  =  F (j?,  da?, d^x, . . .  d^x,  y,  dy,  dh^, . . .  d/'y) ;  (42) 


Jq 

•,     ^  =  5/n  =  /5n; 

Jo  Jo 


and  thus  «  =  /  n ;  (43) 

(44) 

then  since  a  is  a  Ainction  of  x^  dx,  d*x, . . .  d^x,  y,  dy,  d^y, . . .  d**y, 
by  virtue  of  equation  (5)  we  have. 


To  acquire  a  more  convenient  notation,  let 


(is)  =  *' 


da 


©='. 


^dy 


yTLdTi) ""  ^1' 


^d.dy 

^d.d^y' 
da 


*a* 


therefore 


(4«) 


5n  =  X  te-hXi  ^.dr+x,  J.d^af  + . . .  -fx.  «.d*a? 

+  T  8y + Yj  «.dy  +  t,  5,d^  4. . . .  +  y^  «.d*y.  (47) 

And  similarly 

dQ:=xdx+x^d.dx+x^d.d^x-\',.,-\'j^d.d''x 

+  YdSy+Yid.dy  +  Yj,d.d«y4-...  +  T^d.d*'y;  (48) 

..    b  I  a  =z     ha 

Jo  ^ 

=  /  {xfid?-fXid.^+X3d*.5ir4-...+x^d*.&r  , 

4-Y5y+Y,d.8y4-Y,d«.«y+...  +  Y«d-.8y};      (49) 
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the  order  of  the  symbols  of  operation  having  been  changed  in 
acoordanee  with  the  commutative  law  established  in  Art.  395. 
But 

Jo 

and  similar  results  are  of  course  true  for  the  integration  of  the 
t's;  therefore^  substituting  in  (49), 

b.J  n  =s    Xj&r 

+yi^d^bx—djL^dhX'{-dH^bx 
-f 


4-Y«rf*-%-rfr^rf*-%+rf«Y«rf*-%-...(-)*-irf*-W^«y] 

Jo 

+ r{x-<fei+rf«xj-...(-)"d"x,}»» 

+  r{y-rfir,  +  rf%-...(-)-»rf~Y^}«y;  (51) 

which  expression  it  will  be  observed  consists  of  two  parts :  one 
of  which  depends  on  the  variables  at  the  limits  and  their  varia- 
tions ;  and  the  other  involves  a  sign  of  integration^  and  being 
therefore  dependent  on  the  form  of  the  function  connecting  x 
and  y  cannot  be  determined  unless  that  function  is  known: 
but  by  means  of  which  in  many  cases,  as  we  shall  see  hereafter, 
the  unknown  form  may  be  found.  It  is  also  to  be  noticed  that 
the  former  part  vanishes  if  the  limits  are  fixed;  and  if  they  are 
constrained  to  fulfil  certain  conditions,  relations  will  exist  be- 
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303-] 

tween  their  variations  with  which  the  former  part  of  (51)  must 
consist. 

If  X  is  assumed  to  be  equicrescent^  so  that 

then  n  =  F(a?,  dx,  y,  rfy,  rf'y, . . .  rf*y), 

and  Xgrr  X3  =  ...  =x^=sO; 

^^Y,rfJy-.£fYg6y 

+     .     .     .     . 

Jo 
+  /    {x-rfxj&r 

+  r{Y-.rfYi  +  rf«Y3-...(-rcf»Y^}5y.  (52) 

8O8.3  If  however  the  element  of  the  definite  integral  is  ex- 
pressed in  terms  of  differential  coefficients,  in  which  x  is  equi- 
crescent,  so  that 

«  s=  /  yfdx, 

Jo 

,  i        dy    d^y       rf"y\ 

where  v  =  p(a?,y,^, -g^,...^], 

r  representing  a  known  function,  and  the  relation  between  x  and  y 
being  undetermined ;  then  to  give  to  v  the  most  general  variation 

that  is  possible,  ^>  y»  ^>  ^^>  •  •  •  will  all  vary. 

For  convenience  of  notation  let  us  substitute  as  follows ; 

so  that  V  =  p  (ar,  y,  ff',  y", . . .  y(")) ;     therefore 

.-.  h.  I  Ydx  =  I  b.Ydx 

Jo  Jo 


(58) 


=/' 


=  /   {vb.dx+hydx} 
Jo 
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Again^  let 

0  =  '•  O = •-•  (y) = '".  -  (;^) = "■''  "-^ 

«.rv«fc  =  rv«*J  +/  {T(d:ir«y—&rrfy)+\'(rfir8y'— **<¥)+•  • 
°  "     "  ...+T<-)(d:irV">-&r<^"))} 

=  rv&cT  +  r{Y(8y-y'&c)  +  Y'(8y'-y"te) 


+  ... 
')(8y(-)_yC+i)8a.)}d^r. 
Let       8y— y'4*  =  «; 


_  d.by      dy  d.hx  ^  d^  l^y\%a; 
"^  dx       dx  dx       dx  ^dx 

dx       dx  idx     ) 


similarly  V-y^'fta?  =  « '; 


jy(«)-y<«+i)8^  =  «,(•);     therefore 
h.j\dx^  [v«*]Vy^{«Y4-«V+a)'Y'+...+«<*>Y<»)}ite.(55) 
Now 
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.'0  L  cbp  cf4?*"*   Jo 

/•ld*Y(«) 

substituting  which  values  in  (56)  we  have 

+ 

+  JY(«-i)_^Ha,(-«) 

+y(")«(»-i)1 
Jo 

which  expression*,  it  will  be  observed,  consists  of  two  parts ;  the 
fonner  depends  on  the  Talues  of  the  variables  at  the  limits  of 
integration;  the  latter  involves  an  integration,  which  cannot 
generally  be  effected  unless  the  fnnction  connecting  x  and  y  is 
known. 

As  to  the  fonner  part,  the  first  term  is    v8a?      =  Vj  Si^i  —  v^j6a?^j, 

where  v^  and  v^  are  the  values  taken  by  v  at  the  limits ;  these  do 
not  involve  by,  but  only  involve  hx  at  the  limits ;  and  are  the 
variations  of  the  definite  integral  due  to  the  change  of  the  limits, 
being  the  quantities  which  have  been  determined  in  (86)  and  (87), 
Art.  96.  The  other  terms  contain  «  and  its  derived  ftinctions ; 
and  if  &r  =  0,  w  =  by,  all  these  terms  involve  the  values  which 
by  and  its  derived  Amotions  take  at  the  limits,  and  are  independent 
of  the  general  fiinctional  connection  between  j?  and  y, 

304.3  Certain  other  properties  of  (56)  require  notice.  If  w =0, 
that  is  if  dy — y'^=0, 

by^  _rfy. 
bx  ""  do?' 

*  In  the  Memoir  on  this  Calculus  by  M.  Poisson,  which  was  read  to  the 
French  Academy  in  183 1,  and  is  printed  in  Vol.  XII  of  the  Memoirs  of  the 
Institute,  equation  (56)  is  deduced  from  first  principles. 

FRICE,  VOL.  II.  3  K 
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and  thus  the  ratio  of  the  variations  and  of  the  diflferentials  of  y 
and  X  is  the  same:  and  in  this  case^ 


h,\  V(to  =  |vda?J  =  Vjctej— Vj^&To; 


(57) 


that  is^  if  we  make  the  coordinates  of  a  point  on  a  curve  to  vary, 
so  that  the  ratio  of  the  variations  and  of  the  differentials  of  the 
coordinates  is  the  same,  we  do  not  leave  the  curve,  but  pass  to  a 
consecutive  point  of  it,  and  the  definite  integral  is  increased  by 
the  value  of  its  element-function  corresponding^  to  the  superior 
limit,  and  diminished  by  that  corresponding  to  the  inferior  limit. 
Also  the  geometrical  meaning  oi  i^dx  deserves  notice.  Let  the 
variations  of  the  coordinates  of  any  point  on  the  plane  curve 
mider  consideration  be  hx  and  iy,  and  let  the  projections  of  the 
space  through  which  the  point  {x^y)  has  moved  be  estimated 
along  the  tangent  and  normal  of  the  original  curve  at  the  g^ven 
point,  and  let  these  projections  be  r  and  v ;  then 

.*.   weir  =  (8y—y'8a?)<ir  =  Jydip—rfy Jar 

=  vds;  (60) 

rf«  ,      d  (   d»\  ,,,       dr  I   dt\, 

substituting  which  values  in  (56),  it  will  be  seen  that  every  term 
in  the  part  at  the  limits  except  the  first  involves  only  v,  the 

vt-t-  L 

which  is  equivalent  to    v  ^o?    ,  if  the  variation  is  made  on  the 

supposition  that  v  =  0.  Also  the  part  under  the  sign  of  integra- 
tion involves  v  only;  the  reason  of  which  is,  the  variation  in  the 
form  of  a  curve  due  to  the  shifting  of  its  several  points  and  ele- 
ments arises  from  the  infinitesimal  nonAl  displacement  only ;  the 
effect  of  the  tangential  displacement  being  to  shift  a  point  to 
another  consecutive  point  on  the  curve. 

305.]  In  reference  also  to  the  general  expression  (51)  it  is 
worth  remarking,  that  if  hx  and  5y  are  replaced  by  dx  and  Jy, 
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that  is^  if  the  shifting  of  the  point  takes  place  along  the  curve 
only,  and  if  there  is  no  normal  displacement,  then  the  total 

.    ,  n    , 

variation  of  I  n  is  that  which  takes  place  at  the  limits ;  thus  in 

Jo 
this  case 

«.  /  n  =  Uirfa'-fYidy] 
•  0  •-  Jo 

+  I  X2 d^a;  —  d\^dx-{- y,^ (Py  —dx^  dy 

+ 

•'0 

and  the  last  two  terms,  after  integration  by  part«,  become 

/  {xdic  +  Yrfy} 

•'o 

-  [xirfa^  +  YirfyJ^-f-J  {Xid^-p^Y^rfjy} 

+  [dXjdir+rfYjrfyJ^-  [x^cP^-l-Ygrf^yJ  ^j  {XjflPa?4-Y.^<Py} 

~" •...♦••..••^ 

^id  so  on.     Hence 

hA  n  =  /   {xdip  +  Xirf.da?  +  X2Ad^a?H-...+x^rf.rf*a? 
+  Y  dy  +  Yi  d.dy  4- Y2  d.d^y -h  . . .  4- Y„  d.d"»y } 

by  reason  of  equation  (48) ;  so  that  the  total  variation  is  reduced 
to  the  difference  between  the  values  of  the  infinitesimal  element 
at  the  first  and  the  last  limits. 

306.]  We  proceed  now  to  investigate  the  variation  of  a  definite 
integral  whose  element  involves  three  independent  variables  and 
their  successive  differentials;  and  to  consider  the  variations  in 

3  K» 
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their  greatest  generality  let  us  suppose  all  the  variables  and  dif- 
ferentials to  receive  variations.     Let 

tt  =  /  n,         where 

n  =  F(a?,  cte,  d^x, . . .  rf*jf,  y,  dy,  d^y, . . .  d^y,  z, dz,  d^z, . . .  <Pz). 
Let  us  first  substitute  as  follows  : 

/da\  /cUi\  /dn\ 


^dx'         *  \dyf         '  ^dz' 

da    \  /    da    \  /da 


(    da    \  /    ^^    \  _  /_zfL\  — 

Jo 

4-zi2r  +  Zid.8«+Zjjd2,8z+...4-Zjd*.«^};         (61) 
and  reducing  these  terms  by  partial  integration^  we  have  finally^ 


6^0  =[x, 


hx 


■^x^dbx—dx^ba; 

+ 

+  Yi«y 

+ 

+  Y^d*"-%— dY^d~"% -|-cpY^cf"-%  — ...(— )"'"^d"' -*Y^8y 

-f  ZjjrfS^r  — dz^Sz 
+ 

4-  Z;td*-i5-?-dZjd*-««-8r  +  rf%rf*-38z-  ...(-.)*-irf*-iZjt82r] 
+  /  {x-dXi-hd%-...(-)Vx^}&r 


0 


^'0 


+  /  {Y-dYi+cPYa-...(-rrf"'Y^}8y 

0 
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When  n  involves  more  than  three  independent  variables^  the 
expression  for  the  variation  of/  n  is  of  course  similar. 

307.]  Suppose  however  that  an  equation  of  relation  is  given 
between  the  variables  and  their  differentials  which  are  involved  in 
n  j  and^  to  fix  our  thoughts^  let  us  take  the  case  of  three  variables 
x^  y,  z ;  and  suppose  the  equation  to  be 

L  =.f{x,dxjd?'x,  ...y,  dy,dh/,  ...z,dz,d^2, ...}  =  0.     (63) 

If  L  involves  only  x,  y,  z,  z  may  be  expressed  in  terms  of  x  and 
y,  and  theuce  dz,  d^z, . . .  may  be  founds  and  substituted  in  a,  so 
that  n  will  become  a  function  of  only  two  variables^  x  and  y :  but 
as  L  involves  the  differentials  of  the  variables^  such  an  elimination 
is  generally  impossible^  and  we  are  obliged  to  have  recourse  to  the 
following  process.     Take  the  variation  of  l,  viz. 

+ ©»-+  (^)*»-+ (^.)<''»'+-=»'-=»^  («*) 

and  employing  a  convenient  and  abbreviating  notation^ 
bL  =  ibx-hiid,bx-j'(2(Ptx+... 
-\-V^  +  Vid'ty-\-ri^d^hy-^... 
+  Cbz-\-Cid.bz-\-C^d^hz+ ... =0.  (65) 

Now  since  the  equation  l  =  0  must  be  satisfied  for  all  values 
of  X,  y,  z  which  are  admissible  into  the  problem,  therefore  the 
variation  of  x,  y,  z  must  be  subject  to  the  condition  bh  =  0,  that 
is,  to  equation  (65);  but  since 

by  =zxbx-j'Xid.bx+X2^^^+'' 

-I-  zbz-^z^d.bz-^-z^d^bz-^..,,  (66) 

it  is  plain  that  we  may  add  to  it  the  right-hand  member  of  (65) 
multiplied  by  an  undetermined  constant  A,  without  destroying  the 
truth  of  the  expressions;  so  that 

by  =  (x-hAf)da?  +  (Xi-hAfi)d.aa?-|-(x,+Afa)rf2&r4-... 
-h  (Y  -h  Ai;)  fty  +  (Yj  +  \rj^)  d.by  -\-  (Y^  +  Ai/j,)  d^by  -I- . . . 
+  (z  -h A0«-?  +(Zi+Afi)d.»z  +  (7^  +  Afs5)rf2«2'4- ....     (67) 
Observing  now  the  process  by  which  (62)  was  deduced  from 
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(61)^  a  result  similar  to  (62)  will  be  deduced  from  (67),  wherein 
instead  of  xwill  be  x+Xf,  instead  of  Xi,Xi  +  Xfi, ...  instead  of  y, 
Y+X17, ...,  and  so  on  for  the  others;  and  as  A  is  undetermined, 
we  may  consider  the  variation  to  involve  three  independent  quan- 
tities. 

The  variation  will  also  be  found  in  a  similar  manner  if  the 
original  element-function  involves  more  variables,  and  if  these  are 
related  to  each  other  by  many  equations  of  condition. 

308.]  Suppose  however  that  the  element  involves  three  vari- 
ables x,y,z;  that  x  is  equicrescent,  and  that  y  and  z  are  two 
unknown  Amotions  of  Xy  and  independent  of  each  other,  and  that 
the  quantity  whose  variation  is  to  be  calculated  is 

ydx, 


•^0 


,  _  I      ^y    d^y      ^y      ^^  rf*^      d*z\ 

where     v.F|^a?,y,^,  —,..._,  z,_,_,..._^, 

F  being  a  known  function. 

To  give  v  the  most  general  variation,  let  us  suppose  that  not 
only  X,  y,  z,  but  that  also  the  derived  Amotions  ofy  and  z  vary: 
then,  adopting  the  following  substitutions, 

dx^^'dar^  ^^  '  "dx^--^     ' 
dz  _   ,  d^  _    ,,       d^'z  _       . 
dx^'^'dx^"'^'      d^  -"^     ' 
V  =  F(^,y,y',y",...yW,z,/.y',...xr(»)); 
also  let 

©='.0=^-(|.)=A...(^)=.<-. 

0=.(^)=.,(^)=..,...(^)=.., 

-hz&?-hz'5y-hz"5/'-h...-|-zC)&rC);  (68) 
and  following  a  process  precisely  similar  to  that  of  Art,  808,  and 
extending  it  to  z,  and  putting 

by-^y^hx  =  »,  hz-^sflx  =  Wj, 

hy'^y"hx  =  »',  hz'-^z'^hx  =  «'„ 


we  have  the  following  result  : 
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an  expression  consisting  of  two  parts ;  of  which  one  involves  the 
values  of  the  variables  and  their  variations  at  the  limits  only ; 
and  the  other  involves  a  process  of  integration^  and  which  cannot 
be  performed  unless  the  relations  between  x  and  y  and  z  are 
given.  These  several  parts  admit  of  explanation  similar  to  that 
which  has  been  given  of  (56)  in  Art.  804. 

Also  it  admits  of  a  geometrical  explanation  similar  to  that  of 
Art.  304;  the  relations  between  x  and  y  and  between  x  and  z 
represent  two  cylinders  which  are  perpendicular  to  the  planes  of 
{Xf  y)j  and  of  (a?,  z)  respectively ;  and  these  by  their  intersection 
define  a  curve  in  space. 

Let  us  consider  the  general  displacement  of  a  point  on  this 
curve  to  be  due^  (1)  to  two  displacements  perpendicular  to  each 
other  in  the  normal  plane^  and  (2)  to  one  along  the  tangent  line; 
now  by  a  process  exactly  analogous  to  that  of  Art.  304  it  may  be 
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shewn  that  the  quantities  under  the  sigua  of  integration  involve 
the  normal  displacements  only ;  and  that    v  ^a?    is  the  only  term 

wherein  the  tangential  displacement  appears. 

If  V  contains  any  number  of  undetermined  functions^  the  vari- 
ation of  /  Ychc  will  be  'calculated  in  a  similar  manner^  and  will 

consist  of  a  series  of  terms  and  quantities  similar  to  those  of  equa- 
tion (69). 

309.]  In  the  last  article  y  and  z  are  considered  to  be  inde- 
pendent of  each  other ;  if  a  relation  is  given  connecting  them 
and  their  derived-functions  and  x,  and  of  the  form 

multiplying  which  by  an  undetermined  constant  ky  and  adding  it 
to  by,  we  have 

comparing  which  expression  with  that  of  (68),  and  noticing  the 
process  by  which  (69)  is  deduced  from  (68),  it  is  palpable  that  (72) 
will  lead  to  a  result  of  the  form  g^ven  in  (69),  and  with  quantities 

such  that  in  the  place  of  y  will  be  y-|-a(-^);  in  the  place  of/, 
Y'-hX(^-7-j,  ...;  in  the  place  of  z,  z  +  a(^);  in  the  place  of  z', 

z'  +  A  ( -.-^j , . . . ;  and  so  on  :  and  thus  the  variation  will  be  reduced 

to  the  form  of  a  definite  integral,  whose  element-function  involves 
a?  and  two  unknown  and  independent  ftmctions  of  a?. 

310.]  Certain  processes  in  the  sequel  will  require  the  calcula- 
tion of  the  variation  of  a  variation,  that  is,  of  the  second  variation 
of  a  definite  integral.  As  the  principles  and  the  method  are  the 
same  as  those  explained  and  applied  in  the  preceding  articles,  I 
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will  consider  only  one  simple  instance :  viz.  that  in  which  it  is 
required  to  find  Vu,  when  tt  =  /  Ydx,     and 

dti  =  /  b.wdx 

Jo 

=  /  {(hby-\-Yb.dw} ; 

Jo 

^\    ««ti=y{ifc««v+28v8.cte+v8«.cir}.  (73) 

■■•-'=>©»'+'©»»+»(^)v+.(|,)»»-+... 

•»»  {£)'  idj)-  (^)     •"taictioi»of»,y,!(',!^'...i 

••••• J 

snbstitating  which  values  in  (74)  we  have 
and  therefore 

'\-(\v.dx.    (76) 
Bjr  similar  processes  may  hht^  h^u, ...  be  calculated. 

PWCl,  VOL.  II.  3  L 

Digitized  by  VjOOQ IC 


442         THE  CALCULUS  OP  YARIATIONS.        [3IJ. 

811.]  We  come  now  to  the  investigation  of  the  variation  of  a 
multiple  integral ;  but  instead  of  taking  the  problem  in  its  most 
general  form,  I  will  consider  the  case  of  a  double  integral  only ; 
for  the  principle  on  which  the  inquiry  is  founded  is  the  same  in 
all  cases;  and  the  number  of  terms  in  the  result  increases  so 
rapidly  with  each  new  integral  sign^  that  by  taking  any  higher 
order  the  formulae  are  so  complicated  as  to  require  new  symbols 
and  new  modes  of  abbreviation^  and  no  result  usefiil  for  our 
present  purpose  is  arrived  at. 

And  I  shall  consider  only  a  simple  case  of  a  double  integral : 
that,  viz.  in  which  the  element-function  involves  x,  y,  Zy  (z  being 
an  undetermined  function  of  jp  and  y),  and  the  partial  derived 
functions  of  z  of  the  first  and  second  orders ;  and  in  which  also 
the  limits  of  integration  are  given  by  an  inequality  in  accordance 
with  the  principles  explained  in  Art.  214 :  so  that  the  range  of 
integration  includes  the  values  of  the  variables  corresponding  to 
all  points  within  a  given  closed  surface.  This  case  will  suffice 
for  all  the  examples  to  which  I  shall  at  present  have  occasion  to 
apply  the  calculus ;  and  the  student  who  desires  further  informa- 
tion will  find  an  investigation  of  the  general  case  in  those  memoirs 
of  Ostrogradsky,  Sarrus,  Delaunay,  and  Lindelof,  which  are  men- 
tioned in  the  foot-note  of  page  411.  In  those  by  Sarrus  and 
Lindelof  especially  the  difficulties  of  the  variations  of  double  defi- 
nite integrals  are  elucidated,  and  to  them  I  am  under  great  obli- 
gation for  the  following  investigation.  A  peculiar  symbol,  which 
they  call  the  symbol  of  substitution,  has  been  largely  employed 
by  them ;  I  however  have  found  the  symbols  already  employed 
in  this  work  sufficient  for  the  purpose. 

Let  the  double  definite  integral  which  is  the  subject  of  vari- 
ation be  rxy  fYi 

u  =         /      vdydx;  (77) 

and  let  us  suppose  v  to  be  a  function  of  x,y,Zy  and  of  ( -7- ) ,  (-,-), 
id^z\    I  d^z  \    id^z\  ^      ^y    ' 

\7r^) '  \d   rf   / '  \77~2 ) '  ^^^^^  ^  *®  *^  undetermined  function  of 

X  and  y.    For  the  sake  of  abbreviation  let  the  following  symbols 
be  adopted ; 


(£) = '''     (f ) = ^'' 


(78) 


O""'    (iS)-<.    iw^  =  '■■■■       ("» 
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the  upper  and  lower  accents  referriDg  to  the  x—  and  y—  partial 
derivations  respectively.  Also  let  us  take  the  limits  in  their  most 
general  form;  that  is^  as  the  integral  stands  in  (77)^  let  y^  and  y^  be 
functions  of  Xy  and  let  Xj,  x<)  be  independent  of  x  and  y ;  although^ 
if  the  order  of  integration  is  changed^  x^  and  x^  are  ftmctions  of 
y,  and  Yj  and  Yq  are  independent  of  x  and  y.  Now,  taking  the 
total  variation  of  tt  as  given  in  ijn)j 

bu  =  I     I     h.ydydx 


=JI{dydxb\+vb.dydx}  (80) 

=/;/;■  {.,^»v^v(!^.^^K..|,  (81) 

substituting  for  b.dydx  from  equation  (23).  And  integrating 
bj  parts  the  last  terms,  and  remembering  that  the  order  of 
integration  is  indifferent,  provided  that  attention  is  paid  to  the 
value  of  the  limits, 

2«=  r'[v8y]^;te+jf '■  [v8x]%+/'jf '■  |6T-(g)&r- (|)8y|^d^.  (82) 

Now  let  us  assume  that  in  the  general  variation  of  the  ele- 
ment, bx  =  by  =  0,  because  we  shall  thereby  shorten  an  expres- 
sion which  is  under  any  circumstances  long,  and  (see  Art.  301) 
shall  not  abridge  the  generality ;  and  let  us  also  replace  bz  by  w, 
80  that  CD  is  an  arbitrary  function  of  x  and  y ;  then 


(83) 


bz''=z(/';        bz'=:(af;        bz^=a>^/, 

where  «',  w^,  co",  . . .  are  partial  derived  functions  of  o). 

Let  z,  z',  z^,  z'', . . .  denote  the  partial  differential  coefficients  of 
V  with  respect  to  z,  /,  z^,  /\  ...  respectively ;  then 
5v  =  zbZ'\'Z'bz'-^zJbz^'\-z''b:t''-\-z'bz^'-^zJz^^ 

=  z»  -h  zV  -f  z^  0)^  +  z"a)''  +  z/o)/  -f  z^^»,^  j  (84) 

so  that 

511  =  /         vby     W  +  /        ybx      dy 

+  /   7    \z  w  -I-  zW + z,  w,  +  z' V'  -I-  z/o)/  -h  z^^o)  J  dy  dx.  (85) 


a/= 

8. 

dz 
dx~ 

d.bz 
dx 

_d^_ 
~  dx  ~ 

a>' 

fe  = 

b. 

dz 

dy~ 

d.bz 
dy 

do) 
-dl,- 

". 

'  XO  *-  To 

3  L2 
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Now  the  last  part  of  this  equivalent  of  te  involves  not  only  m, 
whieh  is  an  arbitrary  fonction  of  x  and  y,  but  also  its  at —  and 
y  —  partial  derived  functions  of  the  first  and  second  orders  ;  and 
as  it  is  to  be  integrated  with  respect  to  the  same  variable  for 
which  it  is  differentiated,  several  of  these  terms  are  capable  of 
considerable  simplification  by  means  of  integration  by  partBj  and 
of  the  theorems  for  the  variation  of  definite  double  integrals  which 
are  given  in  Art.  217. 
Since  by  (64),  Art.  217, 

.•.jrw..=^/)w.-[.|«];;-/;^«...  (86) 

Thus  taking  the  or-integral  of  this  equivalence  with  the  limits 
Xj  and  x^,  we  have 

/     /    zWdydx 
Also  since 

Again,  taking  the  last  three  terms  in  the  latter  part  of  the 
second  member  of  (85),  as  they  involve  second  derived  functions 
of  0),  two  integrations  will  be  required  for  their  simplification. 
Let  us  first  take  the  term  whose  elemeut-functign  is  z''o»'';  then, 
by  the  theorem  expressed  by  (87), 


rr 


z'Wdyda; 

>'I»  •'To 


=[C^-'*]:-/:[-i--]>-rt^"-'*-'«" 

The  first  term  of  this  second  member  does  not  admit  of  further 
reduction,  because  the  element-function  of  a  y-integral  involves 
two  ;r«derived  functions.  The  second  and  third  terms  admit  of 
the  following  simplification. 
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Since  by  (70),  Art.  218, 

£t'H;=[^S(-'-.i)]:; 
•••  H"']>e[^I"]:; 

Also  by  reason  of  (87), 

-iX'^-*]:-/:[£i"]^-irs^*-'<»-) 


80  that  substituting  these  equivalents  in  (89),  we  have 


By  a  similar  process  we  may  shew  that 

/:^»'-=[N::]:-[(:f-*]: 


/x^     UWir  CM      ^Yo  *'xo    To 

Also  by  integration  by  parts 


Hence,  substituting  all  these  equivalents  in  (85),  we  have 
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«"=/:['<K'w>4[^--^i)«]::]: 

which  gives  the  complete  value  of  bu. 

Now  this  expression  consists  of  three  distinct  groups  and 
classes  of  terms : 

(1)  The  first  two  terms  in  the  first  row  of  (95) ;  these  are  in- 
dependent of  o),  and  only  involve  the  value  of  &p  and  by  at  the 
limits ;  these  consequently  express  the  variation  of  u  which  is 
due  to  the  deformation  of  the  functions  which  assign  the  limits. 
This  fact  is  also  otherwise  evident  inasmuch  as  these  terms  have 
arisen  from  the  variation  of  dydx  and  not  from  that  of  v.  Those 
which  arise  from  the  variation  of  v  are  contained  in  the  following 
groups. 

(2)  The  last  term  in  the  first  row,  and  the  terms  contained  in 
the -next  three  rows  of  (95)  :  these  do  not  depend  on  the  general 
value  of  » ;  but  only  on  the  values  which  it  and  its  partial  derived- 
functions  (a  and  ci»^  have  at  the  limits ;  and  consequently  on  the 
fimctions  which  assign  the  limits  of  integration. 

(3)  The  definite  double  integral  which  is  in  the  last  row  of 
(95).  This  depends  on  the  arbitrary  iunction  »,  and  cannot  be 
determined  unless  that  function  is  given. 

312.]  In  the  calculation  of  the  value  of  bu  which  is  given  in 
(95),  the  variations  at  the  limits  have  been  taken  in  the  most 
general  form,  and  have  not  been  subjected  to  any  conditions. 
In  the  application  however  of  this  expression,  the  limits  are 
frequently  determined  by  certain  equations  or  inequalities,  by 
reason  of  which  the  preceding  value  is  much  reduced. 

Now  one  of  the  most  common  cases  is  that  in  which  the  range 
of  integration  is  determined  by  a  certain  dosed  function  or  sur- 
face, of  which  the  equation  is  given,  so  that  values  of  the  vari- 
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ables  corresponding  to  all  points  within  this  surface  are  included 
within  the  integral,  and  all  values  outside  are  excluded ;  and  thus 
if  v{jpy  y,z)  =  0  z=  jj  is  the  equation  to  the  limiting  surface,  the 
integral  includes  those  values  of  the  variables  for  which  l  is 
negative.  This,  it  will  be  observed,  is  the  case  which  I  have 
considered  in  Art.  214,  and  have  applied  in  Ex.  7,  Art.  258.  In 
a  more  general  case  the  form  of  this  surface  may  vary,  but  I  shall 
assume  it  now  not  to  be  subject  to  any  deformation.  Moreover, 
I  shall  also  assume  that  l  =  0  gives  only  two  real  values  of  z ; 

that  if  r  is  eliminated  ty  means  of  L=rO,  and  y-v-j  =  0,  we  have 

only  two  real  values  of  y,  which  are  y^  and  y^  ;  and  that  if  z  and 

y  are  eliminated  by  means  of  L  =  0,  (^ )  =  0,  y-z-j  =  0,  the 

result  gives  only  two  real  values  of  a?,  which  are  Xj  and  x,,. 
Under  these  circumstances  of  limits  Yi=Yq  when  a?=Xi,  and  also 

when  a?=XQ;  so  that  all  terms  of  the  form     /     ndy  \    vanish, 

because  the  y-limits  are  equal ;  and  consequently  the  second 
term  of  the  second  group  of  (95)  vanishes. 

If  the  limits  of  a?  and  y  are  constants,  their  variations  vanish ; 
and  consequently  the  first  group  of  terms  in  (95)  disappears. 

813.]  If  the  element-function  of  the  double  definite  integral 

which  is  the  subject  of  variation,  is  a  function  of  a?,y,z,  (^-ji  (;t-)> 

where  as  heretofore  z  is  an  undetermined  function  of  a?  and  y,  so 

tt  =  /     /    ydydx;  (96) 

where  v  is  a  function  of  x,  y,  z,  j?',  z^,  according  to  the  notation 
of  Art.  311 ;  and  where  the  limits  of  integration  are  taken  in  the 
most  general  form ;  then,  taking  the  results  of  that  article,  and 
patting  y  =  y^  =  2r^^  =  0;  so  that  also  z''=  z\=,  z^^=  0 ;  from 
(95)  we  have 


•^XO     ^  -"To  ''To    ^  -"xo  ^     To  -"xo 

4T(^.-4)-]>^/:r>-£-i)*-'»^ 


which  is  the  general  value  of  hu.     The  several  groups  of  terms 
admit  of  explanation  similar  to  that  given  in  Art,  804. 
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If  the  district  of  integration  is  bounded  by  a  closed  soiface^  then^ 
as  in  the  preceding  artide^  the  first  term  of  the  second  group  in 
(97)  yanishes. 

814.]  The  preceding  examples  of  variation  are  sufficient  both 
to  illustrate  the  theory  and  for  the  solution  of  special  problems 
to  which  we  shall  apply  the  calculus.  It  is  good  however  to  con- 
sider a  difficult  subject^  such  as  that  under  discussion^  from 
another  point  of  view.  We  have  conceived  the  quantity  involving 
the  unknown  function  to  be  resolved  into  its  elements^  and  the 
definite  integral  of  these  elements  to  be  the  finite  quantity  which 
is  the  subject  of  inquiry :  and  the  limits  have  been  taken  to  be 
values  whose  symbols  have  subscripts  I  and  0.  Now  imagine 
the  definite  integral  to  represent  some  property  of  a  plane  curve^ 
and  between  the  values  x^  and  x^ ;  this  restriction  is  convenient 
to  fix  our  thoughts ;  and  let  the  quantity  x^— x^  be  resolved  into 
n  elements^  and  fi,  f„  fs^  •  •  •  f«-i  ^  ^^^  values  of  a?  corresponding 
to  the  points  of  division^  and  the  corresponding  values  of  y  be 
Vij  Vtf '"  Vu^i '  ^^^^9  as  the  definite  integral  is  the  sum  of  a  series 
of  quantities^  of  each  of  which  the  element  is  a  type;  so  if  we 
replace  the  definite  integral  by  its  equivalent  series^  it  will  be  a 
function  of  x^,  f j,  fj^ . .  •  f m-i^  '^•f  that  is,  of  n+ 1  variables ;  and 
when  the  elements  are  infinitesimal,  of  an  infinite  number  of 
variables.  This  then  is  a  distinguishing  mark  of  the  calculus  of 
variations ;  its  immediate  subjects  of  inquiry  are  functions  of  an 
infinite  number  of  variables  generally  independent  of  each  other; 
but  as  these  fimctions  consist  of  a  series  of  terms,  all  of  which 
are  of  the  same  form,  the  difierential,  or  variation  of  the  sum  of 
them,  is  equal  to  the  sum  of  the  difierentials  or  variations  of  the 

separate  terms :  hence  the  cause  of  d  and  /  being  subject  to  the 

commutative  law.  The  principles  of  the  calculus  of  variations 
therefore  are  only  different  from  those  of  the  differential  calculus, 
because  its  subject  is  a  fimetion  of  an  infinite  number  instead  of 
a  finite  number  of  variables. 

It  will  also  be  observed,  that  if  for  the  definite  integral  the 
equivalent  series  of  terms  involving  intermediate  variables  is 
substituted,  the  number  of  variables  that  enter  into  each  term 
will  depend  on  the  order  of  the  highest  differential  which  enters 
into  the  element-function ;  thus  if  the  element-function  involves 
dhfy  three  consecutive  values  of  y  will  enter  into  each  term ;  and 
so  for  other  forms  of  the  element-fimction. 
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I  will  not  however  enter  on  further  inquiry  into  this  method 
of  the  calculufi  of  variations^  because  the  process  is  much  longer 
than,  and  ultimately  leads  to  the  same  results  as,  the  preceding. 
But  because  the  principles  of  the  calculus  become  hereby  resolved 
into  their  most  simple  elements ;  nay  rather,  because  the  processes 
of  perhaps  the  most  transcendental  analysis  hereby  become  capable 
of  geometrical  interpretation  and  construction,  I  shall  take  an 
opportunity,  in  the  next  Chapter,  of  solving  a  simple  problem 
by  this  method;  and  the  mode  of  application  will  thereby  be 
evident. 
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CHAPTER    XIV. 

APPLICATION  OF  THE  CALCULUS  OF  VARIATIONS  TO  PROBLEMS 
-    OF  MAXIMA  AND  MINIMA. 

Section  1. — Determination  of  the  critical  values  of  a  definiie 
integral  whose  element-function  involves  variables  and  their 
differentials. 

815.]  We  proceed  to  apply  the  principles  of  the  preceding 
Chapter  to  a  large  class  of  problems  of  maxima  and  minima 
involving  unknown  functions. 

At  this  part  of  our  treatise  it  is  superfluous  to  repeat  the  condi- 
tions and  the  criteria  for  determining  maxima  and  minima  values 
of  known  functions,  which  depend  on  particular  values  of  the 
subject- variables  of  these  functions ;  for  the  whole  question  has 
been  fully  discussed  in  Chapter  VII  of  Vol.  I,  and  the  reader  is 
supposed  to  be  familiar  with  it.  Suppose  however  that  the 
problem  is  to  determine  the  form  of  a  curve  or  curved  surface 
between  certain  limits,  so  that  a  property  of  it,  such  as  its  length 
or  the  area  inclosed  by  it,  may  have  a  maximum  or  minimum 
value ;  the  principles  of  Vol.  I  are  plainly  insufficient,  because 
the  form  of  the  ftmction  is  unknown ;  and  we  have  recourse  to 
the  following  mode  of  solution :  let  the  property,  whose  value  is 
critical,  be  resolved  into  its  elements,  the  element  being  a  known 
function  of  the  variables  and  their  differentials,  and  this  being  in- 
dependent of  the  relation  between  the  variables ;  then  the  sum  of 
all  these,  or,  in  other  words,  their  definite  integral,  is  the  quan- 
tity whose  critical  value  is  to  be  found,  and  by  which  means  the 
form  of  the  function  is  to  be  determined.  The  definite  integral 
therefore  is  the  subject  of  inquiry,  and  is  such  as  those  whose 
variations  have  been  calculated  in  the  preceding  Chapter. 

816.]  Let  u  represent  the  definite  integ^,  of  which  the 
critical  value  is  to  be  determined;  and  first  suppose  that  the 
variables  and  their  differentials  of  which  it  is  a  function  are  inde- 
pendent of  each  other ;  that  is,  that  there  is  no  equation  of  rela- 
tion amongst  them :  a  maximum  or  minimum  of  such  a  kind  is 
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termed  absolute :  then^  by  the  theory  of  maxima  and  minima^  it 
is  plain^  if  u  has  a  critical  value^  that  bu  =:  0  and  changes 
its  sign ;  and  that  the  change  of  sign  may  be  determined  by  the 
sign  of  b^u ;  so  that  if  bu  ^  0,  u  has  a  maximum  or  minimum 
value^  according  as  b^u  is  negative  or  positive ;  the  solution  of 
the  problem  therefore  requires  the  calculation  of  bu  and  of  bhi ; 
and  by  the  condition  bu=iO,  the  form  of  the  functional  symbol 
connecting  the  variables  is  to  be  found. 
In  the  first  place,  let 

u  =  Tfl,  (1) 

Jo 

where         n  =  f  (a?,  dx,  d^x, . . .  d*a?,  y,  dy,  cPy, . . .  d'^y),  (2) 

and  F  is  the  symbol  of  a  known  function.  On  referring  to  the 
value  of  bu  given  in^  equation  (51)  of  the  preceding  Chapter^  it 
will  be  observed  that  it  consists  of  two  parts ;  one  of  which  is 
integrated,  and  depends  on  the  values  of  the  variables,  of  their 
differentials,  and  of  their  variations  at  the  limits ;  the  other  is 
under  signs  of  integration,  and  cannot  be  further  reduced,  because 
bx  and  by  are  unknown  functions  of  x  and  y,  and  because  the 
other  factors  in  the  element-functions  involve  the  undetermined 
function  and  its  differentials.  What  conditions  therefore  are 
requisite  so  that  5m  =  0  ?     For  convenience  of  reference  let 

{Xi-(iXa-|-rf2x3-...(-)—id''"ix,}5a7 

+  {x^-dX3+...(-r-2rfn-2x^}rf5-p 
+ 

-h{x,.i-dx,}d-»&r 

-hx,d«-ida?  =  o;  (3) 
and  let  the  analogous  quantity  involving  by  and  its  differentials 
=  p :  also  let 

x-dXji-frf%-...(-)-cZX  =  s,  (4) 

Y-dYj  +  d2Y3-...(-rd-y„  =  H;  (5) 

so  that  we  have 

bu  =  fa  +  ZslV  ['(Bbx-i  Hi».  (6) 

L  Jo     .'o 

Now,  as  bx  and  by  are  arbitrary  functions  of  x  and  y,  bu 
cannot  vanish  unless  j  a  f  /3     =  0 ;  whence  we  have 

[a  +  ^]^=0,  (7) 

3  M  2 
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[a-h/3j=0;  (8) 

and  also,  8  =  0,  (9) 

H==0;  (10) 

and  these  are  the  conditions  which  are  primarily  necessary  to  the 
definite  integral  u  having  a  maximum  or  a  minimum  value. 

317.3  Although  it  is  desirable,  both  for  symmetry  and  for  the 
discussion  of  an  expression  in  its  most  general  form,  thus  far  to 
retain  all  the  terms  in  bu,  and  although  in  many  of  our  sub- 
sequent examples  we  shall  retain  them  throughout,  yet  it  is 
necessary  somewhat  to  abridge  them,  that  we  may  point  out 
some  general  properties  of  the  above  equations. 

First,  let  the  difierence  between  (7),  (8),  and  (9),  (10)  be  ob- 
served :  (7)  and  (8)  involve  limiting  values  of  bx,  ^,  and  of  their 
diflferentials ;  whereas  B  =  0,  and  fi  =  0,  being  differential  ex- 
pressions, will  after  integration  give  general  relations  between  x 
and  y,  and  therein  the  required  functional  connection ;  and  the 
same  function  will  be  deduced  both  from  S  =  0  and  from  H  =  0, 
provided  that  (and  this  is  a  necessary  condition)  the  same  limiting 
values  are  taken  in  the  integrals  of  both  equations  :  for  the  form 
of  the  function  involved  in  them  will  depend  on  the  form  of  func- 
tion of  n,  and  from  n  they  are  derived  by  a  similar  process ;  and 
therefore  the  same^  functional  form  will  appear  in  the  final  result 
of  each. 

Again,  let  us  suppose  that  there  is  no  variation  of  ^,  save  at 
the  limits ;  and  that  consequently  the  shifting  of  any  point  from 
a  curve  to  the  next  consecutive  curve  is  due  to  a  variation  of  y 
only ;  then  5.2?  =  0  (except  at  the  limits),  dbx  =  (Pbx  =  ...  =  0 ; 
so  that  (6)  becomes 

bu  =  [{Xi-efx2+  ...(-)*-^rf"-ix,}5a:]' 

^-f\by,  ai) 

•0 

each  of  the  three  lines  of  the  second  member  of  which  must 
separately  =  0,  if  bu  =  0. 

Now,  as  we  have  shewn  in  the  preceding  Chapter,  Art.  301, 
that  the  generality  of  the  formulae  is  not  abridged  by  the  assump- 
tion that  one  of  the  variables  undergoes  no  variation,  so  the  result 
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hereby  demonstrated  is  as  general  as  that  given  in  (7), . . .  (10). 
And  as  the  solution  of  the  problem  is  necessarily  the  same  in 
both  cases^  we  can  infer  that  the  same  functional  relation  between 
X  and  y  arises  from  8  =  0,  and  from  h  =  0. 

818.]  Let  us  then  take  this  last  case  to  be  the  solution  of  the 
general  problem  of  maxima  and  minima,  and  thereby  indicate 
some  general  properties  of  it.  And  let  us  consider  the  case  in 
which  a  is  not  linear  with  respect  to  d^y,  so  that  y^  is  a  function 
of  d*y,  and  consequently  d^Y^  involves  d^^y ;  thus  h  =  0  is  a 
differential  equation  containing  d^^y ;  and  as  in  process  of  inte- 
gration a  constant  is  manifestly  introduced  at  each  successive 
integration,  so  the  complete  integral  involves  2  m  arbitrary  con- 
stants ;  thus,  if  T  is  the  complete  integral,  it  involves  Cj,  Cg^  ^a >••  • 
r^w,  that  is,  2  m  unknown  constants :  and  these  must  be  deter- 
mined by  means  of  the  former  parts  of  equation  (11),  which  are 
functions  of  the  limits. 

Now  if  the  limits  are  not  restricted  by  any  given  conditions, 
the  former  parts  of  (11)  will  contain  2(m+l)  arbitrary  quan- 
tities, viz. 

^0^ ^01  rf^o^  (P^Vo^  .  rf*"%o> ^^u  ^u^^i> rf%i>- .  d^'^^iy  (12) 
of  which  the  coefficients  must  be  separately  equated  to  zero : 
hereby  we  shall  have  2  (m  + 1)  different  and  independent  equations 
to  determine  2m  arbitrary  constants,  and  which  are  manifestly 
more  than  sufficient,  and  thus  the  problem  is  indeterminate; 
this  is  as  it  should  be  j  for  if  there  is  no  restriction  on  the  limits 
or  their  variations,  the  definite  integral  may  be  of  any  magnitude, 
and  cannot  have  either  a  maximum  or  a  minimum  value. 

If  however  equations  are  given  connecting  the  variables  at  the 
limits ;  that  is,  if  equations  are  given  in  terms  of  Xq  and  y^,  and 
in  terms  of  x^  and  y^ :  then,  if  T  =  0  is  the  integral  of  H  s  0, 
there  will  be  given 

^«'i^V  \d^)o'"  \d^^h  ^^'  ^rfyV-  \dy^^\'  ^^^^ 
which  with  the  29ii  f  2  quantities  of  (12)  give  us  4m  +  2  different 
quantities  whereby  to  determine  2m  constants  c^fC^, ...  Cj^^  a-^d 
the  2m +2  quantities 

and  the  problem  is  thus  determinate. 

When  n  is  linear  with  respect  to  rf"*y,  h  =  0  will  be  a  differ- 
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ential  equation  of  an  order  not  higher  than  2m— 1,  and  therefore 
its  complete  integral  cannot  contain  more  than  2i»— 1  arbitrary 
constants ;  and  the  number  of  equations  relative  to  the  limits  of 
the  general  integral  being  the  same  as  before,  the  problem  is  im- 
possible, because  the  required  conditions  cannot  be  satisfied. 

319.]  The  following  are  cases  wherein  the  differential  equation 
H  =  0  takes  particular  forms,  which  admit  of  integration. 

(1)  If  a  does  not  contain  y,  then  h  becomes 

-rfYi  +  rf»Y,-...(~r-id»Y^  =  0,  (15) 

which  admits  of  one  integration  without  any  determination  of 
relation  between  y  and  x. 

(2)  If  a  does  not  contain  the  first  k  terms  of  y,  dy,  (Py,  ... , 
then  H  =  0  becomes 

(^)*-lrf*y^(_)»d»+lY^^j....(.)— lrf~T.  =  0,  (16) 

which  admits  of  being  integrated  i  times  in  succession. 

(3)  If  a  does  not  contain  x,  or  any  differentials  of  x,  then  from 
(48),  Art.  302,  and  from  h  =  0,  we  have 

da  =  Trfy-|-Yirf.c?y+T2rf.(?y+Y3d.rf3y-|-,.. , 
0  =  Y-.rfyi  +  rf»Y,--rf3T3+...; 
so  that  eliminating  y, 
dn  =  Yirf.rfy-i-rfyrfYi  +  Y2rf.cPy— dyd*Y3+Y3rf.c?y+rfy£pY3  +  ... 

=  rf(Yidy)  +  rf(Yjrf2y-rfyrfYj)+ci(Y3d8y-rfY3d»y  +  dyrf»Yj)+... 
whence  by  integration, 
n  =  Ci+Yirfy  +  Y3d!«y-rfyrfY,+Y3ePy-rfayrfY3+rfyrf%+...(17) 

320.3  'I^us  f^i*  I  have  supposed  the  variables  w  and  y,  which 
are  involved  in  the  element  a,  to  be  independent  of  each  other, 
and  the  maxima  and  minima  of  such  definite  integrals  are  called 
absolute.  If  however  x  and  y  are  not  independent,  but  are  sub- 
ject to  a  certain  condition  given  by  the  equation,  integral  or 
differential  as  the  case  may  be, 

L  =  0,  (18) 

then,  as  explained  in  Art.  307,  we  have 

«L  =  0;  (19) 

and  a  relation  is  given  which  the  variations  of  the  variables  and 

their  differentials  must  satisfy;   multiplying  therefore  5 L  by  an 

indeterminate  constant  multiplier  A,  and  adding  to  bu,  we  have 

a{tt-|-AL}=0;  (20) 
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and  we  may  operate  on  v+^i^  in  a  manner  precisely  the  same  as 
that  by  which  we  have  determined  the  necessary  conditions  for 

the  critical  values  of  «  =  /   n.    These  are  called  relative  maxima 

and  minima^  and  the  method  of  determining  them  is  hereby 
reduced  to  that  of  finding  absolute  maxima  and  minima. 

It  is  also  similarly  manifest  that  if  the  problem  is  the  deter- 
mination of  the  maximum  or  minimum  value  of  u,  when  the 
variables  and  their  differentials  are  subject  to  conditions  expressed 
by  a  series  of  equations^  which  may  be  in  the  form  of  definite 
integrals  or  otherwise^  viz.^ 

Li  =  /jL,  La  =  /2, ...  ^  =  ^;  (21) 

then  it  is  sufficient  to  determine  the  absolute  critical  value  of 

tt-|-AiLi  +  A3Lj+...+XjLj,  (22) 

where  K^,  X^^  ,..\^«re undetermined  constants ;  and  these  will  be 
determined  by  means  of  the  necessary  equations  arising  from 
equating  to  zero  the  variation  of  (22)^  and  from  the  equations 
(21). 

I  may  also  observe  that  the  indeterminate  multipliers  A,^  X^,. . . 
A^  may  be  introduced  in  such  a  form  that  they  may  be  supposed 
to  be  subject  to  variation^  and  thus  to  be  functions  of  a?  and  y. 
For  suppose  the  function  whose  critical  value  is  required  to  be 

tl^-A^(L^-/l)+A,(^-./2)^-•■+^*(^-^); 

then  the  total  variation  of  this  quantity  is 

^ti  +  Ai^ln -f  Ag^Lj  +  . . .  4- Aj^Lj 

+  (Li-/i)5Ai+(L2-/,)rfA2-f  ...  +  (L^-gc?A4, 

and  this^  by  reason  of  (21)^=0,  under  the  same  conditions  as  those 
for  which  the  variation  of  (22)  =  0. 

321.]  The  preceding  principles  are  also  applicable  to  the  deter- 
mination of  the  critical  values  of  u  where 

tt  =  /    ft,         and 

n  =  p(ir,  rfsp,  d^x,.. .d*j7,  y,  dy,. .  d'^y,  z,  dZj..  .d^z) ;      (23) 
and  employing  substitutions  similar  to  those  of  Art.  816^ 

-h  /    (H8a?4-H^y^-v^2r);  (24) 

Jo 
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and  as  bu^O,  and  bjp,  Hy,  dz  are  arbitrary  functions  of  x,  y,  z, 

we  must  have  r  ni 

[a+^  +  yJ^=0,  (25) 

B  =  0,     H  =  0,     v=0:  (26) 

of  which  (25)  is  a  series  of  equations  in  terms  of  the  variables 
and  their  differentials  at  the  limits,  and  the  integrals  of  (26)  will 
g^ve  the  general  functional  relations  between  the  variables :  it  is 
also  to  be  observed  that  the  same  fimction  will  be  given  by  any 
two  of  the  three  equations  (26),  for  as  s,  h,  y  are  all  deduced  by 
a  similar  process  from  n,  the  functional  form  of  n  will  be,  at  least 
implicitly,  contained  in  each ;  and  therefore  all  the  integral  equa- 
tions which  may  be  deduced  from  them,  provided  that  they  have 
the  same  limits,  will  have  the  same  functional  form :  of  this 
result  many  examples  will  occur  in  the  sequel. 

In  problems  of  critical  values  for  which  the  Calculus  of  Varia- 
tions is  required,  the  discriminating  criteria  of  maxima  and 
minima  are  frequently  as  difficult  of  application  as  they  are 
difficult  of  discovery ;  and  I  shall  reserve  the  consideration  of 
them  to  a  future  section.  No  practical  inconvenience  will  be 
caused  hereby,  for  I  propose  to  investigate  at  present  only  those 
problems,  the  conditions  of  which  will  immediately  indicate  the 
nature  of  the  critical  values. 

822.]  To  determine  the  shortest  line  joining,  (1)  two  given 
points,  (2)  two  given  curves  in  the  same  plane. 

(1)  Let  i»Q,yo)  (^i^yi)  te  the  given  points;  and  let  u  =  the 
length  of  the  line  joining  them ;  then 

u  =  I    ds,     and    hu  ^  j  b.ds. 

Jo  Jo 

But  A*  =  cbfl'{-dy^; 

.-.     b.ds  =  -T-d.bx-^  -y^d.by; 

andif  rf.$^  =  0;  rf.$=0; 

ds         '  ds 
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dw  dti 

from  these  last  two  we  have  --=-  =  a,   -y-  =  j3 ;   so  that 

dB  ds 

X  =  a8-\-a,  y  =  fis-^-b-, 


this  is  the  equation  to  a  straight  line^  which  is  therefore  the 
shortest  line ;  a,  )9,  a,  by  being  four  arbitrary  constants  introduced 
in  integration ;  these  may  be  determined  as  follows :  since  the 
limits  are  fixed,  hx^  =  0,  8y^  =  0,  hx^  =  0,  ^i  =  0 ;  and  therefore 
equation  (27)  is  satisfied  without  any  relation  between  the  con- 
stants of  the  straight  line  and  the  limits :  but  as  the  line  is  to 
pass  through  the  two  points,  x  and  y  must  satisfy  simultaneously 
^oi  Vo)  a^id  x^,  y^ ;  consequently  (28)  becomes 

^1-^0     yi-yo' 

which  is  the  equation  to  a  straight  line  passing  through  the  two 
given  points. 

(2)  The  process  of  determining  the  unknown  function  is  the 
same  in  both  parts  of  the  problem ;  but  in  the  second  part  the 
constants  o,  fi,  a,  b  must  be  found  as  follows :  from  (27)  we  have 


=  0. 


(29) 


Let  the  equations  to  the  limiting  curves  be 

^©(•^o^  Vo)  =  0>  Fi(^i^  yi)  =  0; 

then  as  hx^,  by^  are  the  variations  of  x  and  y  as  we  pass  from 
one  point  on  the  first  limiting  curve  to  another  consecutive  point, 
and  as  da?|,  by^  are  the  similar  quantities  for  the  second  limiting 

curve,  and  as  y-r-j  ,  (-^) ,  f-r-)  ,  l-^j  are  the  direction-cosines 

of  the  straight  line  at  the  limiting  points,  (29)  shew  that  the 
straight  line  cuts  both  limiting  curves  at  right  angles.  Let 
(^o>  y©)^  (^i>  Vi)  ^^  *^®  points  where  it  meets  Vq{Xq,  ^q)  =  0,  and 
Pi(a?i,  yi)  =  0  respectively,  then  we  have 

also,  as  this  straight  line  is  normal  to  both  curves, 

PRICE,  VOL.  II.  3  N 
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/dPo\         /d¥^\         /rfPi\         /dPi\ 
^  dx  K  __  ^  dyK        ^  dx  'i  __   ^  dy  'i 

thus  these  and  the  equations  to  the  curve  give  four  equations 
which  are  sufficient  to  determine  the  values  of  x^,  y^,  ^n  ^i ;  and 
thus  the  problem  is  completely  solved. 

323.]  Determine  the  form  of  the  longest  or  shortest  line  which 
can  be  drawn  from  one  curve  to  another  curve  in  space. 
Let  the  equations  to  the  curves  be 

Vo  =/o('^o).  I  Vi  =/i(^i)>J 

^0  =  *o  K)  ^  ^1  =  <^i(^i)-  > 

Then  u  =  I  ds,     and    bu  =  I  b.ds; 

and  as  dtt  =  0^  we  have 


O.''M$\»^At\".-0;\ 


(80) 


dx 

^•1  =  0' 

..g=0; 

dx 
•     A  =  "' 

dz 

A  =  ^' 

x—a  =  a*,       y— A  =  /3*,       z-^c  =  y*; 


(81) 


a  )3  y 

Thus  a  straight  line^  whose  equations  are  (31)^  is  the  longest  or 

shortest  line  joining  two  curves  in  space ;    and  ^  rrf-^'-^r-  are 

the  direction-cosines  of  the  line,  and  bx^,  byQ,  bzQ,  bx^,  by^,  bZi  are 
the  variations  of  the  limits,  and  consequently  the  projections  of 
elements  of  the  limiting  curves,  (30)  shew  that  the  straight  line 
cuts  both  curves  at  right -angles  j  and  from  these  conditions  com- 


\ 
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bined  with  the  equations  to  the  limiting  curves  the  unknown 
constants  of  (81)  may  be  determined. 

The  solution  gives  also  the  longest,  as  well  as  the  shortest  line, 
which  can  be  drawn  from  one  curve  to  another  curve.  The 
discriminating  conditions  of  these  two  cases  will  be  explained 
hereafter. 

324.3  Determine  the  critical  value  of  /  fids,  where  cb is  an 
element  of  a  plane  curve,  and  /x  is  a  function  of  ^  and  y. 

Let        «  =  /  fids; 

Jo 

.-.     Jtt  =  /  {dsbfjL-\-ixb.ds) 
Jo 

and  since  ^  =  0, 

(|)*-.(.|)=«.J 

Therefore  from  (33), 

__  /dfji\  dy^       /dfi\  dxdy 
""  ^dxf    ds  "^  ^dy'      ds 
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(33) 
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similarly 
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-4.=l(|)^-(|)'"IS= 


[325 


whence^  squaring  and  adding^  and  substituting  firom  equation 
(19),  Art.  285,  Vol.  I,  we  have 

fx  __  /diJL\  dy       idjx\  dx 

p  ""  ^cbpf  da  "  \dy'  ds' 
where  p  is  the  radius  of  curvature  at  the  point  (a?,  y) ;  and  there- 

fore  }:^l\(<^J^\±^l^)^l  (M) 

p"  liX^dxf  d8      ^dy>  dsV  ^    ^ 

This  equation  gives  a  geometrical  property  of  the  curve ;  but 
we  cannot  proceed  further  with  the  integration  unless  the  form 
of  /x  is  given* 

If  the  limiting  values  of  x  and  y  are  given,  the  equations  (32) 

are  satisfied  without  any  relation  between  Xq^^q,  ^uVif  (tf)  **'" 

Cm    q 

because  hxQ  =  Sy^  =  2^^^  =  dy ^ = 0 ;  if  the  limits  of  integration  are 
on  two  given  plane  curves,  then  (32)  shew  that  the  required  curve 
cuts  both  the  limiting  curves  at  right  angles. 

325.3  If  d8  in  the  last  problem  is  an  element  of  a  curve  in 
space,  and  /a  is  a  ftmction  of  x,  y,  z,  then  the  equations  of  limits 
and  of  the  indefinite  terms  become 


(|)..-4.g)=o, 


(35) 


(|)*-'H)-o. 


dz\ 


O-.(,|)  =  0.J 


(86) 


Prom  (35)  we  infer,  that  if  the  curve  is  to  be  drawn  between 
given  limiting  curves,  it  cuts  both  these  curves  at  right-angles. 
Also  from  (36)  we  have 


,  Ox       {dp.\j        ,   dx 
/dfi 


^"'i^it)^- 


,  dy 
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,   dz        (dyL\j         -    dz 

therefore^  squaring  and  adding^  and  substituting  by  means  of 
equation  (23),  Art.  377,  Vol.  I, 

=''-i(i)"+(|)'-©i-{(i)*+(|)**©M' 

and  this  equation  does  not  admit  of  further  reduction  imless  the 
form  of  fx  is  given.     It  is  to  be  observed  that  the  line  is  straight  if 

/^\        /^\        /^\ 

\dx^        \dy'        \dzf 

dx     "^     dy    ~    dz 
The  examples  given  in  Arts.  322  and  323  are  only  particular 
cases  of  the  preceding,  viz.  where  /ui  =  1.     But  this  general  case 
is  of  very  great  importance  in  subsequent  physical  applications  in 
both  Mechanics  and  Optics. 

326.]  To  determine  the  form  of  a  plane  curve  which  passing 

through  two  points  {x-^,  y^,  {xq,  y^  generates  by  its  revolution 

about  the  axis  of  ^  a  surface  whose  area  is  a  minimum.     In  this 

case  ri 

II  =  27r  /  yds; 

^2.p^{{ds^d.y%)l^^d.y^lx}; 


(37) 
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.-.     <fo-d.y^  =  0,        d.y^  =  0.  (88) 

From  the  latter  of  which,        y  ^  =  c ;  (39) 

thus  the  projection  of  y  on  the  normal  of  the  curve  is  constant. 
Substituting  in  (38), 

d  ^ 

dx  dx 


«— a  «— a  1 


y  ~*  =  2   1^  *     "*"^      *    }> 

which  is  the  equation  to  the  catenary,  a,  ft,  and  c  being  constants 
thus  far  undetermined.  For  the  sake  of  symmetry,  let  us  sup- 
pose the  limiting  values  of  y  to  be  equal,  and  let  the  axis  of  f 
bisect  the  line  joining  the  extreme  points  of  the  curve;  then 
yo=yi?^o=  — ^i>  aJid  consequently  a=0;  whence  we  have 

Also  since  ~  =  0,  when  or  =  0,  the  curve  cuts  the  axis  of  y  at 

right-angles,  and,  as  appears  from  (89),  at  a  distance  c  from  the 
origin ;  c  being  an  arbitrary  constant  which  we  have  no  means 
of  determining ;  and  therefore,  from  (40),  6  =  0.  Henoe  the 
final  equation  becomes 

y  =|{6^  +  e-1}.  (41) 

If  the  curve  is  to  be  drawn  between  two  given  curves,  then 
equations  (87)  shew  that  it  cuts  both  at  right-angles. 
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This  example  is  plainly  a  case  of  Art.  824^  where  fi  =  y,  and 
consequently  ( —-]  =  0,  l-pj  =  1 ;  and  therefore  from  (34) 

ds 

that  IB,  the  radius  of  curvature  is  equal  and  in  opposite  direction 
to  the  normal ;  which  is  a  known  property  of  the  catenary. 

827.]  Of  all  plane  curves  which  can  be  drawn  between  two 
given  points^  to  find  that  which  contains  between  the  curve,  its 
evolute,  and  the  radii  of  curvature  at  its  extremities  the  least 
area. 

Let  p  be  the  radius  of  curvature,  and  ds  be  the  arc  of  the  curve; 
then  it  is  manifest  that  if  u  is  the  required  area,  and  {p!?i,yi),  (^oVo) 
are  the  limiting  points. 


1     fl 

.•.^  =  -/   {ds^p-j-pb.ds}. 

Now  1  =  d^xdy-d^ydx .  ^^^^^^ 

p  ds^ 

_  ^  _  dyd^hx-^dxd^hy-^d^xdby—d^yd^  _  Sid^xdy  —  d^ydx)dbs 
p»  ■"                             d^  ds^ 

_  Sdbs^ 

^ .-.  ^^  , 

.-,   dslp-\-ph.d8  =  —  4^  {dyd^bx-^dxd^ty+d^xdhy—d^yd^} 

Hence  integrating  by  parts, 
2»tt  =  0  =J{d8hp'^pb.ds} 

Hence  if  a  and  6  are  arbitrary  constants,  we  have 
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(42) 


^d^x      .    dy      jf^dx 


.-.   p2  ^ax  +  by'\'C.  (43) 

Also  from  (42)  by  subtraction 

whence^  we  have 

Either  (43)  or  (44)  is  a  geometrical  definition  of  the  curve. 
From  (43)  it  appears  that  the  square  of  the  radius  of  curvature  is 
a  linear  frinction  of  the  coordinates ;  and  as  the  radius  of  curva- 
ture is  an  absolute  quantity  and  independent  both  of  the  origin 
and  of  the  particular  system  of  coordinate  axes^  we  may^  without 
thereby  affecting  the  generality  of  the  problem,  choose  our  system 
of  reference  such  that  a  =  0,  c  =  0 ;  whereby 

Whence  it  follows  that  the  curve  lies  wholly  on  the  positive 

side  of  the  axis  of  x,  and  that  the  curvature  is  the  same  at  all 

dx 
points  equally  distant  from  that  axis ;  also  that  -=-  zzzO,  when 

y  =  0 :  the  curve  therefore  meets  the  axis  of  x  at  right-angles. 
And  since 

2ds       '^'  '  (Ay-4y»)* 

.-.    a?  =  gversin-i  -^  -  ^(iy— 4^^)*; 

the  equation  to  a  cycloid  of  which  the  starting  point   is   the 
origin,  g  is  the  radius  of  the  generating  circle,  and  the  constants 
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are  such  that  the  origin  is  on  the  curve,  and  the  axis  of  x  is  the 
base  of  the  cycloid. 

328.]  To  find  the  relation  between  x  and  y,  so  that 

tt  s=  7    {3fl-\-y^"^ds  may  be  a  minimum. 
Let  u  be  expressed  in  polar  coordinates,  so  that 


but        ds^  =  dr^-^7^dfi; 


.-.    d.bs  =  -,-rf.5r-f  —J-  dM+  -r-^r;         then 
ds  ds  ds 

.'0   (     fife  *  ^         ds  ^     ) 

r/*  d8  ds 

r^'^^dO 

whence         r""*"^  =  a  8ec(w  + 1)  ^ ;  (45^ 

If  n  =  0,  (45)  is  the  equation  to  a  straight  line,  and  the  result 
is  in  accordance  with  that  of  Art.  322. 

329.]  Let  us  now  consider  some  problems  of  relative  maxima 
and  minima;  those  namely  wherein  the  variables  are  not  inde- 
pendent of  each  other  but  are  connected  by  some  given  relation, 
which  may  be  integral  or  differential,  or  in  the  form  of  a  definite 
integral.  These  problems  are  often  called  isoperimetrical,  because 
the  given  condition  when  interpreted  geometrically  is  frequently 
equivalent  to  the  length  of  the  curve  being  given  between  certain 
fixed  points  or  limiting  lines. 

And  although  the  method  of  introducing  indeterminate  mul- 
tipliers, indicated  in  Art.  320,  is  most  convenient  for  explaining: 
the  course  to  be  adopted  in  the  general  case,  yet  as  in  the  fol1owin<^ 
problems  only  one  condition  or  relation  will  be  given,  it  is  belttM- 
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to  MBe  a  process  which  results  from  the  theory  of  indeterminate 
multipliers  as  explained  in  Art.  168^  Vol.  I^  and  which  consists  in 
equating  to  a  constant  quantity  the  ratio  of  the  several  coefficients 
of  the  variations  of  the  variables  in  both  the  definite  and  the  un- 
integrated  parts  of  the  given  equations. 

To  determine  the  form  of  a  plane  curve  which  being  of  given 
length  revolves  about  a  given  line  (the  axis  of  x),  and  generates 
a  solid  whose  volume  is  a  maximum  or  a  minimum. 

Here      «  =  w  /   y^da^,         I  ds  =  c  =z  h,  given  length ; 

.-.     a«  =  0  =  v/  {2ydxhf-\-y^d.hx) 
Jo 

=  ir[ynx^^--'irf\2ydyb,r-2ydx^y);  (46) 

8c  =  0  =  /   b.ds 
Jo 

whence  equating  to  a  constant  X  the  ratio  of  the  coefficients  of 
&r  and  by  in  the  unintegrated  parts  of  (46)  and  (47),  we  have 

ds  ds 

the  last  term  of  the  equality  being  deduced  from  the  first  two  by 
means  of  equation  (19),  Art.  285,  Vol.  I ; 

\ 

that  is,  the  radius  of  curvature  varies  inversely  as  the  ordiqate. 
Also        2y  dy  =  Ad.  -^ ; 

a        z«  V  dX 

whence  we  have 

^,  =  + ^ -.  =  4-'j  (48) 

expressions  which  do  not  admit  of  farther  integration,  but  are 
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the  equations  of  the  elastic  curve,  the  mechanical  form  of  which 
will  be  the  subject  of  investigation  hereafter. 

If  the  limiting  points  of  the  curve  are  given,  then  6a?o=dyo=0, 
and  bXi=:^yi=zO,  and  therefore  in  (46)  and  (47)  the  terms  at  the 
limits  disappear:  but  if  the  line  is  to  be  drawn  between  two 
given  curves,  the  arbitrary  constants  will  be  determined  by  means 
of  the  equations  to  those  curves  at  the  limits. 

330.3  To  determine  the  form  of  the  closed  plane  curve  which 
is  of  given  length  c,  and  incloses  the  greatest  area. 

Since  the  length  =  /  ds,  and  the  area  =  /  y  «te, 
c=:l  ds,        u^l  ydx; 

ft«  =  0  =  [y  &rj  +J  {dxhy-dyhx) ;  (50) 

whence  equating  to  a  constant  A  the  ratio  of  the  coefficients  of 
hx  and  by  in  the  unintegrated  parts  of  (49)  and  (50),  we  have 
dip         — rfy       . 

7^  =  7^  =  ^=^^  (51) 

where  p  is  the  radius  of  curvature,  by  reason  of  (19)  Art.  285, 
Vol.  I.   Consequently  the  radius  of  curvature  is  constant,  and  the 
required  curve  is  a  circle. 
Also  from  (51)  we  have 

.'.     (a7-aV'^  +  (y-6)*=A*; 

where  a,  b,  and  A,  which  last  =  the  radius,  are  constants  to  be 
determined  by  the  conditions  of  the  problems. 

Thus  suppose  that  it  is  required  to  find  a  curve  of  given  length, 
and  such  that  the  area  contained  between  it  and  the  positive 
coordinate-axes  of  x  and  y  is  a  maximum.  Let  the  superior  and 
inferior  limits  correspond  to  the  points  where  the  curve  cuts  the 
axes  of  X  and  y  respectively.  Then  by  a  comparison  of  the 
coefficients  of  8a?  and  ^  in  the  integrated  portions  of  (49)  and 
(50),  we  have  at  the  limits 

30  a 
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_  ^ 

d»       da 
at  the  superior  limit  ^  =  0^  so  that  —  =  0^  and  the  curve  cuts 
the  axis  of  x  at  right-angles^  and  6  =  0;  at  the  inferior  limit 
-^  =  0,  consequently  the  curve  cuts  the  axis  of  y  at  right-angles, 

and  a  =  0 ;  also  as  A  is  the  radius,  and  c  is  the  length  of  the 

2c 
quadrant,  A  =:  — ;  consequently  the   equation  of  the  required 
It 

curve  is  «       •       4c^ 

This  problem  may  also  be  conveniently  solved  by  means  of 
polar  coordinates.     See  the  first  edition  of  this  volume.  Art.  221. 

331.3  Of  all  isoperimetrical  curves  joining  two  given  points^  to 
find  that,  the  product  of  whose  length-element  and  the  square  of 
its  distance  from  the  line  joining  the  two  points  is  a  maximum. 

Let  the  line  joining  the  two  points  be  the  axis  of  x,  and  let 
the  origin  be  at  the  middle  point  of  this  line;  let  2a  be  the  dis- 
tance between  the  two  points ;  then  x,  y,  z  being  the  coordinates 
of  any  point  on  the  curve  corresponding  to  the  commencement 
of  the  element,  and  e  being  the  length  of  the  curve, 

w  =s  /  {y^-\-z^)dSy        and  c  =  /  rf«; 
Jq  Jo 

and  by  a  process  similar  to  that  of  the  preceding  Articles, 

,  dx  '   dy  ,  dz 

a.-r  rf.  -7-  »•  -j"  t 

±^ ^ =  *^-=l;(52) 

from  the  second  and  third  of  which  terms  we  have 

.„.+..-x,  (.±-/£)  +(,H««-x)  (..*-,4)  =  0. 

but  by  the  particular  system  of  reference  which  we  have  chosen, 
when  5:  =  0,  y  =  0 ;  therefore  c'=  0 : 
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and  as  y^  -h  J?*  —  X  cannot  vanish  for  all  points  of  the  curve,  the 
above  equation  can  be  satisfied  only  hy  zdy—ydz  =^0 ;  whence 
y  z=i  kz;  and  consequently  the  curve  lies  wholly  in  one  plane 
passing  through  the  axis  of  x  :  let  this  plane  be  that  of  {w,  y) : 
then  2r  =  0,  and  from  (52)  we  have 

which  is  the  diflerential  equation  of  the  required  curve,  and  does 
not  admit  of  further  integration. 

332*3  The  following  are  other  examples  in  which  the  calculus 
of  variations  is  required. 

Ex.  1.  Of  all  plane  curves  of  the  same  length,  that  which 
generates  the  greatest  or  least  surface  by  its  revolution  about  a 
given  axis  is  the  catenary. 

Ex.  2.  Of  all  plane  curves  of  the  same  length  the  elastic  curve 
bounds  the  area  which  by  its  revolution  about  a  given  axis 
generates  the  greatest  or  least  volume. 

Ex.  3.  Prove  that  the  plane  curve,  which  by  its  revolution 
about  an  axis  in  its  plane  generates  a  surface  of  given  area  and 
of  which  the  content  is  a  maximum  or  a  minimum,  is  such  that 
the  sum  of  the  principal  curvatures  at  every  point  of  the  generated 
surface  is  constant. 

Ex.  4.  Two  parallel  planes  being  given,  it  is  required  to  draw 
from  a  given  point  in  one  a  curve  of  g^iven  length  to  the  other, 
such  that  the  surface  of  the  cylinder,  of  which  the  curve  is  the 
director,  and  lines  perpendicular  to  the  planes  are  the  generators, 
may  be  a  maximum  or  a  minimum. 

333.]  To  find  the  line  of  constant  curvature  whose  length  is  a 
maximum  or  a  minimum. 

In  this  example  I  propose  to  follow  the  general  method  for 
resolving  problems  of  relative  maxima  and  minima ;  and  for  the 
purpose  of  shortening  the  process  and  formulse,  shall  suppose  8  to' 
be  equierescent. 

Let  k  =s  the  constant  radius  of  absolute  curvature ;  so  that 
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aud  therefore 

then^  applying  the  symbolB  of  Arts.  806^  821^  we  have 


x  =  0; 

da 
^^  ~  d.dx 


x,== 


da 
dUPse 


dx'+dy^+dz* 

dx      ikdx{{d*xf-\-{d*yf+{d*zf]^ 

ds  d^ 

dx     2\  dx  , 

ds       k   ds*' 

kd*x 

ds»{(d*x)^  +  (d»y)«+ (rf«z)*}* 

k\d*x 

~d^'' 


and  therefore  substituting  in  B=0^  and  pursuing  simihir  processes 
for  H  and  v,  we  have 


^Cdz      2k  dz\     j^kkd*z.      _ 
and  by  integration 


ds* 


(58) 


dx 
ds 
dy 
ds 
dz 
ds 


2k  dx      J  kkd'x 


2k  dy 
k  ds^ 

2k  dz 
k 


,kkd^y  _ 
■^—d?-=^' 


kkd^z  _ 


(54) 


a,  fi,  y  being  constants  introduced  in  the  integration :  to  determine 
them,  let  it  be  observed  that  the  definite  part  of  hu  given  in 
equation  (62),  Art.  306,  becomes  in  this  case 

Sdz      2k  dz       ,,  ,  d*z\, 

kkd'x,.     ,  kkd*y,.     ,  kkd^z^^y 


ds* 


ds* 


ds* 
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333-] 

and  this  must  vanish  by  virtue  of  the  reasoning  in  Art.  316 ; 
and  as  no  rektion  is  given  between  the  values  of  bsp,  by,  bz, ...  at 
the  two  limits^  the  coefficients  of  these  quantities  must  separately 
be  equal  to  zero ; 

and  as  these  are  particular  values  of  the  first  equation  of  (54)^  it 
must  be  consistent  with  them ;  therefore  a  =  0 ;  for  a  similar 
reason  /3  =  0,  y  =  0 :  whereby,  and  differentiating,  bearing  in 
mind  that  8  is  equicrescent, 


dx      2X  dr       ,    d^x  _^  ^ 


dy      2K  dy      ^^d^y 


k   d^ 


2K  dz 


=  0; 


W^^W^' 


(55) 


d» 

dz 

d»       k 

and  employing  the  symbols  of  Art.  377,  Vol.  I,  equations  (6), 
multiplying  the  preceding  equations  successively  by  x,  y,  z,  and 
observing  that        xcte-hYdy+zctr  =  0, 
we  have  •        xcPj?-f.Yd^y-f  zd^z  =  0;  (56) 

and  therefore,  by  reason  of  equation  (40),  Art.  382,  Vol.  I,  the 
radius  of  torsion  is  infinite ;  and  therefore  all  points  of  the  re- 
quired curve  lie  in  one  plane. 

Again,  from  (55),  since  X  is  an  arbitrary  constant,  and  ds  is 
also  constant,  we  may  replace  A  by  \^d8\  and  also,  replacing 

1  —2  -r-  by  A,  and  k\^  by  A',  we  have 

dx       ,d^x 
*di~*  5i^  =  ^' 

''ds      '^  dffi       "' 
,dz      ..d^z 

d^x 
whence  by  integration,   Aj?— A'  -r^  =  c^. 


<fo» 


=  <?„ 


*  A'  <^*' 


(57) 
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also  because  8  is  equicrescent^ 

h(xdx-\-ydy-\-zdz)  =  c^da^-^-c^dy-^-c^dz; 

.V    h{w^-hy^  +  z^)  =  2ciX-\-2c^y  +  2cj^z-^c^',  (58) 

which  is  the  equation  to  a  sphere  :  and  therefore,  combining  (56) 
and  (58),  it  follows  that  the  carve  is  a  plane  section  of  a  sphere, 
and  therefore  is  a  circle. 

It  may  also  thus  be  proved  that  the  curve  is  a  plane  curve : 
from  the  last  two  equations  of  (57)  we  have 

h  (zd^y^yd^z)  =  c^  d^y-^-c^d^z; 

h{zdy'-ydz)  =s  Cjrfy— Cgrfr-f  i^ ; 

therefore  also      h{xdz^zdx)  =  c^dz-^c^dx-\^k^, 

h{ydx—xdy)  =  c^dx^c^dy-^-k^-, 

multiplying  these  severally  by  dxy  dy,  dz,  and  adding,  we  have 

,>  k^dX'{'k^dy-\-k^dz  =  0; 

.-.     k^x-\-k^y-irk^z  =  k', 

the  equation  to  a  plane :  and  therefore  the  curve  required  is  a 
plane  section  of  a  sphere. 

884.]  In  Art.  314  it  has  been  stated  that  the  calculus  of 
variations  may  be  considered  as  a  particular  form  of  differential 
calculus,  wherein  the  number  of  subject-variables  of  any  fimction 
is  infinite :  I  propose  to  illustrate  this  mode  of  viewing  the 
calculus  by  the  following  simple  example  :  Between  two  given 
points  to  draw  a  curve  of  given  length,  so  that  the  area  contained 
between  it,  the  ordinates  to  the  two  points,  and  the  axis  of  x, 
may  be  a  maximum  or  a  minimum*^. 

Let  the  two  points  be  {Xq,  y^),  {x^,  yj :  and  let  the  distance 
x^^Xq  on  the  axis  of  x  be  divided  into  n  equal  parts,  and  the 
abscisssB  corresponding  to  the  points  of  partition  be  a^j ,  Tj, .  •  .^.-i ; 
and  let  the  corresponding  ordinates  be  y^,  yg^  ■  •  •  Vn^\  5  *^^  ^^^ 
for  convenience  of  notation  let  yi— yo  =  ^^o*  ya~yi  =  ^yi*  •••  i 
Xi—XQ=r  aXq  =  573— .Ti  =  . . . ;  and  suppose*  the  several  points,  to 
which  these  coordinates  refer,  to  be  joined  by  straight  lines,  of 
which  let  the  lengths  be  a^q,  a^^,  . . .  as^^j ;  and  let  the  sum  of 
these  lengths  be  equal  to  the  given  length  c ;  then,  if  a  =  the 
required  area, 

*  For  other  examples  of  maxima  and  minima  solved  by  this  process 
see  Schellbach,  Variationsrechnung,  Crelle,  Band  XLI»  p.  293,  1851. 
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A  =  2(^i-^o)(yi+yo)+  2^^2-'^i)(y2+yi)  +  . 


=  {(^i-^o)*+(yi-yo)'}*H-{(^2-^i)N(ya-yi)'}*+  • 

Let  tf  =  the  required  critical  function ;  then^  A  being  an  unde- 
termined constant, 

u  =  A  +  Ac; 

and  since  x^—XqIB  divided  into  n  equal  parts, 

a?j — ^0  ^^  ^^^2 — ^i  ^  •  •  •  =  &  constant ; 
so  that  ti  is  a  function  of  (n^l)  independent  variables,  viz. 
VisV^f ...  y»_i ;  and  therefore,  taking  the  partial  differentials  of 
u  with  respect  to  them,  and  equating  them  to  zero,  we  have  the 
following  series  of  equations  : 

'         *  (  A^j  A*i  ) 

"^^  (a»,_,       a*,_J  'J 

and  because 

*•+!-*•  =  ««+i  +  A*«+i-*«  =  2Aar,  say, 
each  of  these  equations  is  of  the  form 


(59) 


now  suppose  the  number  of  the  points  of  division  of  x^^x^  to 
become  infinite,  then,  taking  a?,  y, »  to  be  the  general  types  of 
their  particular  values,  from  (59)  we  have 

dx  =  Xd.  % 

whence  by  integration,  a  and  b  being  arbitrary  constants,  we  have 

(^-a)«+(y-ft)«=:A«.  (60) 
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And  this  is  the  equation  to  a  circle.  To  deteimine  a  and  b  and 
A,  we  have 

(^o-«)*+(yo-*)*  =  ^^  (61) 

(^,-a)>+(y,-i)«=rA»;J 

also  c  =:  I    ds 

Jo 

f^»  dy 

^^L  {A«-(y-ft)«}*' 

...     ^  =  rin-iyvJ»«sin-il?^ 

A  A  A 

.-.     (^o-«)(y«-*)-(^«-«)(yo-*)  -  A«Bin^;  (62) 

and  from  (61)  and  (62)^  a,  6^  and  A  may  be  determined. 

335.]|  In  the  preceding  Article  x  has  been  supposed  to  be 

equicrescent ;  but  we  might  manifestly  have  supposed  y  to  be 

equicrescent^  in  which  case  a  similar  process  would  have  led  to 

the  equation  ^ 

rfy  =  Arf.^;  (63) 

Also  the  problem  might  have  been  treated  more  generally; 
neither  of  the  variables  might  have  been  supposed  to  be  equi- 
crescent;  and  in  this  case^  as  the  coordinates  would  be  inde- 
pendent of  each  other^  we  should  have  had  two  simultaneous 
groups  of  equations  similar  to  (59);  and  from  them^  by  a  passage 
to  infinitesimal  subdivision,  we  should  obtain  two  simultaneous 
equations,  viz. 

dx  =  Arf.^,         dy  =  ^d''yz> 

whence,  integrating,  squaring  and  adding, 
(4r.-a)»+(y-ft)*  =  X«. 
A  careful  examination  of  the  process  by  which  this  example  has 
been  solved  will  shew  that  the  method  which  has  been  employed 
in  the  previous  cases,  and  which  was  explained  in  all  its  gene- 
rality in  the  preceding  Chapter,  is  precisely  the  same.  In  that 
form  bowever  it  is  concealed  under  symbols  of  int^^tion  and 
variation ;  whereas  in  this  Article  it  has  been  resolved  into  its 
simplest  elements,  and  has  been  laid  bare  to  inspection  and  exact 
investigation.  Other  problems  may  of  course  be  solved  by  the 
same  pnx^Bss. 
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Sbction  9.-^  On  Geodesic  Lines. 

886.]  One  problem  which  requires  the  Calculus  of  Variations 
deserves  especial  notice ;  it  is  that  of  the  determination  of  the 
longest  or  shortest  line  which  can  be  drawn  on  a  given  surface' 
from  one  point  to  another^  or  from  one  curve  to  another;  for 
these  lines  possess  important  properties  in  the  theory  of  geodesy^ 
and  consequently  in  reference  to  an  ellipsoid  of  three  unequal 
axes.  The  name  of  Geodesic  lines  have  been  given  to  them,  and 
it  is  necessary  to  consider  their  properties  at  considerable  lengthy 
and  from  various  points  of  view. 

Geodesic  lines^  or  Geodesies^  are  defined  to  be  the  longest  or 
shortest  lines  which  can  be  drawn  on  a  curved  surface  between 
two  given  points^  or  between  two  given  curved  lines. 

Let  the  equation  to  the  surface  on  which  the  lines  are  drawn  be 

P(;r,y,z)  ?r  0;  (64) 

and  let  us  employ  the  same  abbreviating  symbols  as  in  (1)^  (2)^ 

(8),  of  Art.  898,  Vol.  I.    Let  *  s=  the  length  of  the  geodesic 

between  the  given  limits;  then  «  ss  /    ds\  and  consequently  as 

Now  ^:p,by^^z  are  subject  to  the  relation 
u8a?+v^  +  w82r  =  0, 
and  as  this  must  consist  with  the  part  of  (66)^  which  is  under  the 
sign  of  integration^  we  have 

rf.^    d.$    d.^ 

as  as  as  ,^. 

■■  =  —  =  — — i^ ;  (DO) 

U  V  w  ^ 

which  are  the  differential  equations  to  geodesic  lines  on  a  given 
surface:  the  complete  integrab  of  them  have  never  yet  been 
founds  but  many  properties  may  be  deduced  both  in  the  general 
case  and  in  the  particular  case  of  the  ellipsoid. 

If  the  geodesic  line  is  drawn  from  one  given  point  to  another 
given  point  on  the  surface^  then^  as  there  are  no  variations  at 
these  limits^  the  definite  part  of  (65)  vanishes ;   but  if  the  geo- 

3  p  2 
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desic  line  is  drawn  froin  one  curve  to  another  curve  on  the  Bur- 
face^  then,  since 

and  as  ^ '  ^ '  3"  ^®  ^J*®  direction-cosines  of  the  tangent  to 

the  geodesic  line,  and  bx,  by,  hz  are  proportional  to  the  direction- 
cosines  of  the  tangent  to  the  limiting  curve  at  the  limit,  it  appears 
that  the  geodesic  line  cuts  both  the  limiting  curves  at  right- 
angles  :  this  is  also  manifest  by  general  reasoning. 

It  will  be  observed  however  that  although  an  infinitesimal  arc 
of  a  geodesic  is  of  a  minimum  length  between  its  extremities, 
yet  if  the  distance  between  the  extreme  points  is  finite,  a  geodesic 
passing  through  them  may  be  either  a  maximum  or  a  minimum, 
or  indeed  only  one  of  such  critical  lines,  the  number  of  which 
may  be  infinite.  Of  this  theorem  we  shall  hereafter  have  some 
instances. 

Since  ^--r *  ^*^ >  ^'"31  *'©  proportional  to  the  direction- 
cosines  of  the  principal  normal,  or  of  the  direction  of  the  radius 
of  absolute  curvature  of  a  curve  in  space^  and  since  u,  v,  w  are 
proportional  to  the  direction-cosines  of  the  normal  to  the  sur&ce 
at  the  point  (Xy  y^  z),  (66)  shew  that  the  radius  of  absolute 
curvature  of  a  geodesic  line  drawn  on  a  surfince  is  coincident  in 
direction  with  the  normal  to  the  surface ;  or,  in  other  and  equi- 
valent words,  that  the  osculating  plane  of  a  geodesic  line  is  a 
normal  plane  to  the  surface. 

Hence  it  appears  that  if  a  cylinder  or  other  developable  surface 
touches  a  given  surface  along  a  geodesic,  the  line  of  contact 
becomes  straight  when  the  developable  surface  is  unwrapped  into 
a  plane. 

* 

337.3  ^^^  equations  to  a  geodesic  line  on  a  surface  may  be 
put  under  the  following  form  : 

Since  the.  osculating  plane  of  the  geodesic  line  contains  the 
normal  to  the  surface,  we  have 

v{dyd^Z''dzd^y)-\-\(dzd^x-dzd^z)  +  yf(dxd^y^dyd'^s)  =  0, 

or  {\d^z^wd^y)dX'\'(wd\v—vd^z)dy  +  (\:dhf^\d*x)dz  =  0; 

also  ufltr-fvrfy-fwrfr  =  0; 

whence  we  have  the  equality 
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dx/ ^ 


(67) 


q^(dvd^x-\-dyiPy-^dzd^z) 

_  dvdx-^-dvdy-^-dwdz 

"~  q^  (rfu  d'^a?  -f  dvd^y  -h  rfwrf^^r— (urfuH-vdv  +  wrfw)(urf?a?  +  vrf^y-fwd>r)' 

and  since        udr+vrfy-f  wife  =  0, 

.'.     vd^x+\d*y-\-yfd^z  ir^--  (dvdx-^-dwdy  +  dwdz); 

80  that  from  (67)  we  have 

di]d^x+dvdhf-^dwd*z    urfuH-vrfv+wrfw     dxd^x^dyd^'\-dzd*2 
'dvdx^dvdy^dwdz^  ^  dx^-^dy^-^d^        ""   ^ 

rfu  rf^j?  -f  rfvrf V  -h  dw  rf^2r      rfq  ^  dMs  _ 
dvdx-^-dvdy  +  dwdz  q        S"  ""     ' 


/ 


dvd^x-\-dyd^y  +  dwd^z       ,      rf«  .gg. 

dvdx  +  dwdy-^dwdz    ~         Q  ' 

The  element  of  the  integral  in  the  first  member  of  this  equation 
is  manifestly  a  differential  of  the  second  order;  and  the  integral 
will  consequently  involve  two  arbitrary  constants  one  of  which 
will  depend  on^  say,  the  initial  direction,  and  the  other  on  the 
initial  point  of  the  geodesic.  The  complete  integral  of  (68)  has 
not  yet  been  found.  In  the  case  of  surfaces  of  the  second  degree 
the  first  integral  can  be  found,  as  we  shall  presently  see. 

338.3  Let  p  be  the  radius  of  absolute  curvature  of  a  geodesic 
line;  then  by  (28),  Art.  877,  Vol.  I, 

therefore,  from  (66), 

d  —       rf  ^       d  — 
'  d9         '  d$         '  ds      ds  ^ 

V     ""     V     ^     w     ""  pq ' 

by  means  of  either  of  which  equations  the  length  of  the  Yadius 

of  absolute  curvature  at  any  point  may  be  determined. 

Also  let  p^  be  the  radius  of  curvature  of  the  normal  section  of 

the  surface  which  contains  ds ;  then,  from  (69), 

J  dx        .,  dy       jdz 

,  urf. -p-f  vrf.-f -f-Wrf.-j- 

^^  ds  ds  ds 
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—  = 5-^ ,  if  *  w  equicresoent ; 


Q^ 


=   7  8^;  by  reason  of  (12),  Art.  899,  VoL  I. 

••.     P  =  p; 
that  is,  the  radius  of  absolute  curvature  of  a  geodesic  line  is 
equal  to  the  radius  of  curvature  of  the  normal  section  of  the 
surface,  which  at  their  common  point  touches  the  line. 

This  result  may  also  be  inferred  from  the  property  stated  in 
Art.  886 ;  viz.,  the  osculating  plane  of  a  geodesic  line  is  a  normal 
plane  to  the  surface.  Consequently  two  consecutive  elements 
of  the  geodesic  are  in  the  normal  plane,  and  are  coincident  with 
two  consecutive  elements  of  the  normal  curve  of  section ;  thus 
the  radius  of  absolute  curvature  of  both  curves  is  the  same. 

839.]|  Also  to  determine  the  torsion  of  a  geodesic,  let  us  take 
the  value  of  the  radius  of  torsion  which  is  given  in  (41),  Art.  382, 
Vol.  I :  whereby  we  have 

1  2 

-  =  -~5  {xrf»a?+Yd8y+zrf»xr}. 

Now  by  (69),  if  *  is  equicrescent,  we  have 

X  ss  dyd^z—dzdhf  = (wdy— vdt), 

PQ 

Y  =  dzd^x^dxd^z  =  — (udi— wrfa?), 
PQ 

JU2 

z  =  dxdhf^dyd'^x  ^  (vcte— urfy); 

P** 
and  substituting  in  (71), 

1  ^ 

-^{{dzdhi^dyd^z)v-\^{dxd^z-dzd^x)y  +  {dyd^x^dxdh^^^ 

(78) 


(71) 


(72) 


= ^{Ucfe-f  VrfY+wrfz}. 

And  since  xd*j?+Yd*y  +  zrf*j8r  =  0,  by  (69)  we  have 

UX  +  VY  +  WZ  =  0. 
.•.       —  (urfX  +  VrfY  +  wrfz)  ss:  xrfD  +  YrfV-|- vrfw. 

.\    from  ^73),      -  =  —^  {xrfu-fYrfv-hz  dw} 


(74) 
(76) 

(76) 
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-=  -g^{(wrfy— vcfo)rfu  +  (urfj8r— wrfa?)rfv  +  (V{te— udy)dw} 
(vrfw— wdv)cte-h(w(/u— udw)dy-f  (urfv— vrfp)d2r         ,^ 

which  gives  the  radius  of  torsion  at  any  point  of  a  geodesic. 

K  the  numerator  of  {^7)  =  0,  dx,  dy,  dz  refer  to  a  line  of  cur- 
vature at  the  point  (j?,  y,  z),  by  reason  of  (7),  Art.  898,  Vol.  I. 
Hence  it  follows  that  if  a  geodesic  touches  a  line  of  curvature,  its 
torsion  is  suspended  at  the  point  of  contact.  And  consequently 
if  a  lioe  of  curvature  is  a  geodesic,  it  is  a  plane  curve,  because 
eveiy  point  on  it  is  a  point  of  suspended  torsion. 

Also  since  there  are  two  lines  of  curvature  passing  through 
eveiy  point  and  at  right  angles  to  each  other,  there  are  also  at 
eveiy  point  two  geodesiqs  whose  torsion  is  suspended  at  that 
point. 

840.]  Let  us  further  consider  geodesies  at  a  point  in  reference 
to  the  lines  of  curvature  which  pass  through  that  point. 

Let  the  numerator  of  {77)  be  replaced  by  its  equivalent  which 
is  given  in  (24),  Art.  899,  Vol.  I ;  then 

1  _  u(K~L)rfydg-hv(L— H)rf2r<to4 v(H~K)drrfy 

5  -  ^d? •      ^^^) 

Let  (/,  m,  n),  (^,  m, ,  n^),  (/,,  m,,  n^),  be  sets  of  direction-cosines 
referring  to  the  geodesic  and  to  the  two  lines  of  curvature  at  the 
point  (a?,  y,  z) ;  let  ^  be  the  angle  at  which  the  geodesic  in  its 
first  element  is  inclined  to  the  first  line  of  curvature ;  and  let 
Pi  and  p,  be  the  principal  radii  of  curvature  at  the  point;  then 

1  _  u(k— L)mn-hv(L— H)n/-f  w(h— K)/m, 


(79) 


u(K-L)mini+v(L-H)ni/i+w(H-K)/im,  =  0,  )        ^ 
u(K-L)mjii,  +  v(L-H)ii,^  +  w(H~K)/,m,  =  0;»  ^ 

and  by  (41),  Art.  408,  Vol.  I, 

/  ss  /|  cos  ^  +  /,  sin  $,  ") 
m  ^fniC086-\'m^6in$,    f  (81) 

ft  =  fijcos^-f  fijsin^;  J 
therefore  substituting  these  in  (79),  and  omitting  terms  which 
vanish  by  reason  of  (80), 

1       sin  ^  COS  ^  ,    ^ 

;  = q2 {u(K-L)(min,  +  »|i>i,) 

+  V(L-H)(»,/j  +  /l«,)-|.W(H-K)(/ifl4  +  l«ii;)}; 
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but  since         u/i  -f  vwij  +  wfij  =  u/g  4-  vm^ + wn^  =  0, 
and  2|/2+99»im,  +  nin2  =  0; 

u       •    ~         V         ""  w  "  q' 

•  •  J  =  ^ {(K-L)(mi^V-ni^m2») 

sin ^  cos ^  r    ,,•     ,ov        /     •         «v       /    •        OM 

= {H(V-/2')  +  K(V-0  +  L(V-V)} 

=  sin  ^  COS  ^  (~  -  — ) ,  by  (20),  Art.  399,  Vol.  I ;      (82) 

and  this  assigns  the  radius  of  torsion  in  terms  of  the  principal 
radii  of  curvature,  and  of  the  angle  between  the  first  element  of 
the  geodesic  and  a  line  of  curvature.  Jlence  we  have  the  follow- 
ing theorems. 

IT 

The  torsion  is  suspended  when-d  =  0,  and  when  ^  =  « *  that  is 
when  the  geodesic  touches  a  line  of  curvature. 

The  torsion  is  a  maximum  when  0  =  45%  and  0  =  135® ;  that 
is,  when  the  geodesies  bisect  the  angles  between  the  lines  of 
curvature.  Thus  if  lines  of  maximum  geodesic  torsion  are  traced 
on  a  given  surface,  two  such  will  pass  through  every  point  on  the 
surface,  and  they  will  bisect  the  angles  between  the  lines  of  cur- 
vature at  that  point. 

The  torsions  of  two  geodesies  which  intersect  at  right-angles 
are  equal  at  the  point  of  intersection. 

It  p^=  p^,  that  is,  if  the  point  (a?,  y,  z)  is  an  umbilic,  the 
torsion  at  that  point  of  every  geodesic  passing  through  it  is  sus- 
pended. And  conversely,  if  at  a  given  point  the  torsion  of  every 
geodesic  passing  through  it  is  suspended,  that  point  is  an  umbilic. 

The  equation  (82)  may  also  be  put  into  the  following  form. 
Let  p  and  p^  be  the  radii  of  curvature  of  the  normal  sections 
coincident  with  and  perpendicular  to  the  geodesic;  then  by 
Euler's  Theorem,  (45),  Art.  408,  Vol.  I, 

1         (cos^)«       (sin^)»        1         (sin^)>       (costf)*. 

—   = -I-  ,      —7-  =r 1-  , 

P  Pi  Pi  P  Pi  Pi 

.-.  1=1--^-.  (83) 

»        PP      PiP% 
341 .]  The  preceding  theory  of  geodesies  leads  to  some  theorems 
concerning  lines  drawn  on  a  surface  which  deserve  attention. 
Let  PQR...be  a  curved  line  drawn  on  a  surface,  of  which 
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PQ,  QE, ...  are  equal  elements,  and  each  =  to  ds.  Produce  PQ 
to  T,  making  qT  =  pq=«b.  From  t  draw  tn  at  right-angles  to 
the  surface^  and  meeting  the  surface  in  n  ;  join  qn^  tr^  rn. 
Then  the  plane  pqtn  is  evidently  the  normal  plane  to  the  surface 
at  p,  and  pq,  qn  are  consecutive  elements  of  the  geodesic  of  which 
pq  is  the  first  element;  consequently  this  geodesic  touches  the 
curve  pqR  at  p^  and  has  contact  of  the  second  order  at  least  with 
the  curve  made  by  the  normal  section  at  p.  Now  the  line  nr 
indicates  the  deviation  of  the  curve  pqR  from  the  geodesic  pqN 
which  touches  it  at  p  ;  and  for  this  reason  the  deviation  is  called 
geodesic  curvature.  And  as  in  the  fig.  thus  described  TqR  is  the 
angle  of  absolute  curvature  of  pqR,  TqN  is  the  angle  of  absolute 
curvature  of  the  geodesic  pqN,  so  is  the  angle  RqN  the  angle  of 
geodesic  curvature  of  pqR.  Let  p  and  p'  be  the  radii  of  absolute 
curvature  of  pqN  and  pqR  respectively;  then  by  the  definitions 
of  these  we  have  «b  =  pATqN;  efe  =  p'z.TqR.  Analogously 
let  us  suppose  d*  =  p'^ANqa;  then  p''  is  called  the  radius  of 
geodesic  curvature*.  Now  these  three  infinitesimal  angles  form 
at  q  the  vertical  angle  of  the  tetrahedron,  of  which  the  three 
adjacent  sides  qT,  qR,  qN  are  approximately  equal ;  hence  the 
angles  are  proportional  to  the  opposite  sides ;  so  that 

p  X  TN  =  p'  X  TR  =  p"  X  NR.  (84) 

Let  <^  =  the  angle  which  the  osculating  plane  of  pqR  makes 
with  the  normal  plane  pqN ;  that  is,  let  rtn  =  <^;  then 

NT  =  RT  cos  ^,      RN  =  RT  siu  <f>  ; 

consequently  ' 

p'  =  pcos<l>i     P"=-^;  (85) 

sm  <p 

the  former  of  which  equations  is  Meunier's  theorem ;  see  Art.  414, 
Vol.  I ;  the  latter  gives  the  value  of  the  radius  of  geodesic  cur- 
vature in  terms  of  the  radius  of  absolute  curvature. 

Since  for  a  geodesic  ^  =  0,  the  radius  of  geodesic  curvature  of 
a  geodesic  is  infinite. 

342.3  The  following  are  also  theorems  of  considerable  im- 
portance. 

(1)  Let  o,  fig.  49,  be  a  point  (^o*yo>^o)  ^^  *  given  surface 
F  (^>  y>^)  =  0;  and  from  o  let  a  series  of  geodesies  op,  oq,  or.  . . 
be  drawn  infinitesimally  near  to  each  other ;  and  &om  them  let 

*  Liouville  in  the  appendix  to  Monge,  Application  d' Analyse,  &c.,  pp.  56S, 
574;  and  Bonnet,  Journal  de  TEcole  Polytechnique,  Cab.  XXXII. 

PRICE,  VOL.  II.  3  q 
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equal  lengths  op  =  oq  =  ob^  ...  =  #;  be  cut  off;  and  throiigli 
the  extremities  p,  q,  r...  let  the  curve  pqe..,,  of  which  the 
current  coordinates  are  f ,  17,  f,  be  drawn ;  this  curve,  which  is  the 
locus  of  all  points  the  geodesic  distances  of  which  firom  o  are 
equal  to  s,  is  called  a  geodesic  cirole,  whose  radius  is  s^  and  whose 
centre  is  o.  Similarly  from  the  same  centre  o  a  series  of  concen- 
tric circles  may  be  described.  Now  since  for  any  given  circle 
the  radius  is  constant,  and  that  radius  =  the  distance  from 
(^o^yt^^o)  ^  {(yVyOy  =  *»  *t®  variation  of  s  between  these  two 
points  vanishes;  consequently  the  coordinates  of  these  points 
must  satisfy  the  integrated  part  of  (65).  As  one  of  the  limits, 
viz.  {a?Q,  y^,  Zq),  is  a  fixed  point,  there  are  no  variations  of  its 
coordinates ;  but  for  the  other  limit,  viz.  {(,  ly,  C),  we  have 

|,,^|„^J^=„,  (86, 

in  which  6£,  brj,  8f  are  the  projections  on  the  coordinate  axes  of 

an  arc-element  of  the  g'eodesic  circle,  and  -7- ,     -r^,     -r-  are  the 
®  as      d8      ds 

direction-cosines  of  that  element  of  a  geodesic  radius  which  meets 
the  circle  at  (£,  ty,  f ) ;  consequently  these  two  elements  are  per- 
pendicular to  each  other,  and  each  of  the  radii  is  cut  at  right- 
angles  by  the  geodesic  circle ;  and  thus  the  geodesic  circle  inter- 
sects orthogonally  a  series  of  geodesic  radii  originating  at  a  given 
point. 

This  theorem  may  also  be  demonstrated  by  the  geometrical 
process  of  infinitesimals. .  Let  op  and  oq  be  two  consecutive 
geodesies  of  equal  length,  and  pq  be  an  element  of  the  curve 
which  joins  the  extremities  of  the  series  of  similar  geodesies  of 
equal  length.  Then  pq  is  perpendicular  to  both  op  and  oq. 
For  if  pqo  is  not  a  right-angle,  let  us  suppose  it  to  be  greater 
than  a  right-angle.  From  q  let  qx  be  drawn  at  right-angles 
to  pq  and  intersecting  op  in  t;  then  considering  the  triangle 
pqT,  as  pq  is  an  infinitesimal  and  pqT  is  a  right  angle,  pt  is 
greater  than  qx;  so  that  adding  ox  to  each,  ox  +  xp  is  greater 
than  ox+xq;  but  ox+xp  =  op  =  oq;  therefore  oq  is  greater 
than  ox-f  xq;  that  is  oq  is  not  the  shortest  line  &om  o  to  q,  as 
it  is  assumed  to  be.  Consequently  oqp  is  not  an  obtuse  angle ; 
in  the  same  way  it  may  be  shewn  that  it  is  not  an  acute  angle : 
and  therefore  it  is  a  right-angle. 

(2)  Hence  also  conversely,  if  every  geodesic  through  0  to 
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points  on  the  curve  pqr  ...  cuts  that  curve  at  right  angles,  the 
lengths  of  the  geodesies  are  equal. 

(3)  By  a  similar  process  it  may  be  shewn  that  if  from  all  points 
of  a  line  drawn  on  a  given  surface  geodesies  of  equal  length  are 
drawn  perpendicular  to  that  line^the  locus  of  their  extremities  is 
a  curve  which  is  perpendicular  to  the  geodesies.  Lines  on  a 
surface  thus  related  are  called  geodesic  parallels ;  such  are 
p  QU,  p'qV,  ...  in  fig.  48 ;  the  number  of  them  is  of  course  infinite. 

(4)  If  from  a  point  o  on  a  surface  two  geodesic  radii  yectores 
OP,  OQ  are  drawn  to  two  points  p  and'  q  on  a  line  on  the  surface, 
and  infinitesimally  near  to  each  other,  then,  if  pq  =  ^,  and 

OPQ  =0, 

OP  -  OQ  =  &  cos  4^.  (87) 

As  these  theorems  are  fundamental  in  the  dembpstration  of 
geometrical  theorems  concerning  straight  lines  and  planes,  they 
are  applicable  to  the  proof  of  theorems  concerning  lines  on  sur- 
faces in  reference  to  geodesies,  when  the  lines  are  of  infinitesimal 
length  and  may  be  considered  straight,  and  when  surface-ele- 
ments are  considered  which  are  approximately  planes.  The  truth 
of  the  following  theorems  is  evident  from  these  principles. 

(5)  K  two  points  are  taken  on  a  surface,  and  a  curve  is  drawn 
on  it  such  that  the  sum  of  the  lengths  of  the  two  geodesies  drawn 
from  any  point  of  it  to  the  two  given  points  is  constant ;  the 
tangent  at  any  point  of  the  locus  is  equally  inclined  to  the  two 
geodesies.  Such  a  curve  is  called  a  geodesic  ellipse,  the  given 
points  being  the  geodesic  foci,  and  the  two  geodesies  drawn  from 
any  point  on  the  curve  to  the  foci  being  the  geodesic  focal  radii. 

(6)  If  two  points  are  taken  on  a  surface,  and  a  curve  is  drawn 
on  it  such  that  the  difference  of  the  geodesic  lengths  from  any 
point  on  it  to  these  two  points  is  constant,  the  tangent  at  any 
point  of  the  locus  bisects  the  angle  between  these  two  geodesies. 
The  locus  thus  defined  is  called  a  geodesic  hyperbola. 

(7)  A  series  of  geodesic  confocal  ellipses  is  intersected  or- 
thogonally by  a  series  of  geodesic  confocal  hyperbolas. 

343.]  The  following  are  examples  in  which  the  preceding 
theory  of  geodesies  is  applied. 

Ex.  1.  Determine  the  geodesies  on  the  sphere,  x^-^y^-^z^=^  o*. 
In  this  case  from  (66)  we  have 

3  Q^ 
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.dx  dy  dz 

ds as as 

X      ^     y      "      z    ' 

.  dz        jdy       ^ 

whence  by  integration,  if  h^  is  an  arbitrary  constant, 
dz        dy       - 

similarly  z^  —x-^  :=.h^    \  (88) 

dy       dx       - 

where  Ag  and  h^  are  also  arbitrary  constants : 

.-.     \x-\'h^y-ith^z^^y 

which  is  the  equation  to  a  plane  passing  through  the  origin, 
which  is  the  centre  of  the  sphere,  and  consequently  intersects  the 
sphere  in  a  great  circle.  Hence  a  great  circle  is  a  geodesic  on  a 
sphere ;  and  the  geodesic  joining  two  given  points  on  a  sphere  is 
the  arc  of  a  great  circle.  As  the  great  circle  passing  through 
two  given  points  will  be  divided  at  these  points  into  two  arcs,  of 
which  one  is  greater  and  the  other  is  less  than  a  semicircle,  so 
the  points  will  be  joined  by  two  diflferent  geodesies  of  which  one 
is  a  maximum,  and  the  other  is  a  minimum.  This  illustrates 
the  remark  in  Art.  337,  that  if  a  geodesic  joins  two  given  points 
we  cannot  assert  absolutely  that  the  length  is  eith^  a  maximum 
or  a  minimum. 

Ex.  2.  Determine  the  geodesic  joining  two  given  points  on  a 
right  circular  cylinder. 

Let  the  equation  to  the  cylinder  be  a?*+y*  =  a*;  and  let  the 
two  points  be  (a,  0,  0),  (a  cos  a,  asrua,  e).     Then  from  (66) 
we  have                       ^^         ^  Az 
a.  -J-        ».  -J-        «.  -j- 
*  ^  *  _  ^.  (89) 

X  y  0     ^ 

dz 
from  the  last  of  which  rf.  -r-  =  0 :  therefore 

dz 

^  =  a  constant  =  sm  /3,  say ; 

and  this  shews  that  the  geodesic  cuts  all  the  generating  lines  of 
the  cylinder  at  a  constant  angle ;  consequently  the  geodesic  is 
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the  helix^  the  inclination  of  the  line  of  which  to  the  plane  of 
{x,  y)  =  )3.  The  equations  to  it  may  be  found  as  follows.  From 
the  first  two  of  (89) 

,  rfy         J  dx       ^ 

dy        dx       . 

•■•  ^^-ys  =  *  =  ""*''''' 

because  when  x  =z  a,y  =i:  0,-~  =  cos  /3.  Therefore  integrating 
again  we  have 

z  =  *sini3;         tan~^-  =  -cos)8.  (90) 

X       a 

And  if  0?  =  a  cos  ^^  y  =  a  sin  $,  then  z  ==.  akd,  if  A:  =  tan  p ;  and 

these  are  the  equations  to  the  helix.     See  Art.  347,  Vol.  I. 

To  determine  the  quantity  fi,  we  have,  by  the  values  of  the 

superior  limit,  c  =  aa  tan )3 ; 

.-.    0  =  tan-i— . 
aa 

And  as  the  number  of  the  values  of  fi  which  satisfy  this  equation 
is  infinite,  so  the  number  of  geodesies  which  can  be  drawn  join- 
ing the  two  points  is  also  infinite.  This  is  also  evident  from  the 
geometry,  inasmuch  as  the  geodesic  may  be  drawn  from  the 
first  point  round  the  cylinder  any  number  of  times  before  it  falls 
into  the  second  point;  and  the  greater  the  number  of  times  that 
it  is  drawn  round  the  cylinder^  the  smaller  is  j3,  since  c=tf  sinyS, 
where  8  =  the  length  of  the  geodesic. 

344.3  Determine  the  equations  of  the  geodesic  drawn  on  the 
surface  of  an  ellipsoid. 

Let  the*  equation  to  the  ellipsoid  be 

a»  +  fc»  +  c«  -  ^ ' 

2«  2y  2z 

so  that  "     V  z=  -^,       v=-^,        ^  =  ^' 

2<fo         ^        2rf«         J         2dz 

and  the  equations  to  a  geodesic  which  are  given  by  (68)  give 
after  integration 

^  a^   ^  »   ^    i?  f  \  a^  ^  b^  ^  c^f       k^ 
where  A:  is  a  constant  introduced  in  integration,  and  may  be 
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expressed  in  terms  of  .the  coordinates  of  the  initial  pointy  and  of 
the  initial  direction  of  the  geodesic.  This  equation  does  not 
admit  of  further  integration^  but  gives  the  following  geometrical 
theorem.  Let  p  be  the  length  of  the  perpendicular  firom  the 
centre  of  the  ellipsoid  on  the  tangent  plane  at  {x,  y,  z) ;  then 

and  let  d  be  the  central  radius  vector  of  the  ellipsoid  which  is 
parallel  to  the  tangent  of  the  geodesic  at  {a,  y,  z) ;  then 

so  that  from  (91)  we  have        />rf  ==  *«* ;  (94) 

and  thus  for  all  points  along  the  same  geodesic^  the  rectangle 
contained  by  the  perpendicular  from  the  centre  on  the  tangent 
plane  and  the  central  radius  parallel  to  the  tangent  of  the 
geodesic  are  constant. 

345.]  The  following  are  deductions  from  Joachimsthal's 
theorem. 

(1)  For  all  geodesies  passing  through  an  umbiUc  pd  has  the 
same  value.     At  the  umbilic  p  is  the  same  for  all  geodesies^  and 

CLC 

p  z=  -J-;  and  as  the  central  plane  section  parallel  to  the  tangent 

plane  at  the  umbilic  is  a  circle  whose  radius  =zb,  diB  the  same 
for  all  geodesies  at  the  umbilic^  and  =r  i.  Consequently  for  all 
geodesies  passing  through  an  umbilic,  pd  =  Ifl  :=  ac, 

(2)  A  geodesic  ellipse  on  an  ellipsoid,  of  which  two  adjacent 
umbilics  are  the  geodesic  foci,  is  a  line  of  curvature. 

Let  u,  V  be  two  adjacent  umbilics,  and  let  p  be  a  point  on  a 
geodesic  ellipse,  of  which  u  and  v  are  the  geodesic  foci;  let  ds  be 
an  arc-element  of  the  geodesic  ellipse  at  p  ;  then  by  (6),  Art.  848, 
pu  and  pv  are  equally  inclined  to  (b.  het p^d^^p^d^  refer  to  pu 
and  p  V  respectively ;  then,  by  the  preceding  theorem,  p^  d^  =/>,  rf, : 
and  /?!  =  /?2,  as  p  is  common  to  the  two  geodesies ;  consequently 
d-^^  d^'f  and  thus  these  radii  are  equally  inclined  to  the  prin- 
cipal axes  of  the  central  plane  section  which  is  parallel  to  the 

*  This  theorem  was  first  given  by  Joachimsthal^  Crelle,  Vol.  XXVI,  p.  158, 
and  is  now  known  as  Joachimsthal's  theorem.  An  elegant  proof,  by  the  geo- 
metrical infinitesimal  method,  is  given  by  Prof.  Charles  Graves,  of  Dublin, 
Crelle,  Vol.  XLII,  p.  279. 
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tangent  plane  at  p.  But  d^yd^  are  parallel  to  the  tangents  of 
pu  and  py  at  the  point  p;  and  therefore  ds  is  parallel  to  a  prin- 
cipal axis  of  the  central  plane  section.  But  the  tangent  of  a  line 
of  curvature  on  an  ellipsoid  is  always  parallel  to  a  principal  axis 
of  the  plane  central  section  which  is  parallel  to  its  tangent  plane; 
consequently  ds  is  an  arc-element  of  a  line  of  curvature ;  and  thus 
the  geodesic  ellipse  is  a  line  of  curvature. 

If  flb'  is  an  arc-element  of  the  geodesic  hyperbola  of  which  u 
and  V  are  the  foci^  and  which  intersects  the  geodesic  ellipse  at  p^ 
then  by  (7),  Art.  342;  ds^  is  perpendicular  to  ds,  and  as  the  two 
lines  of  curvature  at  p  are  perpendicular  to  each  other,  rf/  is  an 
arc-element  of  a  line  of  curvature;  consequently  a  geodesic 
hyperbola,  of  which  the  umbilics  are  foci,  is  a  line  of  curvature. 

.(3)  All  geodesies  which  connect  two  opposite  umbilics  are  of 
equal  length. 

Let  u^,  v'  be  the  umbilics  opposite  to  u  and  v  respectively. 
Let  p  be  a  point  in  which  the  geodesic  ellipse  whose  foci  are  u 
and  V  intersects  a  geodesic  hyperbola  whose  foci  are  v  and  u'; 
then         pu  +  pv  =  a  constant;  pu'— pv  =  a  constant; 
.•.    by  addition        pu  +  pu'=  upu'=  a  constant. 

And  by  the  properties  of  geodesies  proved  in  (5)  and  (6),  Art.  342, 
it  is  evident  that  the  angles  made  by  pu  and  pu'  with  a  line  of 
curvature  at  p  are  supplemental  to  each  other;  so  that  pu  and 
pu'  are  consecutive  parts  of  the  /same  geodesic.  Consequently 
the  lengths  of  all  geodesies  which  join  two  opposite  umbilics 
are  equal. 

There  are  many  other  theorems  of  geodesies  on  an  ellipsoid 
relative  to  lines  of  curvature  which  are  important  and  deserve 
investigation;  but  the  method  of  elliptical  coordinates  devised  by 
Lam^  and  the  whole  theory  of  confocal  quadric  surfaces  are  so 
well  adapted  to  the  demonstration  of  them,  that  it  is  not  worth 
whik  to  discuss  them  by  other  processes ;  and  a  sufficient  and 
satisfactory  exposition  of  those  systems  requires  more  space  than 
can  be  allotted  within  the  limits  of  the  present  work ;  I  must 
consequently  refer  the  student  to  the  treatises  which  are  espe- 
cially devoted  to  these  subjects. 

346.]  Again,  let  p  =  the  radius  of  absolute  curvature  of  a 
geodesic  on  an  ellipsoid ;  then  from  (69)  we  have,  if  s  is  equi- 
crescent, 
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_       d^dx^d\dy-\-  dwdz 

rfa?*       rfy*       dz^ 
^       ^  a«   ^    A*    ^   c« 

/^    yl    ^^*-  J_L*^    Jl^?!    i^^l 

and  consequently  by  (92)  and  (93), 

d^^ppi  (95) 

that  is,  of  geodesies  which  pass  through  the  same  point,  the 
radii  of  absolute  curvature  are  proportional  to  the  squares  of  the 
central  radii  which  are  parallel  to  their  tangents.     Hence  also 

P  =  -  =  4;  (96) 

that  is,  along  the  same  geodesic  the  radius  of  absolute  curvature 
varies  inversely  as  the  cube  of  the  perpendicular  drawn  from  the 
centre  of  the  ellipsoid  on  the  tangent  plane  at  the  point. 

847.]  By  the  system  of  coordinates  which  has  been  explained 
in  Section  5,  Chapter  IX,  the  general  equation  of  geodesies  may 
be  reduced  to  a  differential  equation  of  a  form  more  simple  than 
that  of  (68) ;  yet  however  of  the  second  order,  and  not  admitting 
generally  of  integration. 

Let  s  be  the  length  of  the  geodesic  between  the  two  points 
(fi>  »?i)  a^d  ((q,  %) :  then  by  equation  (89),  Art.  247, 

8  =  l{^dp  +  2Tdidri^Gdr^}^; 

and  taking  the  variation  of  8,  we  have 
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bat  since  x^  r  »nd  e  are  functions  of  $  and  tj, 

and  similar  values  are  true  for  dv  and  do;  so  tliat  substituting 
in  (97)^  and  equating  to  zero  the  coefficients  of  Sf  and  di;  which 
are  under  the  sign  of  integration^  and  bearing  in  mind  equations 
(98)  and  (100),  Art.  247,  we  have 


(98) 


from  which  we  have 


(99) 


V  at      V 


also  from  Art.  247,  we  have 

i.  ii      ^  ^(  .  ^ 
cot^  =  --r  +  -> 
V  dri      V 

by  means  of  which  equations  $  and  ^  may  be  eliminated  from 

(99),  and  thereby  a  differential  equation  found  which  will  be  that 

to  the  geodesies  on  the  surface. 

848.]  The  preceding  formulse  are  much  simplified  if  f  and  ri 
are  so  assumed  that  the  angle  at  which  the  lines  of  one  system 
intersect  those  of  the  other  system  is  90*^;  in  which  case,  see 
equation  (93),  Art.  247,  cos  o)  =s  0^  and  therefore  F  s=  0 :  and  the 
equations  to  the  geodesies  become 

2(.o,»*.(f)«-@^,     «t.=(!)*|; 

the  equations  in  terms  of  ^  being  identical  with  these. 

This  also  admits  of  fiirther  simplification  :  let  us  suppose  the 
systems  of  lines,  {  and  17,  to  be  geodesic :  then  if  i;  =  a  constant, 

tf  SB  0,  and  consequently -T-  ss  0;  and  b  either  is  a  constant  or 

is  independent  of  17;  so  that 

2(B0)*d»  =  -  (g)rfi/,       cot  0  =  (if^i  (100) 

by  means  of  which  0  may  be  eliminated,  and  the  resulting  dif- 
ferential equation  will  be  that  to  the  geodesic  lines. 

PRICE,  VOL.  II.  3  B 
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And  to  take  the  simplest  case  of  all :.  let  a  series  of  geodesie 
lines  of  equal  length  originate  at  the  point  o;  and  let  it  be 
referred  to  a  system  of  geodesic  polar  coordinates^  analogous  to 
that  of  plane  polar  coordinates^  and  such  as  we  have  described  in 
Art.  342 ;  but  to  avoid  the  inconvenience  of  new  symbols^  let  ^ 
be  the  geodesic  radial-distance  of  any  point  from  o^  and  let  17  be 
the  angle  between  the  first  elements  of  $  and  of  an  originating 
prime  radius  which  abut  at  o ;  then,  by  Art  342,  the  condition 
of  orthogonality  is  satisfied,  and  by  (90),  Art.  247,  since  da^sd^, 
B  ;=:  1 :  iience  (100)  become 

To  simplify  these,  let  g*  =  w ; 
and  eliminating  $y  we  have 

which  is  the  difierential  equation  to  the  geodesic  lines,  but  does 
not  generally  admit  of  integration. 

m  is  generally  a  function  of  both  f  and  ri ;  and  mdri,  by  reason 
of  equation  (91),  Art*  247,  is  the  element  of  a  line  of  the  second 
system ;  but  if  all  the  lines  of  the  first  system  originate  at  a 
common  point  o,  rj  may  be  assumed  so  that  it  =  0,  when  f  =  0 ; 
and  taking  t;  to  be  the  angle  between  the  first  elements  of  the 
originating  geodesic,  and  of  any  other  geodesic  corresponding  to 
f,  the  element  of  a  line  of  the  second  system  may  be  considered 
as  the  arc  of  an  infinitesimal  circle  when  (  is  infinitesimal,  and 
equal  to  ^drj:  therefore  for  an  infinitesimal  value  of  f,  f  =  m, 

and  -jjr  =  1. 

A  further  inquiry  into  the  subject  of  geodesic  lines  from  this 
point  of  view  is  beyond  the  scope  of  our  work ;  but  it  has  im- 
portant applications  in  the  determination  of  curvature  of  surfaces, 
according  to  the  principles  of  the  system  invented  by  Gauss,  and 
explained  in  his  memoir, ''  Disquisitiones  generales  circa  super- 
ficies curvasj^^  and  for  these  I  must  refer  the  reader  to  that 
work.  There  is  also  much  information  on  the  same  subject  in 
the  notes  appended  by  M.  Liouville  to  his  edition  of  Mongers 
Analyse  appliquee,  fee,  Paris  1852. 
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Section  3. — Investigation  of  the  critical  values  of  a  definite  inte- 
gral, whose  element-Junction  involves  derivedjunctipna. 

349.3  In  all  the  preceding  problems  of  maxima  and  minima^ 
the  difiPerentials  contained  in  the  element  have  been  taken  in 
their  most  general  forms ;  no  supposition  haa  been  made  as  to 
one  or  more  being  eqnicrescent  or  as  subject  to  no  variation^  and 
they  have  not  been  put  in  the  forms  of  derived-fimctions ;  and 
the  solutions^  it  will  be  observed^  have  been  deduced  from  first 
principles^  and  without  the  intervention  of  general  formuke :  the 
results  arrived  at  are  left  in  their  symmetrical  forms ;  and  hereby 
have  we  been  able  to  infer  geometrical  properties^  which  are  fre- 
quently the  only  available  definition  of  the  function  which  satis- 
fies the  critical  property  that  is  required.  Now  for  elegance  and 
symmetry  nothing  more  can  be  desired  :  but  we  have  not  inves- 
tigated any  critical  function  whose  element  contains  differentials 
above  the  second  order;  the  simplest  cases  only  have  been  con- 
sidered, and  a  slight  inspection  of  the  general  results  of  Art.  316 
will  shew'that  the  complexity  of  the  formula  rapidly  increases  if 
higher  differentials  enter  Into  the  calculation :  in  this  latter  case 
then,  it  is  desirable  to  simplify  the  formulm  as  far  as  is  possible, 
ere  they  become  the  subjects  of  inquiry;  and  as  such  a  simplifi- 
cation is  obtained  by  making  one  of  the  variables  equicrescent, 
and  by  using  derived-functions  instead  of  differentials,  although 
it  is  with  the  loss  of  symmetry,  it  is  necessary  to  consider  the 
conditions  under  which  a  definite  integral,  whose  element-function 
involves  derived-functions  of  different  orders,  may  have  a  critical 
value.  And  there  is  also  another  reason  why  the  subject  must  be 
investigated  from  this  point  of  view :  it  is  only  when  the  element- 
function  is  of  this  form  that  criteria  for  discriminating  maxima 
and  minima  have  been  constructed.  We  proceed  then  at  once  to 
the  investigation. 

Let  the  definite  integral,  whose  maximum  or  minimum  is  to 

be  determined,  be  ri 

u  =  I  vefcr; 

where  v  =/(a?,  y,  y',  y",  ...y<->),    ...  (102) 

using  the  notation  of  derived  functions. 

Now  the  variation  of  u,  where  v  is  of  the  given  form,,  has 
already  been  investigated  in  Art.  808;  and  for  an  abridgement 

3  xa 
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of  notation  of  the  results  of  that  Article  which  are  given  in  equa- 
tion (56)  of  it,  let 


+tC)«.(— »)  =  o;(108) 

so  that  equation  (56)«  Art.  303>  becomes 

8u  =  [o]  +/^H«.«tei  (105) 

and  as  u  is  a  maTimnm  or  minimum,  to  =  0;  and  to  satisfy  this 
condition  it  is  manifest  that 

H  =  0;  (106) 


H>«^ 


of  which  expressions  the  former  depends  on  the  values  of  certain 
variables  and  their  derived  functions  at  the  limits;  the  latter  by 
integration  gives  the  general  functional  relation,  and  thereby 
the  form  whence  the  required  critical  value  may  be  found* 

Now  since  v  contains  y(*)  or  -^-J ,  h,  which  contains  , 

will  generally  contain   -J^,  and  therefore  will  be  a  differential 

equation  of  the  (2n)th  order:  the  solution  of  this  equation  will 
therefore  contain  2n  arbitrary  constants ;  and  the  determination 
of  these  depends  on  the  values  which  a  =:  0  assumes  at  its  limit- 
ing values;  the  process  however  of  finding  these,  being  similar 
to  that  explained  in  Art.  818,  it  is  unnecessary  to  repeat;  but  it 
is  desirable  to  investigate  one  or  two  cases  in  which  the  equation 
H  =  0  assumes  particular  forms  analogous  to  those  of  Art.  819, 
and  thereby  admits  of  immediate  integration. 

850.]  First,  suppose  v  not  to  contain  the  first  m  of  the  quan* 
tities  y,  y^j  y^^ . . . ;  then  the  equation  h  s:  0  becomes 

imd  this  admits  of  m  successive  integrations ;  and  thus  we  have 
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d  ■!(*+») 
^^*^-    '  ^       +•••  =  «o  +  <?i*+<?,«»+...+c,_i«--i.    (107) 

Secondly,  suppose  t  not  to  contain  x :  then 

=  '^+^y+  l^'y"- ^A  +  k^"-  ^«^'+  ^V} +... ;  (108) 

which  18  a  differential  equation  of  an  order  not  higher  than 
2n— 1 ;  and  therefore  whenever  v  does  not  contain  x,  the  equa- 
tion H  =  0  always  admits  of  being  integrated  at  least  once. 
Thirdly^  let  v  =/(y^) ;  then^  by  the  preceding  equation, 

VrsC  +  T'y'; 

but  as  V  and  i^  contain  y^  only^  this  may  be  put  into  the  form 

.-.     y  =  p(c);r+Ci;  (109) 

and  thence  we  infer  that  a  linear  function,  as  (109),  is  such  that 

the  variation  of  any  function  of  -^  deduced  from  it  vanishes. 

v  =  c+i'y'.  (110) 

851.]  Let  ns  apply  the  preceding  method  to  the  solution  of 
one  or  two  problems. 

Ex.1.    Let  «=:/«"^<£r. 

Jii'  y 

v" 
Here  t  =  y*^;  and  therefore  equation  (108)  is  applicable. 

\S^/~    *      y"  W' ^^ 

„_  /  «fv  \      y"  di"  _  ny*-^i/*-y*tr 
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Therefore  (108)  becomes 

^?  "'■"ir  +  T  7 — ' 

whence  by  integ^tion,    ^n  ^  cx4-(f. 

Ex.  2.     It  is  required  to  determine  the  shortest  line  between 
two  given  points. 

Jo 
Here  also,  as  v  does  not  inrolve  op,  (108)  is  applicable ;  and  as 

80  that  (108)  becomes 

' '    ^      dx  c       ' 

y  = —  x-\-c  ; 

c 

which  is  the  equation  to  a  straight  line;  and  we  have  the  same 

result  as  that  arrived  at  in  Art.  822. 

Ex.  8.     Let  the  element-function  be  of  the  form  given  in 
Art, 808;  viz.    y  =/(^,  y,  y',  ^'^ ...  ^,/,  ^'^  y-  .  .). 

and  let  us  also  take  a  simple  casC;  and  suppose  that 

Jo 
then,  by  reasoning  similar  to  that  which  has  been  frequently 
employed^  both  the  terms  under  the  integral  signs  in  equation 
(69),  Art.  308,  must  vanish :  and  therefore,  as  v  involves  only 
*  f/  and  y,  we  have 


81 


and  therefore,  since   -r-  =  0 ;  -j—  =  0 ; 

cLv  ax 


^  ^1*         7TT    /«  .    /•ii  "-  ^i» 


dy  •  ,         dz  .    , 
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which  are  manifestly  the  equatioDs  to  a  straight  line  in  space. 
A  straight  line  therefore  is  the  shortest  distance. 

Ex.  4.  To  find  the  plane  curve  of  given  length  enclosing  the 
greatest  area  between  itself,  two  given  extreme  ordinates,  and 
the  axis  of  x. 

This  is  a  problem  of  relative  critical  value.  Let  X  be  a  constant 
multiplier  j  then, 

the  area  =  /    \  dydx  ^  I  y  dx; 
and  the  length  =  /  {1  +y'^}* *p ; 

and  because  T  does  not  involve  x,  (108)  is  applicable;  and 

whence  (y— ^i)^  +  (^— ^2)*  =  ^^ 

which  is  the  equation  to  a  circle,  whose  radius  is  equal  to  X ;  and 
X  may  be  expressed  in  terms  of  the  known  length  of  the  curv^ 
by  a  process  similar  to  that  of  Art.  330. 

A  comparison  of  the  two  methods  by  which  problems  have 
been  solved  plainly  shews  that,  although  the  former  immediately 
involves  first  principles  and  from  them  is  directly  deduced ;  yet, 
as  the  results  assume  complicated  forms  when  all  the  differentials 
are  retained,  it  is  convenient  to  make  one  of  the  variables  equi- 
crescent,  and  to  express  the  element-function  in  terms  of  de- 
rived-ilmctions,  and  then  to  apply  the  process  of  these  latter 
articles. 


Section  4. — 7%e  discnminating  conditions  of  Maxima  and 
Minima. 

852.]  The  process  which  has  been  developed  in  the  preceding 
articles  of  this  chapter,  and  which  has  been  applied  to  the  solu* 
tion  of  problems  involving  maxima  and  minima  of  definite  in- 
tegrals, although  necessary,  is  yet  insufficient  for  the  object 
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proposed^  because  no  discrimmatiiig  oonditionB  of  mftTima  and 
minima  have  been  investigated.  For  the  existence  indeed  of 
such  critical  values  it  is  necessary  that  the  first  variation  should 
vanish ;  but  at  the  same  time  such  vanishing  is  consistent  with 
the  definite  integral  being  either  a  maximum  or  a  minimum  or 
a  constant^  and  with  being  none  of  these :  the  truth  of  this 
statement  is  evident  from  the  ordinary  theory  of  maxima  and 
minima.  For  a  critical  value  it  is  necessary  that  the  first  varia- 
tion of  the  definite  integral  should  not  only  vanish^  but  also 
change  its  sign :  and  I  know  of  no  process  immediately  applica- 
ble by  which  to  determine  whether  a  Amotion  deduced  from  the 
difierential  equation  h  =  0^  see  Art.  849,  and  involving*  2n  ar- 
bitrary constants,  will  or  will  not  cause  the  required  change  of 
sign  of  ^.  In  accordance  then  with  the  theory  explained  in 
Art.  149,  Vol.  I,  we  are  obliged  to  have  recourse  to  the  second 
variation  of  the  definite  integral,  with  the  object  of  determining 
its  sign,  and  hereby  to  obtain  the  discriminating  condition ;  so 
that  when  ^  =  0,  and  if  bH$  does  not  vanish,  and  does  not  be- 
come infinite  or  discontinuous,  and  does  not  change  its  sign 
within  the  limits  of  integration,  u  is  a  maximum  or  minimum 
according  as  b^u  is  negative  or  positive.  We  proceed  to  the 
Airther  development  of  these  conditions. 

But,  to  narrow  the  investigation  as  far  as  possible,  I  will  take 
the  case  which  has  last  been  considered;  that,  namely,  in  which 
the  infinitesimal  element-function  involves  x,  y  and  the  derived 
functions  of  y,  and  in  which  also  x  is  not  only  equicrescent  but 
undergoes  no  variation ;  that  is,  ^  is  not  one  of  the  subjects  of 
calculation,  but  the  variation  is  due  to  a  variation  of  y  only :  or, 
geometrically  viewed,  the  displacement  of  the  point  on  the  curve 
is  in  a  direction  parallel  to  the  axis  of  y  only :  for  it  is  to  this  case 
that  Jacobi''^,  the  discoverer  of  the  criteria,  has  confined  himself. 
And  first  let  the  object  of  the  research  be  clearly  imderstood. 

If  the  infinitesimal  element-function  contains  a  derived  func- 
tion of  the  nth  order,  the  difierential  equation  h  ss  0  will  gene- 
rally be  of  the  (2n)th  order,  and  therefore  the  value  of  y  deduced 
from  it  is  of  the  form 

y  =/(jr,  Ci,c„...CaJ,  (HI) 

and  contains  2n  arbitrary  constants  which  have  been  introduced 

*  Zur  theorie  der  VariBtions-Rechoung  und  der  Differentnl-Qleichungeo, 
von  C.  G.  J.  Jacob!;  Crelle,  vol.  XVII,  p.  68. 
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in  the  process  of  integration :  and  therefore^  if  u  is  the  given 
definite  integral^  it  is  plain  that^  after  the  substitution  of  y  by 
means  of  the  above  equation,  u  will  depend  partly  on  the  ^rm 
of  the  function/,  and  partly  on  the  arbitrary  constants.  It  may 
seem  then  that  the  critical  value  of  u  will  depend  on  both  these 
quantities :  as  to  the  constants,  however,  it  has  been  shewn  that 
all  their  values  may  be  determined  by  means  of  the  gfiven  limit- 
ing values  of  the  variables  and  of  the  derived  functions;  and 
hence,  as  these  are  determinate  constants,  the  value  of  the  de- 
finite integral  cannot  be  made  critical  by  any  change  of  them : 
and  even  more  than  this,  did  u  depend  on  such  quantities  it 
would  become  an  integral  (not  differential)  Ainction  of  many 
variables,  and  would  have  its  critical  value  determined  by  the 
ordinary  rules  of  the  differential  calculus. 

It  is  then  the  other  question  which  we  have  to  discuss ;  namely, 
whether  the  form  of  the  function  deduced  &om  the  equation 
H  =  0  is  such  as  to  render  the  definite  integral  a  maximum  or 
minimum.  For  this  purpose  we  must,  as  in  Art.  310,  calculate 
h^u,  and  determine  its  sign,  subject  to  the  conditions  that  when 
iti  =  0, 

(1)  h^u  has  the  same  sign  for  all  values  of  the  variables  and 
their  derived  functions  between  the  limits ; 

(2)  l^u  does  not  become  infinite  for  any  values  between  the 
limits; 

(8)  hhi  does^not  vanish :  for  if  so,  we  must,  in  accordance 
with  the^theory  of  maxima  and  minima,  proceed  to  the  investi- 
gation of  d^  and  d*tt,  and  so  on ;  a  work  beyond  our  present 
purpose. 

Let  the  definite)  integral,  which  is  the  subject  of  inquiry,  be 


0 


where  v  =  /(a:,  y,  y\  /',...  y(*)) ; 

then,  by  equation  (105),  since  <»  =  dy,  because  &r  =  0, 

5tt  =  la     +  /  ^hyhx\ 
and  as  H  =  0, 

hH  =  {^hYilydx\  (112) 

the  sign  of  which  is  to  be  determined ;  and  we  have  moreover  to 
examine  whether  it  can  change  its  sign  or  not. 

PRICE,  VOL.  II.  3  s 
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352.]  For  this  purpose  it  is  necessary  that  bhi  should  not 
vanish  when  bu  =z  0;  that  is^  ^h  must  not  vanish^  when  h  =  0. 
Now  the  complete  integral  of  h  =  0  is 

y  ^f{x,c^,c^,..,c^^)y  (113) 

the  right-hand  member  of  which  contains  2n  arbitrary  constants. 
Let  each  of  these  constants  vary^  and  let  hy  be  the  consequent 
variation  of  y ;  so  that 

and  H  becomes  h  +  dn :  then,  as  the  varied  value  of  y  differs  from 
the  original  value  only  in  the  arbitrary  constants,  it  must  also 
satisfy  h  +  ^hj  and  as  the  variations  of  the  arbitrary  constants 
are  arbitrary,  we  may  replace  them  by  new  constants  Cj,  c^,. .  .Cj,,, 
so  that  the  equation  Sh  =  0  becomes  satisfied  by 

and  as  y  contains  2n  arbitrary  constants,  so  will  hy  also  contain 
them :  but  dH  =  0  cannot  involve  derived  functions  of  an  order 
higher  than  the  2nth ;  and  therefore  the  above  value  of  ly  is 
the  complete  integral  of  the  equation  Sh  =  0 ;  consequently,  if  by 
is  of  the  form  gfiven  in  (115),  h  and  hn  vanish  simultaneously; 
and  u  cannot  thus  far  have  a  critical  value.  Hence,  if  h  =  0  is 
satisfied  by  an  equation  of  the  form  (113),  the  first  thing  to  be 
done  in  the  examination  of  the  character  of  that  result  is  to 
inquire  whether  by  satisfies  the  equation  (115) ;  if  so,  for  that 
value  of  y,  tt  is  neither  a  maximum  nor  a  minimum,  and  it  is 
unnecessary  to  pursue  the  inquiry. 

353.]  If  however  the  form  of  y  given  in  (113),  and  which 
satisfies  h=0,  is  not  such  as  to  satisfy  (115),  we  must  return  to 
(112),  and  examine  the  sign  of  dH. 

d         d    d  d*    d  ,        d*     d 
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Since  V*'  =  .g  =  S^, 

it  appears  that  the  preceding  expression  for  dH  contains  terms  of 
the  form  ^  l  ^  ^^  ^ 

wherein  the  order  of  the  derived  of  hy  is  the  same  as  the  index 
of  -j-  which  affects  the  whole  of  its  subordinate  subject ;  and 
it  appears  also  that  the  other  terms  may  be  grouped  in  pairs  of 
the  form,        d^  ,   d^>.  d^ ,   d^^y  ^17, 

^^""^  ""  =  (^^>)'  ^^^®^ 

the  connecting  sig^  in  (117)  being  +  or  — ,  according  as  *— r 
is  even  or  odd. 

Now  all  the  terms  of  which  such  a  series  as  (117)  is  composed 
can  be  put  into  the  form  (116) ;  and  consequently  bu  admits  of 
being  expressed  in  a  series  of  terms^  the  type  of  each  one  of 
which  will  be  jk    i      rf*.jyi 

where  a^^  is  a  determinable  function  of  x. 

By  the  theorem  given  in  (57),  Art.  426,  Vol.  I,  if  P  and  Q 
are  two  functions  of  x,  whose  derived  functions  are  denoted  by 

d*q  _  d*.pq      n  d*-^p'q      n(n- 1)  d^'^.p'^q 
Ap»  ""    dr«        1    da?— 1     "^      1.2         cte— * 


p 


n  d  p(*~^)o 

•••(-^""l      dx     (-)"^'><t;(ii9) 


which  theorem  we  shall  apply  to  the  subordinate  subjects  of  dif* 

382 
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ferentiation  in  (117),  when  some  convenient  substitutions  have 
been  made. 

Let  dy  s  97 ;  so  that  emplojring  the  ordinary  notation  of  de- 
rived-functions 


i*:^  -.„(*): 


cte* 
also  suppose  that  «  =  <r+p,  r  ==  a-^p;  whence 

s-^r  =  2a,        8—r  =  2p; 
that  is^  we  suppose  first  that  »— r  is  an  even  number,  and  there- 
fore that  the  pair  of  values  in  (177)  is  connected  with  a  positive 
sign;  then,  by  reason  of  (119), 

^  daf    ^  ^  da?'+^  ^  ^    daf 


""     d:rP  1     d:rP-i      ^     1.2         daf'^ 

"     dx'l    d^  ) 

__  rf-p  Wp.c,,(')     pdf^'\&ni<')    p(p-l)rfp-->.cV)  v^(,M.)l 

~     rfr'        1     rf^-i     ^    1.2         rfr'-^  -^     ^  '    (to'-p      '^ 

Also  applying  Leibnitz^s  theorem,  (5),  Art.  55,  Vol.  I, 

dai'l    dor   )       daf'^f  \   daf-f  S 

-  ^^\   ^'~'^  \ 
~  daf  dxfl  daf-f  ) 

~     rfzf'    ■''l      rfoT'       '•'     1.2  dr'       ■'■■'•"       dy       '^ 


adding  which  to  (120),  we  have 

dr^ 

ds^ 


=  2 


<te'         1(     di?'  *  daf 
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Also  by  the  theorem  of  Leibnitz,  and  that  given  in  (119), 

which  terms  are  of  the  form  given  in  (116) ;  and  by  a  similar 
process  the  other  terms  of  (122)  may  be  transformed  into  eqvii- 
yalents  of  the  same  form ;  so  that  ultimately, 

to  _  Ao  ,+ -^^  + -^- + -^3— + . . .  + -^^5- ,  (las) 

that  iSfbu  consists  of  a  series  of  terms  in  each  of  which  the  order 
of  the  derived-function  of  ?y  or  8y  is  equal  to  the  order  of  the 

index  of  ^  which  affects  it ;  and  in  which  a^,  a^,  . . .  ▲«  are  ftinc- 

tions  of  X. 

A  process  similar  to  that  pursued  above  is  also  applicable  if 
r— *  is  an  odd  number. 

(i/*v  \ 
^-75^] ;  but  the  other  coeffi- 
cients^ viz.^  A^^  A^. . .,  are  of  a  form  so  complicated  that  it  is  useless 
to  calculate  them  in  the  general  case. 
Thus  substituting  (128)  in  (112), 

where  i}  =  8y,  and  a^,  a^,  ...  are  determinate  functions  of  jp. 
864.]  Now  we  proceed  to  shew  that,  when  ta  is  expressed  in 

\ 
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the  form  of  the  right-hand  member  of  (128)^  hmridxisBXi  exact 
differential  when  rj  is  replaced  in  bm  by  a  certain  value ;  and  that 
consequently  the  second  variation  of  the  required  definite  integ^ral 
admits  of  integration  :  hereby  we  shall  be  led  to  a  reduction  of 
the  result  to  such  a  form  as  will  immediately  indicate  its  sign. 

bu  is  manifestly  a  differential  expression  containing  77  and  its 
derived-functions  up  to  the  2nth  order  inclusive. 

Let  jzr  be  a  value  of  rf  satisfying  the  equation  5h  =  0 ;  that  is, 
suppose  jzr  to  be  a  function  of  x  which  substituted  for  17  renders 
bu  =  0.  Such  a  value  is  gfiven  in  (114),  Art.  352 :  so  that  we 
have  rf.^  y       rf^.A^r"  d\A^z^^^       ^         ,,„., 

In  bn  let  rjz  be  substituted  for  ri,  and  let  the  result  be  multiplied 
by  z,  and  be  subsequently  represented  by  u  for  convenience  of 
notation :  so  that 

Then  the  following  investigations  will  prove 

(1)  that  U{fo  is  an  exact  differential,  whatever  is  the  value  of  ij: 

(2)  that  /  ucir  will  have  the  same  form  as  u,  except  that  the 

index  of  -r-  will  in  each  term  be  diminished  by  unity :  in  other 
words,  that  we  ^hall  have 

Multiplying  (125)  by  i\z,  and  subtracting  it  from  u  as  given 
in  (126),  we  have 

_     «Uj>f)l  .  .rf^Aa(n^r)"  .  ^rf«.A,(,,z)'"' 

"-■^      dx       "^^       das'        +-+^       5S= 

which  series  consists  of  pairs  of  terms ;  of  each  of  which  the 
type  is  ^«.^^  (^^)(«)  ^m^  ^(«) 

^        d^  '^^      rf  -      ' 

to  these  let  the  theorem  g^ven  in  (119),  and  that  of  Leibnitz  be 
respectively  applied :  then 
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+ 

(«)«A„^(«)W~)+y/T,(«-i)+ -h -?<'•>  I?];  (129) 


also 


77  ir 


^m^^^^(m)^^  ^  ^  rf"-i.A«2rW  (ly^r/       m(m-l)  rf^'^^A^z^  (r^^y 


"        flte«  1  dx"^-^  ^      1.2  rfa?~-2 

as  the  last  term  is  the  same  in  both  expressions  they  disappear 
in  the  subtraction;  and  as  these  are  the  only  integral  terms^ 
(128)  consists  of  a  series  of  derived-fiinctions ;  and  therefore  u, 
which  is  made  up  of  a  system  of  terms  satisfying  the  distributive 
law^  is  also  a  derived-function^  and  udlr  is  integrable  immediately 
by  virtue  of  its  form. 

355.]  Upon  an  examination  of  the  series  (129)  it  appears  (1) 
that  there  are  terms  of  the  form 

(f">'*.A^g(*)^W77("*-*) 

where  M  is  a  constant^  and  a**,  2rW  are  functions  of  or,  and  in 
which  therefore  the  order  of  the  derived  of  ij  is  the  same  as  the 

index  of  -^ ,  which  affects  the  whole  subordinate  subject ;  and 

(2)  that  there  are  other  terms^  the  general  type  of  which  is 
plainly, 
J  m(m-l)...(m~^4-l)  w(m-l)...(m-*^  +  l)  rf"*->,A^^*)^>')iy("*-*') 
^     ^  1.2.3... ifc  1.2.3..  Jf  "         flte«-*  ' 

and  of  these^  if  k  and  V  correspond  to  any  particular  term,  so 
must  there  also  be  another  to  which  A^  and  h  correspond,  and 
which  is  therefore 
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.  ro(m-l)...(m-y+l)  m(m-l)...(m-*+l)  rf*-*'.A,g('Oa(*>i>(— *) , 
^"^  1.2.8...*'  1.2.8...*  <to--** 

80  that  there  are  pairs  of  terms  of  the  form 

where  c  =  a^z^^^z^^'^,  and  is  therefore  a  function  of  x. 

Now  in  Art.  858  it  has  been  shewn  that  a  pair  of  terxnsj  such 
as  (131)^  can  be  expressed  in  a  series  of  terms  of  the  form 

and  we  shall  suppose  all  the  terms  of  (129)  to  be  so  expressed; 
and  by  a  similar  process  all  the  terms  of  (180);  so  that  ultimately 
by  addition 

but  Bq  =  0^  because  it  has  been  proved  in  the  preceding  Article 
that  u^  is  an  exact  differential :  and  consequently 

dx     ^     da^     "*■    •■^      £fc«      ' 
and  therefore^  finally, 

where  b^^  Bj^  Bj^  ...  b^  are  fiinctions  of  x:  the  genend  form  of 
these  may  be  found,  but  in  the  genend  case  it  is  too  complicated 
to  be  available  for  any  useful  purpose;  and* it  is  better  to  deter- 
mine them,  if  necessary,  in  each  particular  case.     It  is  plain 

rf*  B  n^*^ 
however  that  the  only  term  in  (128)  which  will  give  — '  *       is 

rf».A    (i7;r)C)  ^  dx* 

z *  J        ;  and  that  the  only  term  of  this  latter  expression 

.  when  expanded  as  in  (129),  which  is  of  the  required  form,  is 


/' 


whence  it  follows  that 


B.  =  A.^=(-)-(|^)...  (132) 

856.]  Hence  it  appears  that 

^  =  /  bubydx 

Jo 
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and  that  if  xr  is  a  fiinction  of  x  for  whicb^  when  substituted  for 
1}  in  the  expression  for  5h,  the  whole  vanishes  \  then 


'{ 


^"-^  +  — di- + -rf^— +  •  +  -  da;-  -  l*^  <^^*> 
is  an  exact  differential  by  virtue  of  its  form,  and  independently 
of  the  value  ofri;  and  that  its  integral  is  of  the  form 

and  from  this  we  infer  as  a  corollary^  that  as  dndy  or  Yjbk  when 
expressed  in  the  form  (133)  is  a  particular  case  of  (134)^  so  will 
the  integral  of  hnridx  be  of  the  form  (135) :  but  as  dn  and  (134) 
contain  ly,  rf, ...  i?^*^  and  riz,  {riz)'y  {rfzy\  ...  (f?j?)<*)  in  correspond- 
ing places^  80  in  the  integral  of  burida:,  when  expressed  in  the 

form  (135),  ty,  r{,...  ij<">  must  be  replaced  by  - ,  (-) , .,.  rL)    ; 

Z      ^Z '  ^Z' 

and  therefore 

Now  the  process  to  be  pursued  is  as  follows ;  we  must  find 
a  value  of  xr ;  that  is,  we  must  investigate  a  certain  expression, 
which,  when  substituted  for  ij,  will  satisfy  dn  =  0 :  this  is  given 
in  Art.  352,  and  by  (115) ;  hereby  we  shall  be  able  to  integrate 
by  parts  the  infinitesimal  element-function  of  the  second  varia- 
tion, viz.  hvLTidXy  and  to  express  it  in  the  form  (136) :  and  in 
the  general  case,  by  the  repetition  of  a  similar  process  we  shall 
ultimately  arrive  at  an  expression  consisting  of  two  factors,  of 
which  one  will  be  a  complete  square,  and  the  other,  which  is 
easily  determined,  will  by  its  sign  determine  the  sign  of  the 
second  variation  of  the  definite  integral,  and  hereby  give  the 
required  criterion  of  the  critical  values. 

357.]  For  a  first  application  of  these  criteria  let  us  take  the 
case  wherein  v  =/(j:,y,y');  so  that  by  (104), 

wherei;  =  >y,Ao=^-^^(^^,),andA,=  -^^J. 
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Let  Ci  and  c^  be  the  arbitraiy  constants  contained  in  the  in- 
tegral of  H  =  0,  and  let 

then  if  77  is  replaced  by  z,  the  right-hand  member  of  (137) 
vanishes  by  reason  of  (115)^  Art.  352;  and  therefore 


is  an  exact  differential ;  and  consequently  as  i;  or  8y  is  arbitraiy, 
zbnda!  is  also  an  exact  differential ;  and  its  integr&l  is^  by  reason 
of  (136),  d  ir,\ 

Now  suppose  that  rj  =1  by  z:^  zh^y ; 

where  b'y  is  a  new  function  of  ^ ;  then,  substituting  in  the  second 
variation  of  the  definite  integral,  we  have 

fiu  =  /  hnbydx 
-'0 

=  /  zhuh'ydx 

=  ■  -  ■  ■  -,('•■  {i©}'"^-    «'« 

And,  to  take  the  case  most  free  from  difficulty,  let  us  suppose 
the  limiting  values  to  be  fixed,  so  that  hy  and  therefore  h'y 
vanishes  at  both  limits.  Then,  replacing  b^  by  its  value  given 
in  (132),  (188)  becomes 


-=rpr-^)'^- 


lite  integral  / 


Therefore  the  definite  integral  1  vdx  will  be  a  maximum  or  a 


minimum  according  as  ^r-^  is  negative  or  positive;  provided 

that  it  does  not  change  sign  lior  become  infinite  between  the 

assigned  limits ;   and  provided  also  that  the  constants  C|  and  Cj 

and  ri  are  not  such  as  to  make  zrf^ri/  vanish  or  become  infinite. 

It  is  worth  remarking,  that  if  z»j'— 17^'=  0,  then  ?;  =  r  =  5y; 
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in  which  case  hn  =  0,  and  therefore  the  second  variation  of  the 
definite  integral  ranishes ;  and  this  is  plainly  inconsistent  with 
the  possibility  of  onr  deducing  from  it  the  criteria  of  maxima 
and  minima. 

For  an  application  of  the  preceding,  let  us  consider  the  case  of 
the  longest  or  shortest  line  between  two  g^ven  points ;  here 

v  =  (1+y'^)*; 
rf«v  _        1 

which  is  always  positive,  if  the  radical  in  v  is  affected  with  a 
positive  sign. 

Also,  since  the  complete  integral  of  h=0  is,  see  Ex.  2,  Art.  851, 

(t)="  (^)=''' 

,-.     ^  =  Cior  +  c,  =  z,     and    z' =  c^; 

'  '     \      z       '       \         Cia?4-Ca         } 
€i  and  Cg  therefore  must  not  be  so  assumed  as  to  make  c^.r+C2 
=  0  for  any  value  of  x  between  the  assigned  limits. 

358.]  For  a  second  example  of  the  criteria,  let 

Let  Tj,  C2y  c^  C4  be  the  four  arbitrary  constants  which  enter 
into  the  complete  integral  of  h  =  0 ;  then  the  value  of  Zj  which, 
substituted  for  97,  satisfies  (139),  is 

-".(^)-<^(^)-<^(^)-.(^)' ««» 

80  that,  as  before,  zhudx  is  an  exact  differential;  and  its  inte- 
gral is,  by  virtue  of  (136), 

L«  1  =  ^=8-,; 

z       z 

where  Vy  represents  a  new  variation  of  y;  then,  integrating  the 

3T« 
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expression  for  the  second  variation  of  the  definite  integral;  and 
assuming  the  limits  to  be  fixed,  so  that  the  terms  at  them 
vanish,  we  have 

i^tt  =  I  huhydx 

=  /  zhndxh'y 

Jo 

Now  let 

where  cf^,  c\,  cf^,  c\  are  other  new  arbitrary  constants  employed 
like  the  former  ones  in  (140)  to  represent  arbitrary  YariatioDs  of 
the  constants  c^,  c^,  c^,  c^:  so  that  Zj  is  a  value  of  17  wbich 
satisfies  iu  =  0. 

Also  since  from  (141) 

f\iHdx=.B,(])'+^.B,(lf, 

it  appears  that  any  value  of  ri,  which  makes  Sh  =  0,  will  also 
satisfy  the  right-hand  member  of  the  equation ;  but  hn  =  0,  if 

ri  =z  Zi,  therefore  l—j  is  a  solution  of  the  right-hand  member: 
also  /  ^1 V  _  ^^1—^1^ 

Let    I,,  =  (^)Vy; 
and  substituting  this  in  (142)  we  have 

whence,  integrating  by  parts,  and  omitting  the  integ^ted  part 
,  which  vanishes  at  the  limits,  we  have 
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where,  by  virtue  of  (182), 

Also  —  8"     —  —  ^*  _  ^     Zrf^riZ^ 

'        dr'    ^  ^  dx'^^zz^^-^/zi  ~  dx* zz('-^z^ 

_  2r{(yz/^-z/Ory-K2r"z,-xrOiy^+  (2rr/-;g^zOiy"} 
therefore 

And  therefore  for  a  maximum  or  minimum  value  of  the  definite 

/  d^v  \ 
integral  it  is  requisite  that  \-^ff^  should  be  respectively  negative 

or  positive  for  all  values  of  the  variables  between  the  limits ; 
also  the  second  factor  must  neither  vanish  nor  become  infinite : 
the  arbitrary  constants  therefore  must  be  so  determined  as  to 
fulfil  these  conditions. 

359.]  If  the  infinitesimal  element-function  of  the  definite  in- 
tegral contains  derived-functions  of  y  up  to  the  f»th,  the  process 
to  be  pursued  is  exactly  similar  to  those  of  the  two  preceding 
particular  cases;  and  therefore  I  need  give  no  more  than  an 
outline  of  it. 

Let  Zy  Zif  z^,...  z^_i  be  n  values  of  ^y  expressed  in  the  pre- 
ceding forms,  and  containing  n  different  series  of  arbitrary  con- 
stants :  then  the  second  variation  is 

of  which  the  integral  becomes,  by  neglecting  the  quantities  at 
the  limits,  reduced  to 

and  so  on ;  until  ultimately 
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Cd^y  \ 
-,  .  .^  j ,  and  another  factor  which  is  of  the 

form  of  a  complete  square ;  and  where 

zb'y  =  by, 

and  so  on.   It  appears  therefore  that  the  maximum  and  miuimnm 

-r-T^) ;  and  that  it  is  neces- 
sary that  this  latter  quantity  should  not  change  its  sign  for  any 
value  of  the  variables  between  the  given  limits ;  and  the  arbi- 
trary constants  must  not  be  such  as  to  allow  the  other  factor  in 
(144)  to  vanish  or  to  become  infinite. 

860.]  We  need  not  enter  at  length  on  the  determination  of 
criteria  for  relative  maxima  and  minima^  because  we  have  shewn 
above  that  such  cases  are  by  means  of  an  indeterminate  multi- 
plier reduced  to  those  of  absolute  critical  values,  and  the  criteria 
determined  for  this  latter  case  are  therefore  applicable  to  the 
former  one.  Let  us  however  shew  that  the  solution  given  in  the 
fourth  example  of  Art.  851  is  a  maximum  : 

u  =  r{y+x(l-hy'*)*}AF; 

•.-.     V  =  y  +  X(l  +  y'«)*; 

"^"^    (d^)'=^aT^i' 

Also,  since  the  curve  is  determined  by  the  differential  equationj 

dx 

.-.        0=    1 r-  ^ 


dx  (l+y'«)* 

and  therefore  the  answer  gives  a  maximum  or  minimum  value 
according  as  y"  is  negative  or  positive.  Let  the  origin  be  at 
the  centre  of  the  circle ;  then,  since,  as  shewn  by  the  value  of  ti, 
the  curve  is  taken  in  the  first  quadrant,  y'^  is  negative,  and  con- 
seqiiently  the  solution  corresponds  to  a  maximum. 
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SEcnoN  5. — Investigation  of  the  critical  values  of  a  dotUfle 
definite  inteffral. 

861.]  It  only  remains  for  us  now  to  investigate  the  conditions 
of  the  critical  values  of  a  definite  double  integral^  of  which  the 
variation  has  been  calculated  in  Art.  311.  On  referring  to  equa- 
tion (95),  Art.  311,  it  appears  that  the  expression  for  bu  consists 
of  three  parts;  viz.,  two  partially  integrated  terms  whose  value 
depends  on  the  values  which  oi  and  its  derived-functions  have 
at  the  limits  which  are  assigned  by  the  given  limiting  equation ; 
and  the  third  term,  which  is  wholly  unintegrated,  and  cannot  be 
reduced  unless  ta  receives  a  determinate  value.     Now  let 

z  _  *^  -  ^'      —      ^      ^  -  n  a45 

dx      dy       dsfl       dxdy       dy^   —    •  .       v       ; 

Then  as  dti  =  0,  by  reason  of  u  having  a  critical  value,  it  follows 
that  ns=0;  and  fiom  this  differential  equation  the  required  func« 
tion  is  to  be  determined.  (14f5)  is  plainly  a  partial  differential 
equation  of  the  fourth  order ;  the  general  integral  of  which  is  in 
most  cases  beyond  the  present  powers  of  the  integral  calculus : 
we  can  in  many  cases  however  deduce  from  it  some  geometrical 
property  which  is  sufficient  to  define  the  required  surface. 

362.]  To  find  the  surface  the  portion  of  which  enclosed  by  a 
given  curve  has  a  minimum  area. 

In  this  problem  the  limits  of  integration  are  given  by  the 
given  curve :  and 

u  z=J  J{l+z'^'{^z;}^dydv; 
and  therefore  (145)  becomes 

L   L   —    0  • 

dx^  dy  -^' 
whence  tbete  manifestly  results 

and  on  comparing  this  with  (94),  Art.  413,  Vol.  I,  it  is  seen 
that  the  two  are  identical ;  and  therefore  the  geometrical  inter- 
pretation is,  *'  The  surface  of  minimum  area  is  such  that  the 
sum  of  the  reciprocals  of  its  principal  radii  of  curvature  at  every 
point  vanishes:'^  hence  we  infer  that  the  principal  radii  of 
curvature  at  every  point  are  equal  and  of  opposite  signs. 


Digitized  by  VjOOQ IC 


512  CALCULUS  OP  VARIATIONS.  [363. 

368.]  Let  the  problem  be  "To  determine  the  form  of  the 
surface  which  being  of  given  extent^  and  terminated  by  a  given 
curve,  includes  the  greatest  volume  between  it,  the  plane  of  (j?,  y), 
and  the  right  cylinder  whose  director  is  the  projection  of  the 
given  curve  on  the  plane  of  (a?,  y)  •/'  in  this  case 

the  content  =  /  /  /  dzdydx  =  /  jzdydx; 

the  surface  =//{l  +  /^+r/}*dy<te; 
therefore,  if  X  is  an  undetermined  multiplier, 

and  thus  fhe  equation  a  =  0  becomes 

dx        dy  ' 

whence  by  development,  as  in  the  preceding  example,  we  have 

(S)|'-OV'©(|)(^)-(^)|>-(s)l 

and  to  interpret  this  geometrically ;  let  Pi  and  p^  be  the  principal 
radii  of  curvature  at  any  point  on  a  surface;  then  by  equation 
(27),  Art.  899,  Vol.  I,  we  have 

1^1^  U^(K  +  L)+V»(L-fH)-hw'(H  +  K)^ 

Pi       P%  (u«H-v*+w*)5 

and  if  these  symbols  are  expressed  in  terms  of  the  derived-func- 
tions of  z,  it  will  be  seen  by  comparison  with  (146)  that 

1  +  1-1. 

r  —  —  7> 

and  therefore  the  surface  which  under  a  given  superficial  area 
contains  the  greatest  volume  is  such,  that  the  sum  of  its  prin- 
cipal curvatures  at  every  point  is  constant :  and  this  result  is 
usually  expressed  as  *'  The  mean  curvature  is  the  same  at  every 
point  of  the  surface." 

The  equations  (146)  and  (147)  have  never  yet  been  directly 
integrated,  but  Mr.  Jellet  has  in  Liouville's  Journal*  dhewn 
indirectly  that  the  sphere  is  the  only  surface  which  satisfies 
them. 

•  Tome  XVIII,  p.  163.  1853. 
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DIFFERENTIAL   EQUATIONS, 

OR 

THE  INTEGRATION  OF  DIFFERENTIAL  FUNCTIONS  OP 
TWO  OR  MORE  VARIABLES. 


CHAPTER  XV. 


THE   INTEGRATION   OP   DIFFERENTIAL   EQUATIONS   OP  THE 
FIRST  ORDER. 

Section  I. — General  considerations  an  Differential  Equations. 

364.]  Expressions  or  equations  which  involve  differentials^  and 
the  variables  of  which  they  are  the  differentials,  are  called  differ- 
ential expressions,  and  are  distinguished  from  finite  expressions, 
inasmuch  as  the  latter  contain  only  finite  quantities.  In  the 
preceding  parts  of  this  volume  differential  expressions  have  been 
the  subject-matter,  but  in  that  restricted  form  wherein  the 
element-function  of  an  integral  is  the  function  of  only  one  vari- 
able for  that  integration.  A  more  general  case  however  is  that 
in  which  a  differential  expression  involves  many  variables,  and 
the  determination  of  the  corresponding  finite  expression  from 
that  given  differential  expression  is  the  problem.  The  process  by 
which  such  differential  expressions  are  derived  from  the  finite 
equation  has  been  explained,  and  fully  illustrated  in  Section  7, 
Chap.  Ill,  Vol.  I ,'  and  it  is  the  inverse  process  of  that  of  that  sec- 
tion which  we  have  here  to  develop.  The  formation  or  the  genesis 
of  differential  equations,  containing  both  total  and  partial  differen- 
tial coefficients,  has  been  so  largely  explained,  that  it  is  unnecessary 
to  say  more  on  the  subject ;  but  the  student  is  recommended  to 
study  that  section,  that  he  may  ascertain  not  only  the  conditions 
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of  the  problem  but  also  the  form  of  the  solution  in  the  most 
general  case. 

It  is  convenient  to  classify  differential  equations.  They  may 
contain  either  total  differentials  or  derived-ftmctions ;  or  they 
may  contain  partial  derived-functions. 

In  the  former  case  they  will  be  of  either  of  the  following  forms; 

?(ir,  y,  ...dz',rfy,  ...rf«a?,rfV,  ...rf"'ar,rf»y, ...)  =  0,  (1) 

when  they  are  called  total  differential  eqtuitions.  Or  they  may 
be  of  the  forms, 

'!'.»-.  (SMSM£).O.(0)- }  =  •-<'> 

'1'.^-. ©' 0-(S). ($)•■■  h-^'^' 

in  which  case  they  are  called  partial  differential  equations.  On 
referring  to  Vol.  I,  Chap.  Ill,  Section  7,  it  will  be  observed  that 
equations  of  the  former  class  arise  from  the  elimination  of  con- 
stants  and  determinate  functions ;  whereas  the  latter  arise  from 
the  elimination  of  arbitrary  and  undetermined  Amctions.  Much 
more  however  will  be  said  on  this  subject  hereafter. 

These  equations  also  require  to  be  classified  on  other  principles: 
(1)  on  the  order  of  the  highest  differential  or  derived-function 
which  is  involved ;  and  (2)  on  the  degree  or  index  to  which  the 
highest  differential  or  derived-ftmction  is  raised ;  thus  order  is 
predicated  of  a  differential  equation  as  to  the  former,  degree  as  to 
the  latter ;  and  if  a  differential  equation  contains  w,  y,  dx,  dy, 

d^Xj  rf*y,  or  a:,  y,  ^,  ^,  it  is  said  to  be  of  the  second  order; 

and  if  the  highest  differentials  or  derived-functions  enter  in  only 
linear  forms,  or  to  the  first  power,  such  an  expression  is  said  to 


be  of  the  first  degree ;  but  an  equation  containing  a?,  y,  ^^  j  f 
(■-^j  is  of  the  second  order  and  of  the  second  degree;  and  so 
of  other  similar  expressions. 

365.]  As  in  Chap.  Ill,  Vol.  I,  the  subject  is  considered  from 
only  an  analytical  point  of  view,  let  us  also  examine  the  geome- 
trical aspect  of  it.     And  to  fix  our  thoughts  let  us  first  take  a 


Digitized  by  VjOOQ IC 


365.]  DIFPEBENTIAL  EQUATIONS.  515 

total  differential  equation  of  the  first  order  and  first  degree,  and 
suppose  it  to  be  in  the  form 

|=/(*.y);  (5) 

let  X  and  y  be  the  rectangular  coordinates  of  a  plane  curve ;  and 
let  r  be  the  angle  between  the  axis  of  x  and  the  tangent  to  the 

curve  at  the  point  {x,  y) :  so  that  iaar  ^  -^  ts  f(x, y).    As  x 

and  y  are  general  in  (5),  let  x^ty^  be  particular,  although  ar- 
bitrarily chosen,  values  of  x  and  y ;  and  let  r^  be  the  correspond- 
ing value  of  r :  so  that 

tanTo=:/(j?o,yo); 
and  through  the  point  (x^jy^)  let  a  line  be  drawn  cutting  the 
axis  of  X  at  the  angle  r^.     On  this  line  let  there  be  taken  a  point 
(^i,yi)  contiguous  to  {Xq,  y^),  and  through  it  let  a  line  be  drawn 
cutting  the  axis  of  x  at  an  angle  t^,  so  that 

tanr,  =/(a?i,yi); 
on  this  line  let  there  be  taken  a  point  (x^,  y^)  contiguous  to 
('i>  Vi)'  ^^^  through  {x^,  y^)  let  a  line  be  drawn  making  an  angle 
r,  with  the  axis  of  x,  where 

tanr,=/(a?„y,): 
and  let  a  similar  process  be  repeated  n  times,  until  at  last  we 
arrive  at  the  point  (a?»,y»);  hereby  we  shall  have  formed  a  series 
of  short  lines  inclined  to  each  other  at  different  angles^  and 
abutting  at  the  points  {Xq,  ^q)  and  (x^,  y J.  Let  now  every  two 
successive  points  be  infinitesimally  near  to  each  other,  and  also 
let  the  number  of  times  that  the  process  is  repeated  be  infinite ; 
then  the  distance  between  the  extreme  points  is  still  finite,  and 
the  broken  line  which  joins  them  becomes  a  continuous  curve, 
and  the  distances  between  each  two  successive  points  become 
arc-elements  of  the  curve :  and  hereby  the  curve  between  the 
two  points  will  have  been  constructed  from  the  given  differential 
equation.  Now  from  the  process  thus  conducted  it  is  manifest 
that  the  position  of  each  point  of  the  curve  depends  on  that  of 
the  immediately  preceding  point,  the  law  of  dependence  being 
given  by  the  differential  equation  (5) ;  the  nature  of  the  curve 
therefore  is  given  by  the  differential  equation:  but  it  is  also 
equally  manifest  that  the  position  of  every  point,  and  so  of  the 
curve,  depends  on  that  of  the  first  assumed  point,  viz.,  on  {Xq,  y^), 
and  the  position  of  this  point  is  arbitrary :  although  therefore  the 

3  !?  2 
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nature  of  the  eurve  remains  the  same^  whatever  are  the  valaes 
of  Xq  and  y^,  yet  the  position  of  it  alters ;  and  consequently  the 
differential  equation  expresses  a  property  common  to  a  series  of 
curves^  the  particular  one  of  which  is  determined  by  means  of 
the  arbitrary  values  Xq  and  y^.  But  as  a  complete  integral  equa- 
tion determines  both  the  nature  and  position  of  the  curve  which 
it  represents^  it  is  plain  that  the  coordinates  of  the  first  point 
must  enter  into  the  integral  equation ;  and  therefore  the  integral 
of  (5)  must  contain  these^  and  cannot  be  complete  without  them; 
the  integral  therefore  of  (5)  must  be  definite ;  but  it  is  convenient 
to  leave  the  superior  limits  in  the  general  form  w,  y,  so  that  they 
may  refer  to  any  point  on  the  curve.  It  is  plain  also^  from  the 
theory  of  definite  integration^  that  if  F  {x,  y)  is  the  indefinite  in- 
tegral of  (5),  the  definite  integral  is 

F(a?,y)-F(j?o,yo)  =  0;  (6) 

and  as  Xq,  yQ  are  arbitrary  constants^  we  may  replace  f  (^q'  ^o)  ^7 
an  arbitrary  constant  c;  and  thus  the  integral  equation  of  (5)  is 
of  the  form  p(^^y)_^.  (7) 

or,  more  generally,        f  (a?,  y,  c)  =  0 ; 

that  is,  in  the  process  of  integration  one  arbitrary  constant  c  has 

been  introduced. 

Again,  suppose  the  given  differential  equation  to  be  of  the 
second  order  and  of  the  form 

/('.».  l-Sl-o-  '»> 

and  let  the  inferior  limits  of  integration  correspond  to  the  point 
{Xq,  y^),  from  which  we  will  suppose  the  curve  to  begin :  this 

point  is  of  course  arbitrary.  Also  since  -p^  involves  three  con- 
secutive points,  see  Art.  243,  Vol.  I,  and  as  there  is  only  one 
relation,  viz.  (8),  between  the  three  points,  the  second  as  ako 
the  first  is  arbitrary;  but  not  so  the  third;  its  position  with 
reference  to  the  other  two  becomes  fixed  by  means  of  equation 
(8);  and  similarly  will  every  other  consecutive  point  on  the 
curve,  and  thus  the  whole  curve,  become  fixed;  in  the  complete 
integ^  therefore  the  coordinates  to  these  first  two  points  must 
enter ;  and,  by  the  theory  of  definite  integration,  in  the  form  of 
two  constants,  which  will  be  arbitrary,  because  the  first  two 
points  on  the  curve  are  arbitrary :  and  thus  if  C|,  c,  are  two  ar« 
jbitrary  constants,  the  complete  integral  of  (8)  is  of  the  form 
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F(a?,  y,  c„  Cj)  =  0.  (9) 

This  is  also  otherwise  manifest :  the  first  indefinite  integral  of 

(8)  will  be  a  function  of  a?,  y,  and  -^ ;  and  therefore  the  definite 
integral  will  be  of  the  form 

And  replacing  the  second  term  by  an  arbitrary  constant  Ci,  the 
first  integral  will  be  of  the  form 

and  the  integral  of  this  will^  by  reason  of  what  has  already  been 
said^  involve  another  new  arbitrary  constant  c^.  It  appears 
therefore  that  the  complete  integral  of  a  difierential  equation  of 
the  second  order  requires  the  introduction  of  two  arbitnuy 
constants. 

By  a  similar  process  we  may  shew  that  n  arbitrary  constants 
enter  into  the  complete  integral  of  a  differential  equation  of  the 
nth  order. 

It  may  perhaps  be  superfluous  to  remark  that  i»  thus  taking 
the  definite  integral  of  a  differential  equation^  the  differentials  or 
derived  functions  must  not  become  infinite  or  discontinuous  for 
any  value  of  the  variables  between  the  limits. 

366.]  And  to  form  a  correct  notion  as  to  the  meaning  of  a 
partial  differential  equation^  let  us  consider  the  following  example 
of  a  partial  differential  equation  of  the  first  order : 

(—)(£)+*-*)©+(-«)©- 0>       (.0, 

or,  as  it  may  be  otherwise  and  equivalently  expressed, 

('-'')(£)+<y-*)(|)=-—        <") 

Equation  (10)  is  the  general  equation  of  a  tangent  plane  of  a 
surface,  which  passes  through  a  given  point  (a,  b,  c)  j  or,  what  is 
equivalent,  (10)  implies  that  all  the  normals  to  the  surface  are 
perpendicular  to  straight  lines  which  pass  through  a  given  point: 
and  it  is  not  for  one  surfisu^  only,  or  for  one  particular  species  of 
surface,  that  this  property  is  true ;  it  is  not  only  for  a  g^ven  cone 
or  for  circular  cones  that  the  properly  holds  good ;  but  it  is  true 
of  all  conical  surfaces  of  which  the  given  point  is  the  vertex :  and 
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thuB  a  symbol  expressing  a  condition  equally  general  must  enter 
into  the  final  integral  equation :  in  other  words,  the  complete  in- 
tegral must  contain  the  law  of  the  director-curve  of  the  conical 
surface ;  and  such  can  be  the  case  only  when  an  arbitrary  func- 
tion is  introduced :  the  complete  int^^  therefore  of  a  partial 
differential  equation  of  the  form  (10)  or  (11)  must  contain  an 
arbitrary  functional  symbol :  in  fact  we  know  that  the  integral 
of  (10)  or  (11)  is  either 

^j^^    y-*v  (12) 

f^=/(yid).  (13) 

Hence  it  appears  that  the  integral  of  a  partial  differential  equa- 
tion of  the  first  order  requires  the  introduction  of  one  arbitnoy 
function. 

Thus  it  appears  that  these  geometrical  explanations  aa  to  the 
introduction  of  constants  and  arbitraiy  functions  in  the  case  of 
total  and  partial  differential  expressions  are  in  accordance  with 
the  reyerse  analytical  process  of  Section  7,  (Thap.  Ill,  Vol.  I. 

367.]  We  may  also  thus  prove  that  the  complete  integral  of  a 
differential  equation  of  the  nth  order  and  first  degree  involves 
n  arbitraiy  constants. 

Let  us  suppose  the  differential  equation  to  be  of  the  form 

,(..,.|....S)  =  o, 

and  to  admit  of  being  put  into  the  form 

and  let  us  suppose  that  it,  and  all  its  integrals  up  to  the  last, 
satisfy  the  conditions  which  are  requisite  for  development  in 
Taylor's  series. 

Let  (14)  be  differentiated  successively,  and  let  the  neoessaiy 

eliminations  be  performed,  so  that  we  can  determine  -^-j+f  > 

^-jp—, . . .  m  terms  of  j?,  y,  -~,  . . .  ,  ^,_f ;   and  let  the  limits  of 

the  integral  of  (14)  be  j^q,  y^  and  x,  y ;  then,  by  equation  (84), 
Art.  74,  Vol.  I, 

v^v  ^(^\  ^^^0  +  (^\  (^-^0)'   .        .  i^\  (^-^0)*   .       .  /i5) 
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where  the  subscript  cyphers  indicate  particular  values  of  the 
symbols ;  those,  namely,  which  correspond  to  the  inferior  limit.  ' 
Now  from  the  preceding  remarks  it  is  plain  that  all  the  differen* 

tial  coefficients  after  (     ^^J  ,  may  be  expressed  in  terms  of 

*oi  yo>  (^)  >  •••  (  .  „,i)  J  80  that  the  series  (15)  will  involve 

»  and  only  n  undetermined  quantities,  viz.  the  term  independent 
of  X,  and  the  several  coefficients  of  a?,  ^, . . .  x^"  ^,  which  are  ft  in 
number  and  may  be  expressed  by  n  constants,  c^,  r,, . , .  r„ ;  and 
therefore  into  the  complete  integral  of  (14)  n  arbitrary  constants 
enter. 

Of  course  it  is   supposed  that  none  of  the  quantities  y^, 

i-^)  J  • .  •  (  J  J^i  is  infinite  or  discontinuous  between  the  limits; 

as  however  no  criteria  are  given  for  determining  whether  these 
conditions  are  satisfied  or  not,  the  above  must  be  taken  only  to 
establish  an  a  priori  probability  that  the  theorem,  as  stated,  is 
true.  A  rigorous  proof  of  a  particular  case  will  be  given  here- 
after, and  might  be  extended  generally. 
As  an  example  of  this  process,  let  us  take  the  equation 

...     g^,|^.6.  =  0; 


Let  the  inferior  limits  be  y^  and  ^^  =  0 ; 

•••  (2).=  -*' ©).-••'.' (S).--'.-"--^ 

thus  (15)  becomes 

-yo|i-2+i,2        •■■)       09(1.2.8       1.2.8.4  ■*■■> 
„     26<     „     ,      ax      a^ar'l 

which  involves  only  one  arbitrary  constant,  viz.  y©. 
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368.]  When  the  integral  of  a  given  differential  equation  con- 
tains n  arbitrary  constants^  and  these  in  their  most  general  form, 
it  is  called  the  general  integral ;  and  converselj,  if  an  equation 
in  terms  of  x  and  y  satisfies  a  given  differential  equation  of  the 
nth  order  and  contains  n  arbitrary  constants,  it  is  the  general 
integral.  If  particular  values  are  given  to  one  or  more  of  these 
arbitrary  constants,  as,  for  instance,  if  any  of  them  is  zero,  then 
the  integral  is  called  a  particular  integral.  Also  sometimes  one 
or  more  of  the  arbitrary  constants  may  be  replaced  by  a  parti- 
cular function  of  x  and  y,  and  the  equation  will  still  satisfy  the 
given  differential  equation,  when  at  the  same  time  such  a  result 
cannot  be  obtained  by  giving  any  particular  constant  value  to 
one  or  more  of  the  arbitrary  constants  of  the  general  int^^ral : 
in  this  case  the  integral  is  called  a  singular  solution.  Our  capital 
problem  is  the  discovery  of  the  general  integral,  by  means  of 
which  particular  integrals  evidently  may  be  determined.  But 
we  shall  also  investigate  as  far  as  possible  the  general  properties 
of  singfular  solutions,  and  indicate  some  specific  forms  of  differ- 
ential equations  which  admit  of  such  solutions. 

In  most  cases  we  shall  be  obliged  to  leave  the  arbitrary  con- 
stants undetermined ;  the  complete  integral  of  a  differential  equa- 
tion requires  that  the  integral  should  be  definite,  and  therefore 
the  constants  ought  to  be  expressed  in  terms  of  the  limits ;  but 
it  is  manifest  that  this  can  be  done  only  when  the  conditions 
of  the  problem  are  given,  as  in  the  geometrical  applications  of 
the  calculus.  Differential  equations,  however,  for  the  most  part 
arise  in  mechanics  and  other  applied  mathematics,  on  the  in- 
vestigation of  which  we  have  not  yet  entered:  the  constants 
therefore  which  are  introduced  in  the  process  of  integration  must 
in  most  cases  be  left  arbitrary,  at  least  for  the  present. 

869.]  A  simple  form  of  differential  equation  which  admits  of 
integration  immediately,  or,  as  it  is  commonly  said,  by  simple 
quadrature,  is  that  where  the  variables  are  separated ;  in  which 
case  the  expression  contains  the  algebraical  sum  of  several  ele- 
ments, each  of  which  is  a  ftmction  of  a  single  variable.  The 
general  form  in  the  case  of  two  variables  is 

f{x)dx+^{y)dy^O',  (16) 

whence  we  have  for  the  definite  integral,  Xq  and  y^  being  cor- 
responding values  of  x  and  y, 

ff(x)  dx  -f  fV  iy)  dyz=0;  (17) 
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and  if  the  integrals  are  indefinite, 

ffia:)  dx  +j<i>  (y)  dy  =  c,  (18) 

where  c  is  an  arbitrary  constant. 

And  if  there  are  three  variables,  the  general  form  of  the  eqna« 
tion  is  fix)dx-\-<i>(y)dy-^xi^)dz  =  0;  (19) 

.-.     ff{:c)Aff+r4>(y)dy+f'x{z)dz^0.  (20) 

^m  Jh  *^xq 

Ex.1.      -^^-±-^0, 

(l-a?2)*     (1-y*)* 

.'.     sin~^a?+8in'"'y  =  sin"^<?, 
c  being  an  arbitrary  constant ; 

.-.     a?(l-y>)*+y(l-a;2)*  =  c, 

which  is  the  general  integral ;  and  if  c  =  0,  we  have  a  particular 
integral  y  =  —  a:. 

370.]  Another  form  in  which  the  variables  immediately  admit 
of  separation  is  nY^dx+^^dy  =  0;  (21) 

where  x  and  x^  are  functions  of  x  only,  and  t  and  t^  are  func- 
tions of  y  only ;  for  dividing  through  by  Xj  t^,  we  have 

(22) 
(28) 


^ 

X     ,           Y     - 

dx-\-—dy. 
^1          n 

=  0; 

•••  lii^^Sk^- 

=  c. 

which  is 

the  general  integral  of  (22). 

Ex.1. 

ydx-^xdy  =  0; 

.      dx      dy  _ 

0; 

•  •      0?        y 

logx+logy  = 

logc»; 

.-.     xy  =1  c^; 

c  being  an  arbitrary  constant. 

Ex.2. 

dyx^  +  dxy^  =  0; 

dy      dx 

^  +  ^- 

0; 

2y*  +  2ar*  =  2a*; 

.••     ^*  +  y*  =  a*, 
where  a  is  an  arbitrary  constant. 

PEICE,  VOL.  II.  3  X 
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Ex.  8.  If  sinxcosycLr-'BinycoBxdy  =  0j  then  cos^ssmcoey. 
Ex.  4.   If  (sec  ar)^  tan  ydx^  (sec  y)*  tan  xdy  =:  0, 

then  tan  07  tan  y  =  P. 
These  methods  however  are  so  simple  that  it  is  unnecessary  to 
add  other  examples. 


Section  2. — Integration  of  exact  total  differentiah  (ftwo  and 
more  variables. 

371.]  Let  us  first  take  the  case  of  two  variables,  and  suppose 
the  differential  expression  to  be 

pdiF+qrfy=:0,  (24) 

where  p  and  Q  are  functions  of  x  and  y :  it  may  be  that  (24)  is 
the  exact  differential  of  some  integ^l  ftinction  of  the  form 
u  =  ¥(x,y)  =  c;  or  it  may  be  that  some  factor  common  to  the 
two  terms  has  been  divided  out,  and  that  (24)  will  not  be  an 
exact  differential  until  this  factor,  or  some  other  factor,  has  been 
introduced ;  this  latter  case  is  reserved  to  Section  6  of  the  present 
Chapter. 

If  (24)  is  the  exact  differential  of  the  ftinction 

tt  =  F(a?,y)  =  c;  (25) 

then         Tdx-hq,dy  =  DU=  [~)dX'^[^)dy;  (26) 

and  as  dx  and  dy  are  arbitrary,  though  infinitesimal,  increments 
of  X  and  y,  (26)  can  only  be  true  when 

Hence  we  have  a  criterion  whether  (24)  is  an  exact  differential 

(//8«j  \        /  d  tt  \ 

and  consequently  if  it  is  not  on  inspection  plain  whether  (24) 
is  an  exact  differential  or  not,  we  may  apply  the  condition  (28) ; 
and,  if  it  is  fulfilled,  we  are  assured  that  (24)  is  an  exact  dif- 
ferential. 

The  equation  (28)  is  commonly  called  the  condition  ofintegra- 
biliiy.    Let  us  suppose  it  to  be  fulfilled.     Since  pdr  is  the 
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.r-partial  differential  of  u,  the  a?-integral  o{  Tdx  will  give  the 
function  of  ^  which  enters  into  the  general  integral ;  and  simi- 
larly the  y-integral  of  qdy  will  give'  the  function  of  y :  the 
addition  therefore  to  the  ^-integral  of  Pete  of  those  functions  of 
y  which  the  y-intcgral  of  q,dy  contains  and  which  are  not  in  the 
.r-integral  of  p  dx  will  give  the  whole  variable  part  of  the  general 
integral  of  (24) ;  and  the  addition  of  a  constant,  or  the  determi- 
nation of  the  definite  integral,  when  the  limits  are  given,  at  last 
gives  the  general  integral  of  the  differential  equation. 

Hence  we  have        u  =  /  p  rfo?  +  y,  (29) 

f  +  x;  (30) 


u  z=:j  qdy- 


where  y  and  x  are  functions  severally  of  y  and  x  only,  and  which 
are  added  to  the  partial  integrals  of  Pe/j?  and  q^dy ;  and  where  y 
is  the  sum  of  all  the  y- functions  which  are  in  (30)  and  are  not  in 
(29) ;  and  where  x  is  the  sum  of  the  ^-functions  which  are  in 
(29)  and  are  not  in  (30). 

It  will  be  observed  that,  if  the  variables  are  separated,  as  in 
(22),  p  and  Q  are  functions  severally  of  x  and  y  only,  and  that 

■(|)=<'=(r> 

so  that  the  criterion  of  integrability  ia  satisfied ;  and  thus  the 
general  integral  is  determined  by  two  single  integrations. 

Also  if  p  <ia7  +  Q  rfy  can  be  divided  into  two  parts,  one  of  which 
is  evidently  an  exact  differential,  it  is  sufi&cient  to  ascertain 
whether  the  other  part  is  also  such. 

Tlie  following  are  examples  of  these  processes ; 

Ex.  1.      {2ax  +  by+g)dx-{^(2q/-\-bx-\-€)dy  =  0; 
V  =z2ax+by-^g,  .-.     (^)  =  A; 

so  that  the  criterion  of  integrability  is  satisfied.  Let  w,  and  u^ 
denote  the  a?-  and  y-partial  integrals ;  then 


tt,  =J  {2ax-\-by-\-g)dx  =  ax^  +  bxy+gx; 
u^  =j(2cy  +  bx-{-e)dy  =  cy^ '\- b.vy -\- ey ; 


(31) 
ey; 

3x2 
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and  let  y  and  x  be  the  functions  of  y  and  w  respect! vely^  which 
are  added  to  the  partial  integrals  as  above;  then 

Y  =  cy»  +  «y;         x  =  aa?*+yar; 
by  means  of  either  of  which  we  have  from  (81), 

where  ^  is  an  arbitrary  constant. 
Ex.2.      I^$Z£^  =  0; 

_    y  •     i'^^\  _  *'— y* 

o_     — '    .  /rf<t\        J^-y*   . 

■*  -  aJ+y« '  \diti  ~  (a*+y»)«' 

and  thus  the  criterion  of  int^rability  is  satisfied. 


C  ydx  ,a?. 

„   =  r-^J?y  =_tan-i?^  =  tan-i^-?; 


ti  =  tan""i-  _|_^^ 

y 


Ex.  8.       {<^(a?y)H-a?y*'(a?y)}rfa?  +  «2^'(^)rfy  _,  0; 

q  =  fl^*'(^) ;  (^)  =  2^4>'(^)+ A*>y)  ; 

and  thus  the  criterion  of  integrability  is  satisfied;  and  we  have 

tt„  =  J  ^4>'(3py)dy  =  (V4>{xy); 

372.]  If  (29)  has  been  foimd  in  a  definite  form,  the  unknown 
function  y  in  it  may  be  determined  without  the  integral  (30). 
Take  the  y-differential  of  the  definite  integral  of  (29) ;  viz.. 

Then  since  (^)  =  Q,  we  have  ^  =  q_£grfx; 
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.-.     J  =  q-jf*  ^dx,  by  reason  of  (28), 

representing  by  q^  the  value  of  q,  when  x  ^  x^i 

•••     y^f\dy;  (83) 

and      11  =  /  pdp+ /  Qo^y-  (84) 

Or  representing  p  and  q  hjf(x,  y)  and  <^  (a?,  y)  we  have 

u  =  //(a?,  y)dx+  l<f>  (x^y  y)  dy ;  (35) 

or    tt  =  /  <^  (0?,  y)  rfy  +  / /(a?,  y©)  dr.  (36) 

373.]  Next  let  us  take  the  case  of  a  differential  equation  of 
three  variables,  and  of  the  form 

P(te+qdy+E<fe  =  0;  (37) 

where  p,  q  and  b  are  functions  of  x,  y  and  z.  Now  of  course  it 
may  be  that  either  (37)  is  an  exact  differential ;  or  that  some 
factor  common  to  all  the  terms  has  been  divided  out,  and  that 
the  expression  can  be  made  exact  only  by  introducing  this,  or 
some  other  equivalent,  factor :  this  latter  case  we  shall,  as  here- 
tofore, reserve  to  Section  6  of  the  present  Chapter,  and  shall  first 
consider  the  case  where  (37)  is  an  exact  differential.  If  we 
recognise  immediately  the  general  integral  of  (37),  it  is  of  the 
form,  ti  =  P(a?,y,z)  =  c;  (38) 

and  we  need  not  apply  criteria  of  integ^bility  :  and  this  is  mani- 
festly the  case  in  such  an  example  as, 

JrfrH-  ^rfy+  ^dz  =  0; 

sfl       li>        z^ 

whence  _  ^  Z-  -|.       _^  =  t*  =  0; 

a^       tr       (^ 

where  A  is  an  arbitrary  constant ;  and  in 

(y-fxr)dr-K-gr+«)rfy  +  (^+y)ife  =  0; 
whence  yz+^^H-^— **  =  t«  =  0. 

If  however  the  integral  is  not  discoverable  at  first  sight,  still 
let  us  suppose  (37)  to  be  the  exact  differential  of  a  function  of 
three  independent  variables  of  the  form  (38)  i  then 
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Tdx+q,dy-\-B.dz  =  dw 

and  as  dx,  dy,  dz  are  arbitrary^  though  infinitesimal^  this  equa- 
tion can  be  true  only  when 


^ax'  ^ay*  ^az' 


(40) 


Hereby  we  have  criteria  whether  (87)  is  or  is  not  an  exact 
differential,  for  since 

/  d^^u  \  _  I  d'^u  \     /  d^u  \  _  /  d^u  \        ,  /  d^u  \  _  /  d^^  \ 
\d^z^  "  \dzdy)'  \dzdif  "  ^d^dz''         ^dbodyf  "  \d^r 
if  (40)  are  true,  we  have 

(|)=(g).  (S)=(g).  (i)=(|)-  <«' 

which  equations  are  called  the  conditions  of  integrability  of  (37); 
and  if  they  are  fulfilled  we  can  integrate  as  follows : 

Since  F£^  is  the  <r-partial  differential  of  the  general  integral, 
the  a?-integral  of  Ydx  will  give  us  the  whole  function  of  a?  which 
enters  into  the  general  integral;  similarly  the  y-integral  of  Qflfy 
will  give  the  whole  fimction  of  y ;  and  the  jgr-integral  of  Rrfgr,  the 
whole  function  of  r :  if  therefore  we  add  to  the  ^-integral  oivds 
those  functions  of  y  which  are  in  the  y-integral  of  qdy  and  are 
not  in  the  a^-integral  of  pclr ;  and  if  again  we  add  to  the  sum 
those  functions  of  z  which  are  in  the  r-integral  of  Rdz,  and  which 
have  not  already  entered,  the  result  will  evidently  contain  all  the 
variable  part  of  the  general  integral,  and  therefore  by  the  addition 
of  an  arbitrary  constant  the  general  integral  will  be  obtained. 

Hence  we  have 


=  /pfltr-l-Y  +  z; 

=  JR(fe  +  X2  +  Y2; 


(42) 


where  x,  y,  . . .  are  severally  functions  of  a?,  y,  . . .  only ;  and  are 
determined  in  the  manner  explained  above. 

In  this  case  it  is  evident  that  if  the  variables  are  separated, 
the  criteria  of  integrability  are  satisfied. 

Also  that  if  Pflte-f  Qrfy-f-R<fe  can  be  divided  into  portions  of 
which  some  are  at  once  perceived  to  be  exact  differentials,  it  is 
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sufficient  to  ascertain  by  the  criteria  whether  the  other  parts  are 
also  exact  differentials. 


Ex.  1.    yzdx-^-zxdy+xydz  =  0. 


\dy 


(£) = y^ 


idn 


(^)=^V 


^dy 


and  the  conditions  of  integrability  are  satisfied.  Let  ii^,  u^,  u„ 
denote  the  several  partial  integrals ;  then^  taking  indefinite  in- 
tegrals, f  r 

tt^  =  /  par  =  /  yzdx  =  an/z ; 

similarly,  u^  =  xyz-,  m,  =  xyz; 

.•.   u  =  wyz-'k^  =  Oj 

where  A:  is  an  arbitrary  constant ;  and  this  is  the  general  integral. 

^  ^xdx-^ydy-\-zdz  zdx—xdz  «  •_»  oi  .»  j  ^ 
Ex.2. ^  ^       ,    +— ^ 2 — \-^ax^dx^2bydy^cdz-0. 

The  several  parts  of  this  equation  are  so  evidently  exact  differen- 
tials, that  it  is  unnecessary  to  apply  the  criteria ;  and  for  the 
general  integral,  if  A  is  an  arbitrary  constant,  we  have 

z 

374.]  When  the  criteria  of  integrability  are  satisfied,  the 
general  integral  may  be  expressed  in  terms  of  definite  partial 
integrals  as  follows :  as  the  process  is  similar  to  that  of  Art.  372, 
it  is  unnecessary  to  repeat  every  step  of  it ;  let  the  differential 
equation  be 

f\{^3yyZ)dx-\'f^(x,yyZ)dy'\-f^(x,yyZ)dz  =  0; 

.-.   tt  =  /  fi(x,y,z)dx+v, 

where  r  is  a  function  of  y  and  z; 

•'I'o 

where  w  is  a  function  of  z  only ; 


(43) 


(44) 
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^  =/j(«o.yo.^); 


.    «  =  /  /i(a',y,«)<iP+  l/i(Xo,y,z)dy+  /  /8(Xo,yo,r)dt.  (45) 

•'«»)  *'»*  *'«» 

Aa  an  example  of  this  form  let  us  take  the  simple  eqaation. 


-  «-.('. 


+iog(V+yo*+^)-iog(V+yo*-f^o) 
=  log(a?Hy*+-2f)-log(V+yo*+^o)- 

376.]  Lastly^  let  ns  briefly  consider  a  differential  equation  of 
n  independent  variables  of  the  form 

PiiiPi+p,ite,  +  ...+p^dir,  =  0;  (46) 

where  p^^  p^^  . . .  p.  are  fiinctions  of  the  n  variables  x^  x^,  ...  x^. 
In  order  that  this  may  be  an  exact  differential  of  a  fdnction 

u  =r  F(a?i,ar„...4?,)  =  Cy  (47) 

we  must  have 

I  du  \  I  du  \  (  du\ 

and  that  these  equations  should  be  true,  it  is  necessary  that 


(48) 


^dJj~\dx'J' 


(49) 
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the  number  of  which  conditions  is  the  same  as  that  of  n  things 

taken  two  and  two  together,  that  is,  is  -^-5 — -;  and  when  these 

are  satisfied,  and  the  n  partial-integrals  are  found,  the  general 
integral  may  be  determined  from  them  by  a  process  similar  to 
that  employed  in  the  cases  of  two  and  three  independent  vari- 
ables. 

We  may  also  express  the  general  integral  in  terms  of  definite 
partial  integrals  in  the  following  manner.  Let  the  coefiicients 
of  the  differentiab  in  (46)  be  f^  {w^,  a?a, . . .  ^,),  /j  {x^y  a^g,  . . .  ^»), 
"'fni^if^^}  "^^9  and  let  the  inferior  limits  of  integration 
be  x^,  X), ...  X,:  then  by  a  process  similar  to  that  of  the  last 
Article, 


•  •  •  +  /  "/»(Xi,  Xj, . . .  x,_i,  x^^dx,.    ( 


50) 


Section  8. — Integration  of  homogeneous  equations  of  two 
variables, 

877.]  Differential  equations  of  the  first  order  and  degree  can 
generally  be  integrated  only  when  they  satisfy  the  criteria  of 
integrability ;  and  therefore  when  an  equation  does  not  fulfil 
these  conditions,  our  first  object  is  to  investigate,  if  it  be  possible, 
some  mode  of  so  transforming  it  that  its  equivalent  may  be  in 
the  required  form:  the  principal  means  which  are  useful  for 
such  a  transformation  are  (1)  an  introduction  of  new  variables 
by  way  of  substitution,  (2)  the  multiplication  of  the  equation 
by  a  factor  which  will  render  it  an  exact  differential,  and  which 
is  commonly  called  an  integrating  factor :  these  processes  we  go 
on  to  examine. 

First,  let  us  take  the  case  of  two  variables  x  and  y,  and  sup- 
pose the  equation  to  be  I 

pcfe-fqrfy  =  0;  (51) 

let  us  suppose  that  the  criterion  of  integrability  is  not  satisfied, 
but  that  p  and  Q  are  homogeneous  functions  of  x  and  y  of  n 
dimensions :  then  dividing  through  by  j?",  so  that  a?"  may  stand 
as  a  common  factor,  (51)  takes  the  form 

PRICE,  VOL.  II.  3  Y 
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Let  y  =  xz]  therefore  dy  =:  xdz+zdx;  and  neglecting  the 
factor  0?*,  (52)  becomes 

f(z)dx+4>{z)  {xdz+zdv}  =  0; 

in  which  equation  the  variables  are  separated ;  and  consequently 
the  condition  of  integrability  is  satisfied;  and  thns  the  inte- 
gration depends  on  that  of  two  simple  differentials  of  one 
variable. 

Instead  of  arranging  the  equation  (51)  in  the  form  (52); 
wherein  x^  is  the  common  factor^  it  might  equally  as  well  have 
been  put  into  the  form 

yV(^)<te+y"*(Prfy  =  0-;  (54) 

and  if  ^  is  replaced  by  yz  the  variables  will  be  separated^  and 
the  criterion  of  integrability  will  be  satisfied. 

Ex.  1.     y^dx-^(xy+a:*)dy  =  0. 

Let    w  =  yz;         .-.     dx  :=^ydz+zdy; 

y^(ydz+zdy)  +  {y*z-hy^z*)dy  =  9; 
dy  dz  - 

y  ^  z^^-^z  ' 

^^^f"^^^^JT2  =  ^^ 

...       y3=c«i±^. 
^  X 

Ex.  2.     x^ydx^  (x^  4-  y^)  dy  =  0. 

Let         x^yz;  .-.     dx  zszydz-\'Zdy; 

.-.      ^^z^dz; 

y 

y  =  e?csj^. 
Ex.  8.    xdy^ydx  =  (a?2-f  y*)*  dx. 
This  13  an  homogeneous  equation  of  one  dimension. 
Let      yssxz;        dy  =  xdz-\-zdx; 

.-.     xixdz-^zdx)  =  xzdX'{'{x^+j^ii^)idx; 
dx  ^       dz 
"^  ~(1 +  ;&«)*' 
x^  =  icy  +  c"; 
which  is  the  general  integ^l. 
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Although  either  of  the  substitutions  y  =z  xz,  or  jp  =:  yz,  will 
produce  the  result^  yet  a  judicious  choice  wiU  frequently  shorten 
the  process  :  the  student  however  must  in  this  matter  be  left  to 
his  own  skill. 

378.]  Let  us  also  consider  homogeneous  equations  of  the  form 
(52),  and  the  introduction  of  the  new  variable,  from  a  geometrical 
point  of  view;  (52)  may  evidently  be  put  in  the  form 

dx  "*     ^0?' 

and  since  -^  =  tan  t,  and  -  =  tan  0,  r  and  0  being  the  angles 

respectively  at  which  the  tangent  to  a  curve  and  the  radius 
vector  are  inclined  to  the  axis  of  w^  the  above  equation,  inter- 
preted geometrically,  expresses  a  relation  between  these  two 
angles.    Thus  if  r  =  2^;  then 

dx  ""  x^^y^  ' 
Let    X  =z  yz ;  .*.     dx  ^^  ydz-\-zdy; 


dy       2zdz_  _ 


y 


.-.      log|^+log(-^+l)  =  0; 

.-.     a?2  =  2cy-y*; 
which  is  the  equation  to  a  circle,  whose  radius  is  the  arbitrary 
constant  c. 

And  to  take  another  example,  see  fig.  50 :  to  find  the  equa- 
tion to  a  curve  such  that  a  perpendicular  MS  let  fall  from  m, 
the  foot  of  the  ordinate,  on  the  radius  vector  op  shall  cut  the 
axis  of  y  at  the  point  if,  where  it  is  cut  by  the  tangent  pt'. 
In  this  problem  tan  som  =  tan  ot^M  ; 
y  ^       xdx 
x^  ydx^  xdy ' 
.-.     xydy  +  {x^'-y^)dx  =  0; 
t 

879.]  By  the  introduction  of  the  new  variable  z  the  original 
expression  (51)  has  been  so  transformed  that  the  variables  admit 
of  separation ;  let  us  examine  the  process  more  closely :  take  the 
form  (52)  and  compare  it  with  (51) ;  then 

3  Y  a 
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y  (55) 

and  (53)  has  been  found  by  dividing  (52)  by  a?*+^  {/(z)  +z4i{z)}, 
which  is  manifestly  equal  to  vx+qy;  henoe  the  equation  (51) 
satisfies  the  criteria  of  integrability  when  it  is  divided  by  vx+iiy; 
therefore  (Pa?-f  Qy)~^  is  an  integrating  factor  of  pd!r+Q€fy  =  0. 
Let  us  apply  this  process  of  integrating  homogeneous  equations. 

Ex.  1.     xdx-{-ydy  =  m{xdy'-ydx). 

{x-^my)dx+{y'-mx)dy  =  0; 
therefore  the  integrating  factor  is 

and  the  equation  becomes  an  exact  differential  of  the  form 
(a?  +  my)^-f  (y-m^)rfy  _  q  _  j^^. 
zr*+y3 

•"•    «*«  =j^i'^*«^  =  log(^+y*)*+wtan"i^^ 
"*  "^iS^^^  ^  log(a?2+y2)iH-mtan-i^; 

X 

.'.    u  =  log(a?*  +  y*)*  +  mtan"^-  +c  =  0. 

if 

Ex.  2.     Again,  let  us  take  Ex.  2,  in  Art.  377, 
ixi^ydx'-{x^^y^)dy  =  0; 
the  integprating  factor  is  —  y"* :  therefore 
a^ydx—{x^'\-y^)dy  ^ 

r  t\     x^\  x^ 

''^'=J\y-^Y^ry'=^^sy-^'^ 

^  c      3y3 

380.]  And  that  the  factor  (Pa?+Qy)"*  renders  (51)  an  exact 
differential  is  also  evident,  inasmuch  as  the  condition  of  integra- 
bility becomes  satisfied :  for  multiplying  by  this  factor,  we  have 
pdir  +  Qrfy 


Pa?+Qy 


=  0; 
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and  the  condition  of  integrability  is 
^         p  d        q, 


dy  Pa?-f  Qy       dx  P4?-fqy 

_   WPQ  — »PQ 

"■  (p^Toy)^ 

=  0, 
since  by  Euler's  Theorem,  p  and  Q  being  homogeneous  ftinctions 
of  n  dimensions, 

/rfp\         /rfPV 


(56) 


^dxf^^'^dyf 

and  thus  the  criterion  of  integrability  is  satisfied. 

If  p  and  Q  are  such  that  p^+Qy  =  0,  the  preceding  process 
fails;  in  this  case  however  another  integrating  factor  can  be 
found  by  a  method  which  will  be  developed  in  a  future  section 
of  the  present  Chapter. 

381.]  A  form  of  differential  equation  which  is  easily  reduced 
to  the  homogeneous  form  is 

{a^xA-  b^y  -f  q)  dir  +  (a^a?  +  b^  +  c^)  dy  =  0:  (57) 

let  Oia?+Aiy  +  Ci  =  f,         a^^  +  b^y  +  c^  =  rj ; 

.-.    rff  =  aidx-\-bidy,        dr)  =  a^dx-^-b^dy, 

and  substituting  in  (57),  and  reducing^ 

(*a  f  +  «2  n)  di-\b,  f  -h  fli  7,)  rf,,  =  0 ;  (59) 

a  homogeneous  equation,  which  is  integrable  as  above. 

This  transformation  is  manifestly  equivalent  to  that  of  a  sys- 
tem of  rectangular  coordinate  axes,  in  which  the  origin  and  the 
direction  of  the  axes  are  changed  :  and  it  is  always  possible, 

unless  ^  =  ^  =  *  («ay),  («>) 


Digitized  by  VjOOQ IC 


534  INTEGRATION  OP  [382. 

for  in  this  case  d^  and  dri  are  infinite :  but  then  (57)  becomes 

(a^w+b^y)(dy+kdx)-hc^dx+c^dy  =  0;  (61) 

in  which^  if  we  put  a, ^+  b^y^z,  and  eliminate  w  or  y,  the  vari- 
ables will  be  separated^  and  the  integration  can  be  performed. 

Also  by  a  similar  substitution  may  the  variables  be  separated 
in  the  equation  rfy  =  /(or  +  Ay)  ito.  (62) 


Section  4. — The  integraium  of  the  first  linear  differential 
equation. 

382.]  Another  form  of  differential  equations  in  which  the 
variables  admit  of  separation  is 

P,g+p,y+P3  =  0,  (68) 

where  Pi>  Ps^  ^s  ^^  Amotions  of  ^  only;  and  which  is  called  the 

linear  equation  of  the  first  order^  because  -^  and  y  enter  in  only 

the  first  degree^  and  there  is  a  vague  analogy  between  it  and  the 
equation  to  a  straight  line. 

Dividing  through  by  p^  and  making  obvious  substitutions^  the 

equation  becomes      dy+f{x)ydx  =  Y{ai)daf.  (64) 

Let    y  =  zt;  .-.    dy  =  zdt  +  tdz;  (65) 

.-.    zdt  +  t  dz-^-fijv)  ztdx  ^  'E{x)d« 

zdt-^t  {dz+f(w)  xf  da?}  =  F  (a?)  dv.  (66) 

As  we  have  introduced  two  new  variables  z  and  t,  and  have 
made  only  one  supposition  respecting  them^  we  may  make  an- 
other ;  let  this  be, 

dz'^f{x)zdaf  =  0;  .  (67) 

.-.    log^=  —jf{w)dwy 

z  =  c-//c*)tf*;  (68) 

thus  (66)  takes  the  form  dt  =  c//(')^  v(x)  dv; 

.-.    t  =  c-^Jef^^'^^¥{x)daf; 
and  y  z=  zt  =^  e-//(')<*«  |  c+ J  «//<')<*» p (4?)  dxl . 
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No  constant  has  been  introduced  in  (68)^  because  it  is  desir- 
able to  keep  complex  formulsB  in  as  simple  a  form  as  possible : 
and  the  generality  of  the  final  result  is  not  affected  by  the  omis- 
sion, for  such  a  constant  would  disappear  in  (69)  by  reason  of 
the  form  of  the  result. 

In  terms  of  definite  integprals  (69)  is 

y  =  e%'/(*)cte  |yo+/W^'^^F(a?)rfr|. 

Ex.  1.     dy-^-yebc  =  c'dr. 

y  =s  zt;         .'.     dy  =  tdz+zdt. 
tdz+z{dt-\-tdx)  =  e^'^dx. 
Let  rf/  +  /rfr  =  0;         .-.     t  -  e'*: 

.-.     z  =  a?-hc, 
y  sz  zt  s=  (a?  +  c)e~*. 
Ex.  2.     (l'-a^)dy^xydx  =:  adx. 

y  =  aa?-fc(l— 0?*)*. 
Ex.  3.     (ar  +  l)rfy— nyrfa?  =  e*  (a? +!)•+!{&. 

y  =  (e^+c)(x^l)\ 
Ex.4.    2dy'\-2y  cos  s  da?  ==  sin2^. 

888.]  A  form  which  admits  of  reduction  to  (64),  and  conse- 
quently of  haying  its  integral  determined  in  the  form  (69),  is 

which  is  generally  known  by  the  name  of  Bernoulli's  linear 
equation  of  the  first  order ;  for  dividing  through  by  y*,  we  have 

y— rfy+y— +V(j?)  dir  =  f  (a?)  dx.  (71) 

Let        y-"+i  =  j?;         .-.     —(n— l)y"*rfy  =  Ar; 
and  therefore  by  substitution, 

dZ'-'(n'-'\)zf{x)dx  =  -(n-l)F(ar)iii?;  (72) 

and  by 


yn-l 


|c-(«-l) /'cC-i>//c*)«tep(a.)dirJ.  (78) 


The  explanation  of  the  failure  of  the  above  substitution  when 
n=l  is  too  obvious  to  require  more  than  a  passing  remark. 


'^■^  t*&-'>^' 
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•■•    rfyy"*  + j-3^y**p  =  ^*p• 
Let        y*  =  «;  .•.     — .  =  dz; 

2y* 

.-.      ;.  =  y*=(l-;r2)4|c-.|(l-^)i|, 

Ex.  2.     dy-\-%yxdx  =  2aa?3y^da?. 

The  preceding  is  only  a  particular  case  of  the  following  more 
general  differential  equation  which  is  evidently  capable  of  solu- 
tion by  the  same  process  j  viz. 

Ex.1.     6^y2^-4^y3  ^  1. 


Section  5. — The  integration  of  partial  differential  equations 
of  the  first  order  and  degree. 

384.]  We  must  now  consider  differential  expressions  of  an- 
other character ;  those^  viz.,  wherein  a  relation  is  given  between 
partial  derived-fiinctions  and  the  variables  :  the  general  forms  of 
these  are  (3)  and  (4)  in  Art.  864.  I  shall  at  present  take  the 
case  wherein  the  partial  derived-functions  enter  linearly,  and 
where  the  coefficients  are  functions  of  the  variables,  including  of 
course  the  case  where  they  are  constant. 

First  let  it  be  observed,  that  a  partial  differential  expression 
which  arises  from  an  implicit  function  of  two  variables  of  the 

^"^"^  tt=P(a?,y)  =  c,  (75) 

and  the  general  form  of  which  is 

'(S)+«(|)=0,  (76, 

where  p  and  Q  are  frmctions  of  x  and  y,  although  involving 
partial  derived-functions,  is  in  fact  a  total  differential  expression; 
for  differentiating  (75),  we  have 
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O'-O*'"^ 


(77) 


making  which  identical  with  (76)  we  have 

dx       dy' 
.-.    qdiv-^vdy  =  0; 
which  is  a  total  differential  equation  of  the  form  (24). 

Now^  &om  the  explanation  of  partial  differential  equations 
which  has  been  given  in  Article  866,  it  follows  that  the  integral 
of  a  partial  differential  equation  of  the  first  order  and  degree  re- 
quires the  introduction  of  an  arbitrary  function ;  and  although 
the  integral  may  be  particular^  yet  it  is  not  general  without  it. 
Since  then  a  total  differential  equation  of  the  form  (77)  may  by 
an  inversion  of  the  process  followed  above  be  changed  into  a 
partial  differential  equation^  so  does  its  general  integral  require 
an  arbitrary  function :  the  method  of  determining  it  will  be  ex- 
plained in  Section  6  of  the  present  Chapter:  thereby  also  we 
shall  be  led  to  a  solution  of  total  differential  equations  still  more 
general  than  that  of  the  preceding  Sections. 

Let  us  now  consider  a  partial  differential  expression  of  three 
variables  x,  y,  z,  and  of  the  form 

where  p,  q^  r  are  or  may  be  functions  of  x,  y  and  Zy  and  in  which 
z  has  been  considered  a  variable  dependent  on  two  independent 
variables  y  and  x.  To  discuss  it  however  in  the  most  general 
form^  let  us  suppose  the  original  function  to  be  of  the  form 

u  =  v(Xyy,z)  =  c,  (79) 

where  p  denotes  the  arbitrary  function,  which  the  complete  inte- 
gral requires ;  then,  by  the  process  of  Art.  50,  Vol.  I, 
/du\  idu\ 

(dz\  _       \dx'  l^^\  ^      ^y 

W' ""  ""  fdu\  '       ^dyf  "  ""  /Ai\  ' 
\dzl  \dzf 

substituting  which  in  (78)  we  have 

and  this  is  in  the  most  general  form  of  a  partial  differential  equa- 
tion of  the  first  order  and  degree.  It  is  the  integral  of  this  that 
we  shall  investigate. 

PRICE,  VOL.  II.  3  z 


(80) 


(81) 
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Now  of  (79)  the  differential  is 

from  which  and  (81)  we  have 

/du\                  idu\  /du\ 

\dil       _        \d^f       _  Vji^      , 

q^dz  —  ndy  ~"  r"^— pST  ""  prfy— Q<te 

Let  us  assume  that 


p 
dx 


B 


[384. 


(82) 


(83) 


(84) 


either  of  which  equations^  it  will  be  observed,  involves  the  other 
by  reason  of  (83) ;  and  let  us  suppose  two  independent  integ^s 
of  these  equations  to  be  found,  and  to  contain  two  arbitrary  con- 
stants Ci  and  C2 ;  and  to  be  of  the  form 

/i  i^>  y,  z)  =  ^1,        /2  (a?,  y,  z)  =  c^  (85) 

where  c^  and  Cj  are  arbitrary  constants. 
Then  from  these  we  have 


from  which,  by  reason  of  (84)^  we  have 


(86) 


dy 


{^)+*('i)W#)=<'< 


^  dx> 


dy  1^    \dzl 


(87) 


on  comparison  of  which  with  (81)  it  appears  that  either  /j  or  f^ 
satisfies  (81) :  and  so  also  will  any  arbitrary  function  of/|  and 
f^ :  for  let  f  represent  an  arbitrary  function  of  ^  and^,  that  is, 
of  c^  and  Cj ;  then  multipljring  the  members  of  (87)  severally  by 

(-T^l  and  f  -^TfU  *^^  adding,  we  have 


rf/i' 


df. 


and  therefore  v(f^,f^)  satisfies  (81):  and  therefore  we  have  for 
the  general  integral     ^  ^  ^^f^j^^  ^  q,  |  ^^^ 

=  F(Ci,c.J  =  0;J 
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or^  as  it  may  be  expressed^ 

^1  =  /(^2)>  \  (89) 

/i=/(/2);J 

and  either  (88)  or  (89)  is  the  general  integral,  because  each  con- 
tains an  arbitrary  function  in  its  most  general  form. 

385.]  The  process  requires  further  development  and  illustra- 
tion :  but  it  will  be  better  first  to  consider  and  solve  some  par- 
ticular examples. 

Suppose  the  given  equation  to  be 

(g)  =  /(.,y);  (90) 

then        z=Jf(x,y)(ls+<f>{y),  (91) 

where  <ft  (y)  is  the  arbitrary  function  which  enters  into  the  general 
integ^l,  and  which  has  y  only  for  its  subject.     Similarly,  if 

(^)  =  /(x,  y) ;        z  =jf{x,  y)dy+4,{x). 

Thus  if  (Pi  =  '-^-> 

dz  dx 


z-\~y       x+y 
log(2r+y)-log(a?+y)  =  \og(t>(y); 


and  this  is  the  complete  integral. 

We  may  also  thus  prove  (91):  replacingf^j  in  (90)  by  its 
value  from  (80),  we  have 

tdu\   .   /du 


(dz\ 


and  therefore  from  (84),  —-  =z  -^  =  -^. r ; 

^     'M         0       f{x,y) 

.-.   rfy  =  0,       y  =  <?i; 
dz  =  dxf{x,y)  =  dxf(x,c{); 

3Z2 
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or,  what  is  equivalent,  by  means  of  the  substitutions  (80), 

Now  by  the  conditions  (84)  we  have 

a  b  c  ' 

.'.    bx—ay  =  q,         cx-^az  =  c^j  (94) 

and  thereibre  by  reason  of  (89), 

hx  —  ay  =:  f(cx^az) ;  (95) 

or         tt  =  v{bx^ay,cx—az)  =  0;  (96) 

either  of  which  is  the  general  integral  and  involves  an  arbitrary 
functional  symbol. 

It  is  usefiil  to  observe  the  geometrical  interpretation  of  the 
process ; 

Let  (95)  or  (96)  represent  a  surface :  then  from  (92)  it  appears 
that  the  normal  to  the  surfisice  at  every  point  of  it  is  perpen- 
dicular to  a  straight  line,  whose  direction-cosines  are  propor- 
tional to  the  quantities  a,  b,  c:  but  as  these  determine  the 
direction  and  not  the  position  of  a  line,  we  can  only  condade 
that  every  normal  is  perpendicular  to  one  of  a  series  of  parallel 
straight  lines :  and  the  successive  positions  of  these  lines  may 
vary  according  to  any  law ;  which  law  however  is  not  given  by 
the  differential  equation,  but  is  required  for  the  integral  equation 
of  the  surface :  in  fact  the  insertion  of  it  is  absolutely  necessary; 
for  otherwise  the  equation  cannot  represent  a  surface ;  and  the 
geometrical  form  of  the  law  is  the  equation  to  the  director  curve 
along  which  the  parallel  straight  line  moves,  and  generates  the 
surface ;  and  this  surface  is  cylindrical.  This  is  also  manifest 
from  (88)  and  (94) ;  (94)  are  the  equations  to  two  systems  of 
parallel  planes  respectively  parallel  to  the  axes  of  z  and  y :  and 
the  intersection  of  two,  viz.,  one  of  each  system,  will  give  the 
generating  line  of  the  surface ;  and  the  line  of  intersection  will 
of  course  vary  according  to  the  functional  relation  between  Ci 
and  Cg,  the  particular  values  of  which  determine  the  particular 
intersecting  planes. 

dz\      ,       ,,  idz\ 


Ex.2.     (.-«)( j3+(y_*)(^)  =  ._c, 


dx'  ^dyf 
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The  equivalent  of  this  in  the  most  general  form  is 

and  therefore  by  (84), 

x-^a  ~"  y  —  b  ^  z  —  c' 

,',     log(a7-a)  =  log(y-A)  +  logCi, 
log(^-a)  =  log(2r-c)-|-logC2; 
x—a  x—a 

...   £=:^=/(^,  (98) 


IX  — a      x—a\      ^ 


Ex.  8.     (»ur  — «y)(  — )  4-(wa?— fe)  y-j-j  =  ly—mx. 


•y     z—cf 

which  may  also  be  expressed  as  follows, 

/y  — 6      z  —  c      ^— a\      ^ 

tt  =  F  (^^^ ,    ,    1)  =  0. 

^z  —  c      x—a      y—ht 

Observe  the  geometrical  meaning:  (97)  indicates  that  the 
normal  to  the  surface  is  perpendicular  to  a  straight  line  which 
passes  through  a  given  point  (a,  by  c),  and  therefore  the  surface 
is  generated  by  a  straight  line  which  passes  through  the  given 
point  and  moves  according  to  a  given  law :  and  this  is  a  pro- 
perty of  conical  surfaces,  of  which  therefore  (98)  is  the  general 
equation,  and  the  arbitrary  functional  symbol  contained  in  it 
expresses  the  law  of  the  director-curve. 

The  equivalent  to  this  in  its  most  general  form  is 

(«.z-»y)(g)  +  («^-fe)(^)  4-  {ly-'nx)(^)  =  0;     (99) 

let      —^-=_^  =_?[£_;  (100) 

mz—ny        nx—lz       ly  —  mx 

then  multiplying  the  numerators  and  denominators  severally  by 
^9  Vf  ^»  and  adding;  and  again  operating  in  the  same  way  with 
t,m,n;  the  sum  of  denominators  in  each  case  is  zero  :  therefore 
the  sum  of  the  numerators  must  also  vanish  :  consequently 

xdx-\-ydy-^zdz  =  0;         Idx-^-mdy  +  ndz  =  0;     (101) 
/.     a^-\'y^-\'Z^  =  Ci,        te4-»»y  +  wjr  =  c^-,       (102) 
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.-.     a?»-hy*+;8r*  =/(te  +  my+a2r);  (105) 

or        «  =  p(a?2-|-y*4-«^,  fe-hmy  +  fur)  =  0; 

either  of  which  is  the  equation  of  a  surface  of  revolutiou^  and  in 
which  the  origin  is  on  the  axis  of  revolution ;  and  equation  (99) 
implies  that  all  the  normals  of  the  surface  pass  through  the  axis  : 
also  &om  (102)^  which  are  the  equations  of  a  sphere  and  a  plane^ 
it  follows  that  all  plane  sections  of  the  surface^  which  are  per- 
pendicular to  the  line  whose  direction-cosines  are  proportional  to 
I,  m,  n,  are  circles. 

whence  we  have 

l_l=/(i_l);  (104) 

or    „  =  .(l_i,l_l,l_i)  =  0.  (106) 

386.]  The  assumption  made  in  Art.  384,  by  which  (84)  is 
assumed  from  (83),  requires  further  elucidation;  and  that  our 
notions  may  be  definite,  I  shall  consider  it  from  a  geometrical 
point  of  view.  Suppose  the  integral  equation  to  be  that  to  a 
surface;  then,  from  (81)  and  (82),  it  appears  that  the  normal 
to  the  surface  at  a  certain  point  is  perpendicular  to  the  line 
whose  direction-cosines  are  proportional  to  the  values  which 
p,  Q,  R  have  at  that  point,  and  also  to  any  line  of  which  the  ele- 
ment on  the  surface  is  ds,  the  projections  on  the  coordinate 
axes  of  ds  being  da:^  dy,  dz ;  and  combining  these  two  conditions, 
as  in  (83),  it  follows  that  the  normal  to  the  surface  is  coincident 
in  direction  with  the  normal  to  the  plane  containing  these  two 
lines  (p,  Q,  r),  (dx,  dy,  dz).  Now  the  direction  (p,  Q,  r)  is  fixed  for 
any  one  point,  and  the  direction  of  ds  is  indeterminate ;  in  order 
therefore  that  we  may  leave  the  most  general  condition  to  be  Ail- 
filled  hereafter,  we  may  suppose  these  two  directions  to  be  the 
same,  which  fact  is  expressed  mathematically  by  the  equations   . 

(84) :  so  that  now  \--f-)*  {  j-)^  K'df  ^^^  indeterminate,  as  appears 
from  (83),  and  therefore  the  normal  is  only  limited  to  being  in 
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the  plane  which  passes  through  the  point  under  considemtion^ 
and  is  normal  to  the  line  (p,  Q,  r).  Thus  far  it  appears  that 
two  consecutive  points  on  the  line  (p,  Q^  b)  will  be  on  the  surface, 
but  nothing  is  determined  as  to  consecutive  points  in  other 
directions. 

Now  suppose  the  integrals  of  the  two  equations  (84)  to  be 
found,  and  to  be  (85) :  these  are  manifestly  the  equations  to  two 
surfaces,  and,  being  simultaneous,  express  a  line  which  is  their 
line  of  intersection,  and  lies  on  the  surfaces,  and  it  is  for  all  points 
along  it  that  equations  (84)  are  satisfied.  The  forms  of  these 
surfaces  depend  on  the  forms  of  p,  q,  r;  and  as  the  equation  of 
each  of  them  contains  an  arbitrary  constant,  Cj  or  Cg,  so  by  the 
variations  of  these,  systems  of  surfaces  arise,  and  by  a  relation 
which  is  arbitrary,  but  which  we  may  assume  to  exist  between 
these  constants,  we  obtain  a  series  of  lines,  all  of  which  lie  on 
the  surface  1*  =  0,  and  therefore  by  which,  in  their  several  and 
successive  positions,  the  surface  is  formed;  and  this  relation 
between  Cj  and  Cj  may  be  expressed  by  a  functional  symbol 
which  will  enter  into  the  final  equation;  and  although  this 
function  may  be  arbitrary,  yet  for  any  one  surface  it  will  be 

determinate;  and  hence  will  the  values  of  \j-)^\T')'  [t')  ^^' 

come  determinate,  and  the  position  of  the  points  contiguous  to 
(a?,  y,  z)  be  fixed  in  other  directions  than  along  (p,  q,  r)  ;  that 
is,  in  other  words,  the  resulting  equations  will  express  a  con- 
tinuous and  determinate  surface.  Although  then  the  assump- 
tion of  (84)  may  appear  to  restrict  the  generality  of  *(81),  inas- 
much as  it  causes  the  conditions  expressed  by  it  and?(82)  to  be 
satisfied  along  only  a  line  on  the  surfsu^,  yet  it  leaves'  us  free 
to  introduce  the  general  functional  symbol  of  relatioiFbetween 
Ci  and  ^2,  and  thereby  are  we  enabled  to  express  the  class  of 
surfaces  of  the  greatest  extent  which  satisfies  the  condition  of 
the  given  partial  difierential  equation. 

The  reader  will  perceive  the  agreement  between  the  method 
here  explained  and  the  process  of  solution  applied  to  the  exam- 
ples of  the  preceding  Article. 

887.]  A  similar  method  may  also  be  applied  to  the  integration 
of  partial  differential  equations  of  the  first  order  and  first  degree 
of  any  number  of  variables. 

Let  the  partial  differential  equation  involve  n  variables,  ^i,  x^, 
. . .  jr^ ;  and  let  us  suppose  the  required  integral  to  be  of  the  form 
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u  =  F(j?i,a7j,  ...a^J  =  0;  (107) 

and  suppose  the  differential  equation  to  be 

'.(^)-<)-    ^'■(£)=0,  008. 

where  all  the  variables  are  supposed  to  be  independent;  for  if 
such  were  not  the  case,  but  if  one  were  supposed  to  be  a  function 
of  the  other  (n— 1),  the  equation  might  be  changed  into  the 
form  (108)  by  means  of  equivalents  analogous  to  (80).  Now  the 
total  differential  of  (107)  is 

and  let  us  assume  that  the  following  (n— 1)  relations  exist  be- 
tween (108)  and  (109), 

—L  =  -^  =  ..,=  -^  =  ,x  (say).  (110) 

Suppose  now  that  we  can  determine  the  integrals  of  the 
(n—l)  different  equations  which  are  involved  in  (110),  or  can  by 
any  means,  as  in  Ex.  3  of  Article  385,  determine  (»— 1)  different 
relations  between  the  n  variables;  and  suppose  them  to  be  of 
the  forms, 

fn^li^iy^iy-K)  =   C^-i;  (111) 

_i  represent  (n—l)  arbitrary  constants.    Then 
nstants  must  be  related  to  each  other  by  a 

such  as 

♦  (Ci,C2,...c^_i)  =  0,  (112) 

♦(/iX-/-i)  =  0;  (113) 

e  used  as  abbreviations  for/j  (x^jX^, ...  a? J, ... 
bus  be  shewn :  let  (111)  be  differentiated,  and 

^(t)''.+    -(tK=«.    ',      ,1H) 

and  multiplying  these  severally  by  (-  ~),  (-^V  ...  (-— — ), 


fn  1 
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and  adding,  the  coefficients  of  Avj^,  dw^, ...  dx^  in  the  sum  are 

and  replacing  dx^ydx^^ ...  di^^  by  their  proportionals  from  (110), 

comparing  which  with  (108)  it  is  manifest  that,  with  the  excep- 
tion of  an  added  constant  which  is  immaterial,  ♦  =r  te;  and 
therefore,  from  (113),  the  general  integral  is 

t*  =  *(/p/2>../.-i)  =  0;  (117) 

or,  as  it  may  be  written, 

/i  =  *(/2./»>-  -/.-i)-  (118) 

888.]  Also  if  we  operate  on  the  several  equations  of  (114)  with 
the  series  of  equalities  (110),  by  comparing  the  results  with  (108) 
it  will  be  manifest  that  the  functions  f^  ,f^, . .  ./„_i  are  all  such  as 
when  substituted  for  u  satisfy  (108) ;  and  are  therefore  solutions 
of  the  given  equation  :  each  however  will  be  less  general  than 
(117),  because  (117)  combines  them  all  under  one  other  arbitrary 
functional  symbol.     I  may  however  mention  that  although  I 
have  shewn  that  (117)  is  such  as  to  satisfy  1 
yet  I  have  not  proved  that  it  is  the  necessary 
tion  is,  are  any  and  what  restrictions  introduc 
tical  assumptions  (110)?     But  these  inquiri 
range  and  scope  of  the  present  work. 

Ex.1.    (/-|-y-|-^)(_)  +  (^-Ha?-|-z)(J  +  (/4  f-^z. 

Let  this  be  changed  into  its  equivalent, 

(«  +  y+^)(^)+(y+;?+0(^)+(^+^-H^)(5  =0; 

therefore,  by  the  assumptions  (110), 

dt  dx  dy  dz 


X'\-y  +  z       y-k-z+t  "  z-\-t-\-x  "  /+a?+j 
_  dt-^dx-^-dy-^dz 
"■    8(/+4?+y  +  0)    ■      x^t 

.'.    log(/  +  a?-hy  +  2r)*  =  log^^; 
FRICX,  VOL.  n.  4  A 
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C2  =  (y-OC^+^  +  y  +  'Sr)*, 

For  convenience  of  notation,  let  /+a?+y+^  =  »';  so  that  by 
(117),  the  general  integral  is 

u  =  *{(:v-^t)a),  (y—t)(o,  (jzr— Qo)}  =  0. 

Ex.  2.   Determine  the  form  of  a  fmiction  of  n  variables  which 
will  satisfy  the  differential  equation 

•        ^  —    /.  ^  —   /.  ^"-1     —   ^  ^"     —    /•    . 

therefore  the  general  integral  is 

u^*{^,     ^,...    ^=i,     ■^)=0;  (119) 

and  if  d?i,  a?2, ...  a?^_i  are  independent  variables,  and  x^^  is  depen- 
dent, it  may  be  expressed 


(120) 


the  right-hand  member  of  ^hich  is  an  homogeneous  Amotion  of 
(n— 1)  variables  and  o(m  dimensions:  the  above  is  manifestly  a 
proof  of  the  coi^verse  of  Euler's  theorem. 


Section  6. — On  integrating  factors  of  differential  equations  of 
the  first  order  and  degree.         ^    < 

389.]  We  return  to  total  differential  equations,  with  the 
object  of  investigating  the  conditions^  subject  to  which  different* 
tial  expressions  of  two  or  more  variables,  which  are  not  exact 
differentials,  and  do  not  in  themselves  satisfy  the  criteria  of  inte- 
grability,  may  yet  be  made  to  do  so  by  means  of  an  integrating 
factor;  and  first  we  shall  consider  an  expression  of  two  variables 
of  the  form  p  dir + qrfy  =  0 ;  (121) 

where  P  and  Q  are  fimctions  of  x  and  y ;  and  we  shall  shew  that 
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there  is  always  a  factor  fx^  which  is  generally  a  function  of  x  and 
y^  which  will  render  (121)  an  exact  differential  of  u^  so  that 

/ui(p&?  +  Qrfy)  =  Dw  =  0.  (122) 

Suppose  the  general  integral  of  (121)  to  be 

f(x,y)  =  c;  (123) 

where  c  is  an  arbitrary  constant :  then  we  have^  by  differentia- 

comparing  which  with  (121)  we  have 

l±L^l±L   =  ^,S^y;  (125) 

60  that (^)=  /iP,  y-j-j=  fxq;   consequently  /xP  and  /xQ  are 

respectively  the  a?-  and  y-  partial  derived-fiinctions  of  the  same 
fimction/(d?,  y)  =  0;  and  /x  is  a  factor  which  renders  (121)  an 
exact  differential. 

890.]  Not  only  is  there  an  integrating  factor  of  a  given  differ- 
ential expression  of  the  form  (121),  but  the  number  of  such 
factors  is  infinite. 

For  supposing  u  =  0  to  be  such  that 

fx(prfr4-Qrfy)  =  Du,  (126) 

then  multiplying  both  members  by,  say,  (f>{u),  an  arbitrary  func- 
tion of  w,  we  have 

fx4>(u)(7da?  +  q,dy)  =  (f>(u)j>u;  (127) 

and  as  the  right-hand  member  of  this  equation  is  an  exact  differ- 
ential, the  left-hand  member  also  is;  and  as  <^(u)  is  an  arbitrary 
function  of  u,  the  number  of  such  factors  is  infinite. 

From  the  form  of  the  integrating  factors  it  appears,  that  if 
two  integrating  factors  of  a  differential  expression  can  be  found, 
the  integral  may  be  found  without  integration. 

For  suppose  /*  to  be  one  integrating  factor ;  then  (127)  shews 
any  other  integrating  factor  to  be  of  the  form  fx<^(tt);  conse- 
quently dividing  the  latter  by  the  former,  and  equating  the 
quotient  to  a  constant  c,  we  have 

<^(tt)  =  c:  (128) 

and  this  is  an  integral  of  the  given  differential  expression,  inas- 
much as  <t>  expresses  an  arbitrary  fimction. 

4  A  2 
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891.]  Let  us  however  consider  the  question  of  integrating 
factors  of  a  differential  expression  of  the  form  (121)  from  a  more 
general  point  of  view.  Let  /a  be  an  integrating  factor^  so  that 
fxvds-^ixqdy  is  an  exact  differential ;  and  consequently 

fxvdx-^fxq,dy  =  nti  =  0;  (129) 

then  by  the  condition  of  such  exact  differentials^ 

"-«•  ,(|)-.(|)  =  .{|)-.©=  (.31, 

and  as  this  is  a  partial  differential  equation  of  the  first  order  and 
degree  in  [Xy  it  is  to  be  integrated  by  the  methods  of  the  pre- 
ceding Section. 

Let  the  general  integral  of  this  equation  be 

fi  :=  4>(x,y); 
or  in  the  implicit  form 

r  =  ♦(a?,y,M)  =  0;  (182) 

then  (131)  becomes 

and  therefore,  by  virtue  of  the  hypothesis  made  in  (84),  we  have 
—  =  -^  =  ^^  '  a34) 

by  the  integration  of  which  equations  fx  must  be  expressed  as 
an  arbitrary  function  of  ^  and  y.  There  is  no  general  method 
of  finding  the  integrals  of  the  form  (134) ;  although,  as  we  shall 
presently  see,  many  cases  admit  of  integration. 

Since  the  integrals  of  (134)  involve  an  arbitrary  function  the 
number  of  factors  which  will  render  (121)  an  exact  differential  is 
infinite.  This  is  the  theorem  which  was  proved  in  the  preceding 
Article. 

392.3  The  following  are  examples  in  which  the  integrating 
factors  are  determined  by  the  preceding  process. 

Ex.  1.     a{xdy'\-2ydx)  =  xydy. 

2aydjp  +  x(a'-y)dy  =  0. 
Let  fjL  be  the  integrating  factor :  then 
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•••   *(«-y>(|)-2''y(|)=M(«+y); 

SO  that  in  this  case  (134)  become 

a?(a-sf)  "■  -2ay  ""  M(«+y)' 


log  II  =  logy-*-^+Cj,; 


S 


2a 

\vheTice  the  most  general  value  of /;i  may  be  determined;  but  as 
it  takes  a  complicated  form,  let  us  suppose  that  the  relation 
between  c^  and  c^  is  such  that  €i  =  c^^O:  then 

1 

xy 
so  that  we  have 

%aydx-\^x{a^y)dy  _  ^^^  _  q. 
wy  "^  ' 

.-.    tt,  =  2aloga?,        tt^  =  a  logy— y; 
.".    tt  =  2alog^  +  alogy— y  =  c. 
Ex.  2.     ydX'\-(aa^y''-2w)dy  =  0. 

£fy      2cb7 

dx dy dfi  __    y         a^ 

iM?2y*— 2a?  ""^  "■/ut(3~2flw?y")  ""  8— 2apy* 

rf/i  _^  dy      %dx . 
log/ui  =  logy— log  a?2+logCi; 

and  this  is  a  particular  value  of  the  integ^ting  factor ;  using^ 
which,  the  given  differential  equation  becomes 

y^dx+{ax'y-^^^2xy)dy  _ 

?  -  ^^  -  "' 

at/*+«      y* 

—  —  =  c\ 


(185) 


n-h2       a?  "  •-' 
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and  as  this  int^fral  is  that  of  the  first  two  members  of  the 
equality  (185),  we  have 

ay"**      ^_  ^ 

and  the  general  integral  is 

Ex.  8.     (a?«+y»+l)dir-2afyrfy  =  0. 

The  integrating  factor  is  ex^^;  and  the  integral  is 

898.]  Certain  special  cases  in  which  the  integrating  tacboTB 
can  be  determined  require  consideration. 

Let  us  suppose  the  integrating  factor  /a  to  be  a  Amotion  of  one 

variable  only;  say,  of  a?  only;  sothat  (-^js  0;  then  from  (181)i 

.-.    jjf^W      W^  (186) 

If  the  right-hand  member  of  this  equation  is  an  explicit  func- 
tion of  X  only,  the  equation  is  integrable ;  and  we  have 


log  ^  =  J  -a 1:;:^  d^.  (i37) 

Now  this  condition  may  be  satisfied  when  q  contains  w  only, 
and  p  is  of  the  form  x^y+x^,  where  x^  and  x^  are  functions  of  jr 
only ;  in  which  case  the  equation  is  of  the  first  linear  form  given 
inArt.882;  this  will  be  fully  discussed  hereafter.    Itwillalsobe 

satisfied  when  the  functions  of  y  which  enter  into  (-r-)  —  (^) 

and  into  Q  are  the  same,  so  that  they  may  be  divided  out  in  the 
right-hand  member  of  (186), 
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Similarly  if  fx  is  a  function  of  y  only 

(^)  _  (*) 

log  M  =  j  '^-^-  dy ;  -        (138) 

and  the  requisite  condition  that  the  Becolid  member  should  be 

integrable  is  that  «— — ^—  Bhould  be  a  fimction  of  y  onlj. 
Ex.1.    (««+y*,+2iF)<to+2yrfy  =  0. 


\dyl      \dxl       , 
y    „  =  1; 


Here        '  =1;  l<*gf*  = ». 

Ex.  2.     {xy^'^e^)dx'-sflydy  =  0. 

894.]  Again  operating  on  the  first  two  members  of  (134)  in 
the  manner  indicated  by  the  following  results^  we  have 

=  y^+^^y .     (140) 

If  p»+  <ty  =  0,  then  from  (189)  we  have  also 

ydx—»dy  =  0;  (141) 

which  is  a  solatioii  of  the  differential  equation ;  or  in  an  ap- 
parently more  general  form. 

Equation  (141)  is  true  also  because  simultaneously 

pe£i?+<t^y  =  0,    and    par+<iy  =  0* 
If  qy— p^  =  0^  then  &om  (140)  we  have  also 

ydx+xdy  =  0;         ••.    xy  ^  c,  (148) 

which  is  the  solution  of  the  differential  equation ;  and  in  an  ap- 
parently more  general  fonuj  we  have 

fip^)  =  c.  (144) 
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Equation  (148)  is  also  true  because  we  hare  flimultaneonslj 
qy.p^  =  0^  and  P^te+Q^y  =  0. 

895.]  If  however  neither  Pa?+qy  nor  qy— pj?  vanishes,  then 
from  (189),  we  have 

now  the  right-hand  member  of  this  equation  is  an  exact  differ^ 
ential  if  p  and  q,  are  homogeneous  functions  of  ^  and  y  of  n  di- 
mensions.    For  in  that  case  by  Euler's  Theorem,  we  have 

'(£)+»(%)=•"' 

and  consequently  as  ^dx-^-qdy  =  0, 

and  adding  this  to  the  numerator  of  the  right-hand  member  of 
(145),  and  observing  that 

we  have  dfi  _       xdi^-^ydq, 

fi  "■  Pa?  +  qy 

^^d(P^+qy)  ..     ^d^^^dy^O; 

Pa?  +  Qy  ^%  y  * 


log/A  =  -log(pa^+qy); 
1 


(146) 


pa7+Qy 

"PdtV  •4-  odv 

and  therefore ^  ^  is  an  exact  differential ;  and  we  have 

Pa?+(iy 

I^±A  ==  Du;  (147) 

pa?  +  Qy 

hereby  then  can  u  be  determined,  and  an  integral  be  found. 

Let  these  results  be  compared  wii^  Articles  879  and  880. 

If  both  members  of  (147)  are  multiplied  by  /(«),  then  we  have 

K.)  ./.'(.)*.  =/5gi|^^(.);  (148) 

and  therefore  if  one  integral  of  (147)  can  be  found,  an  infinite 
number  may  also  be  determined. 
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Hence^  if  p  and  q  are  homogeneous  functions  of  n  dimensions, 
(P^  +  Qy)~^  is  an  integrating  factor  of  Pctr+Qdy  =  0.  The 
following  are  examples  of  integration  by  this  process. 

Ex.  1.    2a?y  £to  -f  (y^-x^)  dy  =  0. 

Here  pa?  +  qy  =  x^y-k-y'^; 

.      ^ix^dx^{y^^a^)dy  _  ^,,  _  ^ . 

,  rixydx  fy'-ar^    . 

=  log(^+y*)j  =log^!±ll; 

...    a  =  iog_JL  =  c, 

where  c  is  an  arbitraiy  constant. 
Therefore  by  reason  of  (148)  the  most  general  integral  is 

^    y    ' 

Also  taking  equation  (140)  we  have 

^  ^  ydx^xdyS(d^\  _  /dq\)  (149) 

M  qy— pa?     Orfy^       ^dx^S 

the   right-hand   member  of  which  is   an  exact  differential  if 
p  =  yf{xy),     q  =  Xif>{xy) ;  for  in  this  case 
^  _  _  d.xy{f{wy)'-it>{xy)}  , 
M              ^{/(a?y)-*(a?y)} 
.-.     log^  =  -  log.a?y  {f(xy)'-'4>  (xy)} 
1 

1  (150) 


M  = 


POT— qy 
and  consequently  we  have  the  following  exact  differential, 

I5f?±Sf^  =  Dt.  =  0.  (151) 

Par— qy 

And  thus  if  p  =  y/(a?y),  q  =  xtpixy),  (Par— qy)-^  is  an  inte- 
grating factor  o{TdX'\-q,dy. 

Ex.  1.     (l-ha?y)yete-h(l— a?y)a?rfy  =  0. 

_  (l+j?y)y<fe  +  (l-^)ay<^y. 

price,  vol.  II.  4  B 
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=  -2^+log*»;         ^-2-^-logy*; 

896.]  For  another  illustration  of  the  theory  of  integrating 
factors  let  us  take  the  first  linear  differential  equation  which  is 
given  in  (64)^  Art.  382,  and  a  means  of  integrating  which  has 
already  been  therein  discussed.     The  form  is 

{y/(^)-r(«)}*P  +  rfy  =  0.  (152) 

On  comparing  this  with  Art  393,  it  appears  that  the  condition 
requisite  for  the  existence  of  a  factor  which  is  a  function  of  x 
only  is  satisfied,  so  that  we  might  deduce  the  form  of  the  factor 
from  that  article.  Let  us  however  investigate  it  from  first 
principles. 

Let  fi  be  the  factor ;  therefore 

=  {y/W-»(«)}(^)+M/(*); 

and     ^  =    ,/y    ,  ,  =  -^;  (154) 

1        p(*)-y/(a?)       ft/(«) 

li.  =  CiC//C')<*»;  (155) 

multiplying  (152)  by  this  value  of  /ui  we  have 

e/n*)^  {yf(x)  -  F(a?)}  dp  +  eff^'^^dy  =  0 ;  (156) 

=  ye/>'(')^- /e//(')*'F(ar)rfr; 
.-.     u  =  y«//(';rf-«^- /e//^'''"F {x)dx^C'y  (157) 
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where  c  is  an  arbitrary  oongtant^  and  is  the  second  arbitrary  con- 
stant introduced  in  the  integration  of  the  series  of  equations 
given  in  (154) ;  so  that  as  c^  =  *'{c),  where  *^  denotes  an  arbi- 
trary Amotion^  from  (155)  we  have 

pi  =  ef/i')d**'\ye/n')^^fefn')^r(x)da;\  ;  (158) 

And  applying  this  most  general  value  of  fx,  we  have  as  the 
general  integral  of  (152) 

tt  =  ♦  I  y  e//(')  ^  ^fe/A^)^  T(x)ds\^c.      (159) 

It  appears  then  that  the  equation   (152)   when   multiplied 
through  by  e^^*^***  is  an  exact  differential^  and  may  be  integrated 
as  such;  this  is  also  otherwise  evident;  since 
dy  +  yf{3B)dx  =  v{x)dx', 
.-.     eff^»^dy+yeff^*^*'f{x)dx  =  e//('>**»F(a?)dr;         (160) 

whence^  as  the  left-hand  member  is  an  exact  differential^  by 
int^^ation  we  have 

ye//i*)dx  ^Jeff(')^r(x)dx+c,  (161) 

which  result  is  the  same  as  that  of  Art.  382. 
The  following  are  examples  of  this  process. 

Ex.1.     dy-\-ydx  ^  ax'^dx. 

/(a?)  =  l;  .-.    Jf(x)dx^x; 

€*dy-^y€*dx  =  a&^x*dx ; 

.*.     ye*  =  ajefx^dx 

=  a{a?*— na?*-i+n(n— 1)0?*-*— ... 

...(«)«n(n-l)...8.2.1}e*+c; 
.-.    y  :=r  a{j?»-»a?— *+...(-)*n(n-l)...8.2.1}+cc-*, 
where  c  is  an  arbitrary  constant. 

n  o  dx 

Ex.2.     rfyH -ydx  ^ 


h 


'f{x)dx  =  log  {ar+ (!  +  «»)*}•; 
M={a?+(l+«»)*}-; 

4  B  2 
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397.]  We  proceed  now  to  a  differential  expression  of  three 
independent  variables^  of  the  form 

prfa?+Qrfy+Rrf2r  =  0;  (162) 

where  p,  Q,  b,  are  functions  of  a?,  y,  and  z.  Suppose  /i  to  be  a 
factor^  by  which^  when  multiplied^  it  becomes  the  exact  differen- 
tial of^  say^  the  fanction^ 

u  =  v(x,y,z)  =  €',  (163) 

and  thus  [I'B dx  +  iLi^dy  •{- iindz  =  Df«  =  0^  (164) 

where  /ui  generally  is  a  function  of  all  the  variables ;  then  the 

conditions  of  its  being  an  exact  differential  are^  see  equations  (41), 

rfQxB)  _  rf(/utq)         rf(fxp)  _  rf(fxR)         rf(/Aq)  _  rf(fAP)  ^ 

dy  dz     '  dz     '^     dx    ^  dx     ^     dy    * 

•••   •  -©-'©-{©-(I)}'- 
-©+  •  -(g)=40-©}4"«> 

multiplying  the  first  of  which  by  p,  the  second  by  q,  and  the 
third  by  r,  we  have 

'1©  -(|)!  -  *10-(r:)S  -  ■  Kg)-® =»'  <'«' 

which  condition  must  be  satisfied,  in  order  that  (162)  may  admit 
of  being  made  an  exact  differential  by  means  of  a  multiplier : 
we  shall  return  hereafter  to  the  meaning  of  the  necessity  of  this 
condition. 

Now  it  is  manifest  that  the  three  equations  (165)  are  equiva- 
lent to  any  two  of  them  together  with  (166) :  and  if  of  these 
three  integrals,  involving  three  arbitrary  constants,  can  be  found, 
the  most  general  integrating  factor  may  be  determined :  if  how- 
ever we  can  integrate  only  one  or  only  two,  we  may  use  the 
resulting  expression  as  an  integrating  factor,  although  it  may 
not  be  the  most  general. 
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Also  from  (165)  in  many  cases^  by  various  combinations^  other- 
forms  of  differential  expressions  may  be  founds  whereby  inte- 
g^ting  factors  may  be  determined.  Thus  one  form  may  be 
obtained  in  the  following  manner :  multiply  the  second  of  the 
group  (165)  by  dz,  and  the  third  by  dy,  and  then  subtract  the 
third  from  the  second ;  and  we  have 

•••'i(|)'^+(|)*^(s)*|-(l)f"^+''*+"^> 

and  therefore  by  (162), 

'*=M{(i)^+(g)*+(g)^-*>. 

similarly, 

and  the  general  form  of  the  integrating  multiplier  will  be  deter- 
mined by  the  equation 

♦(ei,C2,C3)  =  0;  (170) 

where  ♦  expresses  an  arbitrary  function,  and  c^iC^^c^  are  to  be 
expressed  by  their  equivalents  determined  as  above.  The  most 
general  form  of  the  multiplier  of  course  requires  the  integrals  of 
all  three  equations ;  there  is  no  method  of  finding  the  integrals 
of  all  in  their  above  general  forms ;  in  many  cases  however,  as 
the  following  examples  shew,  the  integration  is  possible. 

Ex.  1.     zydx—zxdy-^y^dz  =  0; 

in  this  case  (166)  is  —yz{W'\'2y)-^xyz-^2y^Zy  which  is  equal 
to  0,  and  therefore  the  condition  is  satisfied ;  and  from  (167), 
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which  gives  us  a  particular  value  of  /a.     And  multiplying  the 
given  equation  by  it,  we  have 

zydx—zxdy-^y^dz  _         _ 

.-,     t*  =  ^  +log2r  =  r.  (171) 

y 

Again,  from  (169), 

log(My»)  ^jy±^^  =  ^+logrs; 

and  multiplying  the  given  equation  by  this,  and  integrating,  we 
have  X 

u  =  ze^  -^  cT',  (172) 

and  therefore  either  this  or  (171)  is  an  integral  of  the  g^ven 
equation  ;  and  thus  the  general  integral  is 

X 

tt  =  r  (ze^)  =  0. 
Ex.  2.     {bZ'"qf)dX'\-{cX'^az)dy-^(ay^bx)dz  =  0; 
in  this  case  (166)  becomes 

— 2a(ftxr— cy)— 2A(ca?— or)— 2c(oy— &r), 
which  is  equal  to  0,  and  therefore  the  condition  is  satisfied. 
The  equations  for  determining  fA  become 
fiibz-cy)^  =  Cj,  1 
fxicx'-az)^  =  Cj,   > 
fi{ay^baff=z  e^;J 
and  therefore  any  value  of  fi  which  will  satisfy  the  equation 

^ifiibz'-cy)^,  fiicx-'-az)^,  yiiay^bxf}  =  0, 
may  be  used  as  a  multiplier  to  render  the  given  equation  an 
exact  differential. 

Let  us  however  take  one  of  its  particular  forms,  say  the  first 
of  the  group,  and  we  have 

{bZ'-cy)dx-\-{cx—az)dy'\'{ay'-'bx)dz 


{bz^cyY 


=  Dtt  =  0; 


U   =  T =   0. 

bz-^cy 
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By  taking  the  other  values  of  fA  we  might  obtain  other^  although 
equivalent^  values  of  u ;  and  thus  the  most  general  form  of  the 
integral  is  icx-az\       ^ 

U  =  F(-r )=  0. 

Ex.8.  (y''+y;»+«*)da?+(^  +  «a?+^)rfy+(a?^+^-fy*)rf«=0. 
The  condition  (166)  is  satisfied ;  and  to  determine  /li  let  us  have 
recourse  to  first  principles : 

whence  we  have 

dr  _  rfy  __  dz  _        ^i"* 

T  ■"  a?2-fa?y+y«  "■  -(a?*-|-a?2r  +  j2r»)  "■  Zfiiz-y) 

^     dx-^-dy-^-dz     _      dx-^-dy-^-dz      . 
""  y^-k-xy-^xz—z^  "  (y-'Z)(x-^y'\-z)' 
dX'\-dy-\'dz  d^x^ 

x-{-y^z     ""       2jui' 

andlog^  =  logix-^-y^zf] 

**  ■"  (a?+y+2r)»' 
and  multiplying  the  given  equation  by  this  we  have 
{y^-{-yZ'\rz^)dx-\-{z^'\-zX'\-a^)dy-^{3fl+xy'\-y^)dz  _  q 

(^+y+2r)«  -         -     . 

~        x+y+z 
_yz±gx±xy 

«.  =  ---    — ^+y5 

J?  +  y  +  'S: 
and  thus  the  general  integral  becomes 

\   x-i-y-hz    f 
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the  arbitrary  functional  sjinbol  p  including  the  arbitrary  constant 
of  integration. 

398.]  Equations  (165)  admit  of  combination  into  a  more  simple 
form  when  p^  Q^  k  are  homogeneous  and  of  n  dimensions :  for 
multiplying  the  second  of  them  by  z,  and  the  third  by  y,  and 
subtractings  we  have 

■••  ^{'ii)  Mi)  M^)-'{i) -.{%)-'& 

but         •O+i'O+'O'"" 

whence  we  have 
Similarly^ 

and  therefore  multiplying  by  dx,  dy,  dz,  and  adding, 
D{fi(Pa?+qy+a^)}-M(l+«)(^<to+Qrfy-|-R&) 

=,.,b+,*+.^)|.(*)+,(*)+,(*)i. 

.-.     D{fi(P»  +  Qy  +  E2r)}  =  0; 


M  = 


.         .       .  (178) 

where  c  is  an  arbitrary  constant:   we  subjoin  an  example  in 
which  the  method  is  applied. 

It  is  required  to  integrate  the  partial  differential  equation 

«'(£)+'(!)"'   ■ 

or,  which  is  equivalent. 


y(t)M%)Mt)-'>- 
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Hence  by  (84),  we  have 

da:  ^  dy  _  dz 
y   ^   z  ^  x 

_  dx{z—x)  +  dy{X'-y)-^dz(y—z) 
y{Z'-x)  +  z(x—y)'^x(y—z) 

_  {x^  —  yz)dx-\-{y^—zx)dy+{z^''Xy)dz^ 
~     {oc^-'yz)y-\-{y^'-xz)Z'\-{z^'-xy)x 

and  as  the  denominators  of  these  last  equations  are  equal  to 
zero,  the  numerators  must  also  vanish :  and  therefore 

(x^—yz)  dx  +  (y2  --2x)dy  +  (5^  -  xy)  dz  =  0, 
.  . 1 xyz  =  c^ ; 

{z-x)dx  +  {x-'y)dy  +  {y-z)dz  =  0,  (174) 

and  thfs  expression  satisfies  the  condition  (166);  and  as  the 
equation  is  homogeneous  we  have  by  means  of  (178), 

iz-x)dx-^(X'~y)dy-^(y'^z)dz  _        _ 

zx-hxy-\-yz  —  {x^-^y*-{-z^)       "        ""      ' 

and  by  integration 

Wx  =  \og{yz^zx-xy}^  +  ^Un-'^  ±ZLZl, 

1  ^       .2y-'Z-'X 


3^  S^iz-x) 

««.  = -h— tan-i-r ^; 

3*  8^(x—y) 

and  as  the  difference  between  the  circidar  functions  contained 
in  fi„  tty,  tt,  respectively  is  a  constant,  it  follows  that  either  one 
is  an  integral  of  (174),  and  that  therefore  another  particular 
integral  of  the  equation  is 

iog {yz-{'ZX'^xy}^  +  — tan^^    ^-y—^  _  ^^. 
34  SHy-z) 

and  therefore  the  general  integral  of  the  given  differential  equa- 
tion is 

log(yz+ra;-hay)*  +  -^tan-^  g,     ^       =  Y{x^'\-y^ -\-z^-^xyz), 

where  f  is  the  sjonbol  of  an  arbitrary  function. 

I  may  by  the  way  observe  that  the  solution  of  homogeneous 
equations  is  often  facilitated  by  a  substitution  similar  to  that 

PRICE,  VOL.  II.  4  c 
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made  in  Art.  377.    Thus  we  may  integrate  Ex.  8  in  Art.  897  bj 
assuming  jp  =  {z,y  =:  riz;  in  which  case  the  equation  becomes 

399.]  It  is  manifest  from  the  examples  of  the  preceding  Arti- 
cles^ that  the  difficulty  of  determining  the  integrating  fiictor  is 
the  chief  obstacle^  and  is  in  most  cases  insurmountable :  there 
is  however  another  mode  of  solution  less  direct  than  that  given 
above^  but  of  which  it  is  desirable  to  give  a  brief  description^ 
because  it  is  the  only  one  which  has  hitherto  been  generally 
applied. 

Since  the  differential  ^nation  pd!ir  +  q(/y  +  E€b  =  0  is  a 
function  of  three  variables^  we  may  consider  one  of  them  to  be 
dependent^  and  the  other  two  to  be  independent;  let  the  inde- 
pendent variables  be  a  and  y,  so  that  the  integral  is  assumed  to 
be  of  the  form  z  =f(x,  y) ;  now  we  may  consider  x  and  y  to 
vary  separately^  and  consequently  z  to  vary  owing  to  the  varia- 
tion of  w  or  of  y,  when  the  other  does  not  vary :  suppose  that  in 
the  differential  equation  we  consider  y  to  be  constant^  and  the 
variation  of ;?  to  be  partial  and  to  be  due  to  that  of  x :  in  which 
case  the  equation  becomes 

Pcte+Ed5  =  0;  (175) 

let  fA  be  an  integrating  factor  of  this  equation^  when  y  is  con- 
sidered constant :  and  let  us  suppose 


I  ix{^dx+ndz)  =  r{x,y,z); 


then  in  the  integration^  since  y  has  been  considered  constant^  a 
function  of  y  must  be  introduced ;  and  if  y  represents  an  arbi- 
trary function  of  y,  the  integral  is 

r{x,y,z)  =  y:  (176) 

now  this  is  manifestly  such  as  to  give  the  correct  value  of  (-t-;) 

in  (175) :  y  however  must  be  so  determined  as  to  give  the  correct 

value  of  (;r-) :  and  it  is  also  evident  that  if  (176)  satisfies  these 

conditions  it  is  an  integral  of  the  given  differential  equation. 
Of  (176)  let  the  total  differential  be  taken ;  then 
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whereby  y  may  be  determined. 

But  in  order  that  t^  as  assumed  in  (176)^  should  be  a  function 

of  y  only,  it  is  necessary  that  (  j-)  —  MQ  should  be  independent 

of  X  and  z :   and  if  this  is  true,  the  or-  and  ^r-differentials  of  it 
vanish ;  and  therefore 


O-O-di-o' 


(177) 


but  since        fiP  =  (^)j     and    /uiB  =  {-j-)>  (178) 

substituting  which  in  (177)  and  from  (178)  we  have 


and  therefore  we  have 


'{0-(|)}-«{(|)-(£)}-ld^)-©}=<" 

which  is  the  condition  of  integrability  already  determined ;  and 
consequently,  if  this  condition  is  satisfied,  this  method  of  inte- 
gration may  be  employed. 

4  0  9 
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Ex.  1.  (yz-\-aryz)die-\'{zx-\^xyz)dy-\^  {xy-^xyz)dz  —  0. 

Here  the  condition  of  integrability  is  satiefied  :  let  y  be  con- 
stant; then         {z-\-xz)dx-\-{x-\-3Cz)dz  =  0; 

.-.     dx-{- rfi  =  0; 

X  z 

u  5=  logxz*-^x-\-z-^Y  =  0; 

1+0?.  1+^j  rfY, 

DM  =  aa?+ oar  4-  -r^du 

X  z  dy  ^ 

1+a?  .   .  1  +  r  ,      l+y;; 
=  --^—dx^-  "-^—dz-^-  —^-^dy; 
X  z  y      "^ 

*1  4  V 
.-.     rfy  =  ^dy;         y  =  logy-|-y+c; 

y 

.-.     u  =  log^j2r  +  a?+y-f  2;+c. 

400.]  I  will  now  return  to  the  consideration  of  the  criterion 
of  integrability  given  in  (166),  and  exhibit  it  from  a  geometrical 
point  of  view,  with  reference  to  properties  of  surfaces. 

The  differential  equation  vdx+  q,dy  ■{-  B.dz  =  0  evidently  ex- 
presses the  condition  that  the  line  (p,  (J,  tt)  is  perpendicular  to  a 
line  (dx,  dy,  dz),  joining  two  consecutive  points ;  but  p,  Q,  R  are 
functions  of  x,  y,  z,  and  vary  as  we  pass  from  point  to  point ;  so 
that  if  the  preceding  equation  expresses  a  property  of  a  surface, 
that  surface  cuts  orthogonally  the  system  of  straight  Knes  whose 
direction-cosines  are  proportional  to  P,  Q,  r.  It  is  of  course 
conceivable  that  straight  lines  (p,  q,  r)  may  be  such  that  no  con- 
tinuous surface  can  cut  all  orthogonally,  or  in  other  words  that 
the  differential  equation  may  not  express  a  surface ;  and  conse- 
quently a  further  condition  may  be  required  when  it  is  capable 
of  such  an  interpretation.  This  condition  is  given  by  the  cri- 
terion of  integrability,  and  I  proceed  to  demonstrate  that  it  is  so. 

Since  the  criterion  involves  partial  differentials  of  p,  q,  r,  it 
evidently  expresses  some  property  of  these  lines  in  a  position  of 
displacement  infinitesimally  near  to  their  former  position ;  and  as 
by  reason  of  the  differential  equation  p,  q,  r  are  proportional  to 
the  direction- cosines  of  the  normal  to  the  surface,  the  property 
required  must  depend  on  the  position  of  the  normals  at  points  on 
the  surface  infinitesimally  near  to  the  point  (x,  y,  z).  Now  the 
theorem  given  in  Art.  340  of  the  present  volume  assigns  such  a 
relation.  For  since  by  it  the  radii  of  torsion  of  two  geodesies 
on  a  surface  intersecting  at  right-angles  are  equal  at  the  point 
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of  intersection^  so  in  other  words^  if  at  a  point  p  on  a  surface  a 
normal  pn  is  drawn,  and  two  lines  pPj  and  pPg  of  equal  infini- 
tesimal length  are  drawn  on  the  surface  and  perpendicular  to  each 
other^  the  normal  at  p^  shall  make  with  the  plane  pnPj  an  angle 
equal  to  that  which  the  normal  at  p^  makes  with  the  plane  pnp,. 
I  proceed  to  prove  that  this  theorem  interprets  the  criterion 
of  integrability :  let  the  point  (a?,  y,  z)  to  which  reference  is 
made  in  the  equation 

Tdx-^q,dy-^Kdz  =  0  (179) 

be  supposed  to  be  on  a  surface,  on  which  the  line  {djc,  dy,  dz) 
lies ;  so  that  the  line  (p,  q,  r)  is  normal  to  the  surface  at  the 
point  {Xf  y,  z).  On  the  surface  let  two  points  t^  and  Pg  be  taken 
equidistant  from  p,  and  let  these  points  be  (^+fi>  y  +  »7i,  ^4-Ci)> 
{^■^^29  y-^^2>  ^  +  Ca)  respectively,  da  being  the  distance  of  each 
of  these  from  p;  also  let  these  lines  make  a  right  angle  at -p. 
Thenwehave         f,f,  +  ,,,,+  f,  f^  =  0;  (180) 

i'fi  +  <l'?i+»fi  =  0.  J  (181) 

P^2  +  Q'»2  +  »fl  =  0.   > 

Prom  the  last  two  of  which  we  have 

^iG— &»/8         Cif2— ClG  ill2—Vli2 

Also  let  p2  +  q2  ^.  ^2  ^  a*.  (188) 

Then  the  direction-cosines  of  the  normal  at  Pj,  fi,  tji,  Ci  being  the 
increments  of  x,  y,  z,  are 

P  ^      d      V  rfP  >rfP  /-IQ^v 

the  sum  of  the  squares  of  these  quantities  being  equal  to  unity, 
when  infinitesimals  are  neglected. 

Let  <l>i  be  the  angle  which  the  normal  at  p^  makes  with  the 
plane  PxFN.  Then  as  fj,  172/ C2  ^®  proportional  to  the  direction- 
cosines  of  the  normal  of  this  plane,  and 

■     .         f,(184)  +  »,(185)+f,(186) . 

Bin  <P|  =:  , f 

aa 
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Similarly,  if  <^  is  the  angle  contained  between  the  normal  at 
Ps'and  the  plane  p^pn^ 

Hence  as  ^j  =  <^2^  equating  (187)  and  (188),  we  have 


+  (fx.,-,.w|(|)- 01=0;  (189) 


whence  by  (182), 

which  is  the  condition  of  integrability;  and  therefore  we  infer 
that  if  (179)  does  not  satisfy  this  condition^  it  does  not  express 
the  property  of  a  surface^  and  its  integral  cannot  be  of  the  form 
u  =  v(x,y,z)  =  c. 
If  the  point  p  on  the  surface  is  taken  for  the  origin^  and  the 
normal  pn  is  taken  for  the  ;?-axis,  and  the  lines  pp^^  and  PPj  sie 
taken  for  the  axes  of  x  and  of  y  respectively,  then  f  j  =  17,  =  dc, 
»7i  =  Ci  =  fi  =  Cj  =  0;  so  *hat    . 

.        d(r/dq\  .     .         (h  /*\, 
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•••    0  =  (g)>  "91, 

whereby  we  have  a  geometrical  interpretation  of  the  ordinary 
criteria  that  the  equation  pctr  +  qcfy  =  0  is  an  exact  differential. 
I  may  also  observe  that  if  the  axes  of  coordinates^  to  which  the 
surface  supposed  to  be  represented  by  the  differential  equation 

rdx-^qdy+Rdz  =  0 
18  referred,  are  transformed  into  another  rectangxilar  system,  in 
which  the  several  letters  are  accented,  it  may  be  shewn  that  (190) 
becomes 

'i(|)-e')}-i(S)-oi-i(^^)-(^)!=''><-> 

80  that  this  condition  is  invariant ;  a  result  which  may  generally 
be  inferred  from  the  circumstance  that  it  expresses  a  geometrical 
property  of  surfaces  which  is  true  independently  of  any  particular 
system  of  reference. 

401-3  We  ^^^  return  to  the  analytical  investigation.  It 
appears  that  an  equation  of  the  form  vdx-^qdy  =  0  can  always 
be  rendered  an  exact  differential  by  means  of  a  multiplier,  and 
that  its  integ^  involves  an  arbitrary  functional  symbol ;  and  it 
also  appears  that  vdx-i-qdy-^-^dz  =  0  is  not  always  capable  of 
being  made  an  exact  differential  by  means  of  a  multiplier,  and 
can  be  made  so  only  when  the  condition  (166)  is  satisfied. 

If  however  (166)  is  not  satisfied,  but  rdx+q,dy-\-Rdz  can  be 
separated  into  two  parts,  which  are  respectively  exact  differ- 
entiab  multiplied  by  factors,  so  that  it  is  of  the  form 

fADU  +  fijDUi  =  0,  (198) 

it  is  evidently  satisfied  by  u  =  r,  Uj  =  q ;  u  and  u,  being  so 
related,  that  both  are  simultaneously  constant ;  and  therefore 

Ui  =  *(u),  (194) 

the  form  of  <f>  being  at  present  undetermined :  but  as  from  (194) 

DUj  =  ^'(u)DU; 
substituting  this  in  (193)  we  have 

M  +  Mi*'(u)  =  0; 
which  equations  are  sufficient  for  determining  the  form  of  <^ ; 
and  the  result  becomes 

u  =  r,  v^=z  <!>{€); 

each  of  which  is  the  equation  to  a  surface ;  and  the  two  when 


Digitized  by  VjOOQ IC 


568  DIFFERENTIAL  EQUATIONa  [40I. 

taken  simultaneously^  as  it  is  necessary  in  this  case^  express  the 
curve  of  intersection  of  the  two  surfaces  :  the  differential  equa- 
tion therefore  expresses  a  property  of  a  curve  and  not  of  a 
surface. 

Or  again  if  we  cannot  by  inspection  separate  the  differential 
expression  into  two  parts  of  the  form  (193) ;  yet  by  the  follow- 
ing process  we  can  shew  that  it  expresses  a  property  of  a  curve 
and  not  of  a  surface ;  that  is^  if  {x,  y,z)  is  sl  point  on  a  snrfacei 
it  is  possible  to  draw  through  the  point  and  on  the  surface  an 
infinite  number  of  lines^  the  consecutive  points  of  which  shall 
satisfy  the  differential  equation^  although  the  equation  to  the 
surface  does  not. 

For  suppose  the  equation  to  the  surface  to  be  Pi(a?,  y, «)  =  ^; 
whence  we  havie  ucte-fvrfy+Wflfa;  =  0;  then  multiplying  this 
last  by  v,  and  adding  it  to  the  given  differential  equation^ 

(p  +  i;u)c/a?  +  (Q  +  V  v)rfy  +  (e  +  vw)dz  =  0 ;  (195) 

now  suppose  i^  to  be  so  determined  that  this  shall  satisfy  the  con- 
dition (166) ;  let  the  integral  of  (195)  be  f^  (a?,y,  ^)  =  Cg ;  then 
Fj  and  Fj  taken  together  satisfy  the  differential  equation ;  and 
therefore  all  the  curves  in  which  these  two  surfaces  intersect 
satisfy  the  equation :  now  Fj  will  manifestly  contain  an  arbitrary 
function,  and  therefore  there  will  be  an  infinite  number  of  lines 
of  intersection;  although  therefore  no  one  surface  satisfies  the 
conditions  of  the  given  equation,  yet  through  any  point  on  the 
surface  f^  may  an  infinite  number  of  lines  be  drawn  along  which 
we  may  pass  without  violating  the  conditions,  but  we  are  unable 
to  paas  from  one  line  to  another  across  the  others. 

Another  way  of  considering  the  matter  is  this  ;  assume 
y  =r  <l>(x),  and  substitute  for  y  in  the  given  differential  equation; 
then  we  have         {p  +  q<^'(^)}  rfip  +  Rrf^  =  0,       '  (196) 

<f>(x)  having  been  substituted  for  y  in  p,  Q  and  r.  Suppose  the 
integral  of  (196)  to  be    j,^^^,^c)  =  0, 

where  c  is  an  arbitrary  constant :  then  the  intersection  of  the 
cylinders  whose  equations  arey  =  ^  (x),  and  p(a?,jr,c)=0,  satisfies 
the  requirements  of  the  given  differential  equation. 

Ex.  1.  zdx-^xdy-\-ydz  =  0. 

The  condition  (166)  becomes  in  this  case  —jr—y—^,  which  is 
not  equal  to  0. 
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Let  y  =  ^  {x),  so  that  dy  =  ii>{x)  dx  j  then  the  equation  be- 
comes zdx-\-Xit>\x)dx^<t>(x)dz  =  0, 
{z-\-Xit>{x)}dx-itip{x)dz  =  0; 

the  integral  of  which  and  the  equation  y  =  <^  (zr)  together  satisfy 
the  differential  equation.     Thus  if  y  =  j?  -f  c,  then 

{X'\-c)dZ'\'Zdx-\-xdx  =  0, 

x^     • 
(d?  +  c)«+  —  =  Cj. 

Now  this  equation  is  that  to  a  hyperbolic  cylinder  perpen- 
dicular to  the  plane  oi  {x,z) :  and  y  =  x-^c  expresses  a  plane 
perpendicular  to  the  plane  of  (x,  y) :  and  each  of  these  involves 
an  arbitrary  constant;  consequently  the  series  of  lines  of  in- 
tersections of  these  two  surfaces  satisfy  the  given  differential 
equation. 

I  have  said  nothing  as  to  the  means  of  determining  the  inte- 
grating factor  of  a  differential  expression  of  more  than  three 
variables^  because  I  am  unwilling  to  enlarge  the  volume  by  in- 
vestigations which  are  not  necessary  aids  in  our  subsequent 
applications  of  pure  mathematics  to  physics. 


Section  7. — On  singular  solutions  of  differential  equations  of 
the  first  order. 

402.]  Thus  far  we  have  investigated  general  and  particular 
integrals  of  differential  equations  of  the  first  order ;  but  in  some 
cases  there  are  functions  of  x  and  y  which  satisfy  the  given 
equation^  and  yet  cannot  be  deduced  from  the  general  integral 
by  any  particular  value  of  the  ai'bitrary  constant :  such  functions 
are  called  singular  solutions,  as  we  have  already  noticed  in 
Art.  868,  and  we  now  proceed  to  investigate  their  properties  and 
modes  of  discovery.  As  the  inquiry  is  one  of  the  most  difficult 
in  this  branch  of  our  subject,  the  best  course  is  to  recur  to  first 
principles  of  definite  integration,  and  thus  to  state  the  question 
and  its  conditions  in  the  most  elementary  form. 

Let  us  assume  the  differential  equation,  whose  singular  solution 
is  required,  to  be  exact,  and  to  be  of  the  form 

Tdx-^qdy  =  dm  =  0^  (197) 
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P 
where  p  and  1^  are  functions  of  x  and  y ;  and  let  us  replace 

hy  f(x,y)]  so  that 

dy  z=,f{x,y)dx',  (198) 

let  us  suppose  the  integral  to  be  definite^  and  the  limiting  values  to 
l^e  (^0^  yo)>  ^^n9  Vn)  >  it  will  be  convenient  in  some  cases  to  replace 
one  or  the  other  of  these  sets  by  general  symbols  x,  y  :  also  let  us 
suppose  an  integral  of  (198)  to  be  y  =  p  (j?) ;  so  that  dy  =  ¥^{je)dx; 
then  F  (x)  is  subject  to  these  conditions^ 

yo  =  ^  (-=^0)^    ^(^)  =  /  {^^  F  C^) } ; 

and  also  to  similar  conditions  at  the  superior  limit. 

Let  us  suppose  the  interval  a?^— a?Q  to  be  divided  into  n  infini- 
tesimal parts,  and  x^,  x^,  •••^«_i  to  be  the  values  of  x  at  the 
«  — 1  points  of  partition;  let  the  corresponding  values  of  y  be 
yi,y2,  •■  Vn-if  a-^d  let/(a?,y)  be  finite  and  continuous  for  all 
these  values :  then 


and  consequently 

Vn-y^  =  {^n-^Q)f  {3^0-^0 {x^-x^),  yo+  ^^Vn-yo)}  '>     (199) 
where  ^  is  a  general  symbol  for  a  positive  proper  fraction. 

Let  us  also  express  the  greatest  of  the  values  of  fix^,  yo), 
f{^i>  1/1)3 '  •  fi^n,  y«)  by  A  ;  then  (199)  takes  the  form, 

y«-yo  =  (^«-<ro)dA; 
and  thus  (199)  becomes 

yn-yo  =  (^-•-^o)/{^o+^('^--^o)^yo+^^(^i.-^o)}=  (200) 

whence  we  know  y^  in  terms  of  y^ ;  and  if  for  x^  and  y.  the 
general  values  of  x  and  y  are  substituted,  we  have 

y  =  yo+('^-^o)/K+^(^-^o)>  yo+o^ix-xo)}.     (201) 

It  may  be  shewn,  by  a  method  similar  to  that  employed  in 
Art.  6,  that  the  truth  of  (201)  does  not  depend  on  the  particular 
mode  of  partition  of  the  interval  x—Xq,  provided  that  the  parts 
of  it  arc  infinitesimal. 

403.]  There  is  however  a  condition  to  which  (201)  must  be 
subject:  we  have  supposed  jTq  to  be  a  constant;  but  as  the  dif- 
ferential equation  does  not  assign  any  values  at  either  limit  to 
the  variables,  y^,  although  particular,  must  be  arbitrary ;  and  as 
y^  and  y  must  be  continuous  variables,  one  may  be  considered  to 
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vary  continuously  with  the  other.  Equation  (201)  which  gives 
the  relation  between  y  and  y^  must  be  consistent  with  such  con- 
tinuous variation  j  and  this  can  only  be  the  case  when  the  y- 
differential  of  the  coefficient  of  {x^x^  on  the  right-hand  side  of 

d.fix  v) 
(201)  is  not  infinite,  that  is,  when    ''^  j     —  does  not  become  in- 

finite  for  any  value  of  the  variables  between  the  limits. 
Hence  if  a?— a?^  =  A,  since  y  =  v{x), 

and  we  infer,  that  i{  f{x,y)  and  '"^^  ^^  are  finite  and  con- 
tinuous for  all  values  of  the  variables  between  x  and  Xq,  there 
is  always  a  function  of  x,  viz.  v(x),  capable  of  satisfying  the 
given  differential  equation,  and  of  becoming  a  definite  value, 
viz.  Pq  =s  r{xQ),  when  x  =  Xq,  Thus  the  result  contains  a 
general  undetermined  constant.  It  may  also  be  observed  that 
as  these  are  the  circumstances  requisite  for  a  general  integral,  it 
is  thus  proved  that  every  differential  equation  of  the  first  order 
has  an  integral. 

404.]  Now  consistently  with  these  conditions  we  can  shew 
that  there  is  only  one  general  form  of  function  which  will  satisfy 
the  given  equation ;  for  suppose  y  =  f  (^)  to  be  a  general  form 
of  function  which  satisfies  the  equation  dy  =  f(x,y)dx;  and 
suppose  another  form  which  satisfies  it  to  be 

y  =  F(a:)-f*(x). 
Then  we  have  simultaneously 

yO    =     ^  (^0)^  VO    =    ^  (^0)  +  ♦  (Xo)y 

v%v)  =  f{x,  Fix)}  ;  f'(^)  +  *»  =  f{x,  rix)  +  *i.r)}; 

r\x)^*\x)  =/{^,F(^)}+*(a;)-/{^,  Fix)-^e*ix)} ; 
.'.     *'ix)  =  *ix)j/{x,  Tix)  +  e^ix)}  ; 

and  as  this  is  to  be  true  for  all  values  between  the  limits,  it  is 
true  when  a?  =  XQ,in  which  case  ♦  (a?o)  =  0,  and  *\Xf^)  does  not 
generally  vanish ;  and  therefore  we  have 
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which  result  is  inconsistent  with  the  given  conditions.  The 
general  integral  therefore  involves  only  one  general  form  of  firnc- 
tion.  Consequently  if  we  can  discover  a  second  form  of  fiinction 
which  satisfies  a  differential  equation^  besides  a  general  integral, 
we  may  be  sure  that  this  second  form  is  not  a  general  integral. 

405.]  Let  us  suppose  then  y  =  F(a?)  to  be  a  function  of  x 
which  satisfies  the  given  differential  equation  dy  =  /{x,  y)  dx ; 

then  if  each  of  the  functions  /{x,  F(a7)},  -ffi^y  y)  is  finite  and 

continuous  for  all  values  of  a?,  or,  at  least,  for  all  values  of  x 
between  certain  assigned  limits,  we  may  take  any  one  of  these 
for  that  which  we  have  represented  by  x^;  and  thus  y  =  F(4?) 
will  be  a  function  of  x  which  will  satisfy  all  the  conditions  stated 
in  Art.  403,  and  therefore  will  be  either  the  general  or  a  par- 
ticular integral  of  the  given  differential  equation. 

But  if,  on  the  other  hand,  /{x,  f(j?)}  or  -pfi^,  y)  is  infinite 

uy 

or  discontinuous  or  indeterminate  for  all  values  of  x^  then  the 

conditions  necessary  for  a  general  or  particular  integral  cannot 

be  fulfilled,  although  the  value  is  such  as  to  satisfy  the  given 

differential  equation ;  the  case  of  discontinuity  we  may  at  once 

dismiss  as  beyond  our  province;  andy^{d?,  F(a?)},  which  is  equal 

to  /(.2?),  cannot  be  infinite  for  all  values  of  x  unless  V{x)  is,  and 

therefore  unless  y{x)  is,  and  thus  this  is  another  case  which  we 

may  exclude  :  and  therefore  the  cases  which  remain  are 

a)  f{x,Y{m)]  =y     (2)  ^/(x,y)=^;     (3)  ^/(a?.y)  =  oo; 

and  when  y  =  y{x)  is  such  as  to  satisfy  the  given  differential 
equation  and  at  the  same  time  to  satisfy  one  or  other  of  these 
conditions,  the  integral  is  not  general. 

Yet  such  a  value  satisfies  the  differential  equation,  and  is 
therefore  either  a  particular  integral  or  a  singular  solution;  and 
to  determine  these  it  is  necessary  to  investigate  the  relations 

between  x  and  y  which  will  render /(a?,  y),  or  -7-  f{x,y),  indeter- 
minate, and  which  will  render  -r-f{x,y)  =  00  ;  if  they  satisfy  at 
the  same  time  the  given  differential  equation,  they  are  either 
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singular  solutions  or  particular  integrals ;  if  the  general  integral 
is  known,  there  is  no  difficulty  in  determining  whether  any  par- 
ticular constant  value  of  the  arbitrary  constant  will  reduce  the 
general  integral  to  the  form  if  =  Y{x)y  but  if  only  the  differential 
equation  is  given,  we  must  apply  the  criterion  which  will  be 
investigated  in  Article  407. 

The  last  of  the  above-mentioned  conditions  may  be  conve- 
niently applied  in  the  following  way.  Let  us  use  Lagrange^s 
notation  of  derived  functions :  then,  since 

If  therefore  -^  is  found  from  the  given  differential  equation, 

and  equated  to  00, 'and  a  functional  relation  between  x  and  y 
is  thereby  determined  and  of  the  form  y  =  P(a?),  this  is  a  sin- 
gular solution  if  it  satisfies  the  given  differential  equation.  Of 
this  method  of  discovering  singular  solutions  some  examples  are 
added. 


.      dy  _    ,_  y        (y»-4wM?)* . 

...     ^=:^  +  y ^=00,    if    y2  =  4ma?; 

and  as  this  satisfies  the  given  differential  equation,  it  is  a  sin- 
gular solution. 

Ex.  2.     dyx^-dxy^  =  0;  . 

^y  -.  ,/^  iy\y 

di"^-  \x)  ' 

.-.     4^- — l_  =  oo,     if    y  =  0,  orif  a?  =  0; 
dy       2(ya?)* 

and  as  either  of  these  satisfies  the  given  differential  equation, 
they  are  singular  solutions. 


Ex.3. 


dy 


the  singular  solution  is  x'-\-y^^d^  =  0. 
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Ex.  4.     y— i?  =:  0  is  a  singular  solution  of 

|  +  (y-.)*-l=0. 
Ex.  5.  Prove  that  a?'+4y  =  0  is  a  singular  solution  of 

Ex.  6.  Find  the  singular  solution  of  -^  =  y  logy. 

dx 

406.]]  If  the  differential  equation  is  in  the  implicit  form 
then^  considering  a:,  y,  and  i/"  as  three  independent  variables^  we 

...     ^f^-l£L^^,   if   (_5/)=o,  (204) 

f^y  (df\  ^dy'l 

\dy') 
and  ^~|  is  not  simultaneously  equal  to  0.    And  if  we  eliminate 

y'  between  (203)  and  (204),  the  resulting  equation  in  tenns  of 
X  and  y  will  be  a  singular  solution,  if  it  satisfies  (203) ;  but  if 

simultaneously  \'^\  =  ^i  and  (203)  is  satisfied^  the  result  may 

be  a  particular  integral  or  a  singular  solution. 

.  .    .  ''  ^'':^^\ 

substituting  which  in  the  given  equation  ;we  have  after  reduction 
4ay  =  (^+y— a)*;    or    j?*-|-y*  =s  a*, 

which  satisfies  the  differential  equation;  and  as  (-p]  does  not 
vanish^  it  is  a  singular  solution. 

Ex.  2.     y-ay'-*(yO  =  f{x, y, y')  =  0; 


Digitized  by  VjOOQ IC 


407.]  SINGULAR  SOLUTIONS.  575 

the  eliminatioa  of  y'  between  which  and  the  given  differential 
equation  will  give  the  singular  solution,  it'  the  result  satisfies  the 
equation.     This  is  the  equation  known  as  Clairaut's  equation. 
Ex.  8.    jf»  +  24fyy'+(o« -«»)/»  =  0  =/(a?,y,y') : 

substituting  which  in  the  original  equation  we  have 

and  as  \4A  is  i^ot  equal  to  0^  and  as  the  above  satisfies  the  given 
differential  equation^  it  is  a  singular  solution. 
Ex.4.    /*+yy'+^=/(a?,y,/)  =  0; 

substituting  which  in  the  g^ven  equation^  we  have  y^  =  4^?;  but 
as  this  does  not  satisfy  the  given  differential  equation,  it  is  not 
a  solution  at  all. 

Ex.  5.  Prove  that  y^— 4a?^  =  0  is  a  singular  solution  of 

Ex.  6.  Find  the  singular  solution  of  y'^— 4^yy'-h8y2  =  0. 

407.]]  We  proceed  now  to  another  question  :  y  =  F(ar)  satisfies 
a  given  differential  equation  dy  =  f{x^  y)dx;  is  it  a  singular 
solution  or  a  particular  integral  ? 

If  the  general  integral  of  the  equation  is  known,  we  can  de- 
termine whether  y  =  f  (^)  is  a  particular  integral  or  a  singular 
solution.  If  it  is  a  particular  integral,  the  substitution  of  f  (/r) 
for  y  in  the  general  integral  will  yield  a  particular  value  for  the 
arbitrary  constant :  but  if  it  is  a  singular  solution,  the  arbitrary 
constant  will  be  equal  to  a  function  of  the  variables :  to  this 
sabject  we  shall  return  in  tne  following  Articles,  and  therefore 
I  merely  subjoin  an  example. 

Ex.  1.    The  general  integral  o£  y  (^)  +  2a?  ^  — y  =  0  is 

y*=:2car-|-c*;  other  solutions  are  (l)y*=2a?+l ;  (2)  y*-f  a?*=0; 
are  they  singular  solutions,  or  particular  integrals  ? 

(1)  Comparing  y^  =  2ca?  +  <^  and  y*  =  2474-l>  it  is  manifest 
that  c  szl;  the  solution  therefore  is  a  particular  integral. 
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(2)  y^  =:2cx-\-c^  =  ^sP" ;  so  that  c  =  —a? ;  consequently  (2) 
is  a  singular  solution. 

In  the  case  however  where  the  general  integral  is  not  known, 
an  inversion  of  the  process  of  Articles  405  and  (406)  will  de- 
termine whether  y  =  p  (a?)  is  a  particular  integral  or  a  singular 

solution ;  that  is,  by  inquiring  whether  -p-  is  not  or  is  rendered 

infinite  by  the  substitution  of  f(^)  for  y;  or  whether  (-r-/) 

vanishes  by  the  same  substitution.  Of  this  process  we  subjoin 
some  examples,  and  shall  first  take  that  which  has  just  been 
considered.  • 

Ex.  1.  The  equation  yy'^  +  2a;y'—  y  =/(^^  y,y)  =  0  is  satis- 
fied by  (1)  y2  =  2j7+1;  (2)  by  y^^.^  =  0;  are  they  singukr 
solutions  or  particular  integ^ls  ? 

which  does  not  vanish  for  the  relation  (1),  but  does  vanish  for 
(2) :  therefore  (1)  is  a  particular  integral,  and  (2)  is  a  singular 
solution. 

Ex.  2.  The  equation  y*-|-  yy'-H  a?  =  0  is  satisfied  when 
y^-|-(i?— 1)' =  0;  is  this  expression  a  singular  solution  or  a 
particular  integral  ? 

and  as  this  does  not  vanish  when  y^-f  (a?— 1)*  =  0,  this  function 
is  a  particular  integral. 

Ex.  3.  y  z=.  ax  satisfies  the  equation  {\—(c^)y-\-  xy^a  =  0; 
prove  that  this  is  a  particular  integral. 

.  Through  the  preceding  Articles  we  have  considered  the  dif- 
ferential equation  to  be  a  function  of  ^^Vy-r-y  *^d  have  deduced 

our  results  on  this  supposition ;   we  might  however  just  as  well 

dx 
have  considered  it  to  be  a  function  of  y,  J?,  -7- ,  in  which  case 

ay 

the  conditions  for  a  sing^ar  solution  would  be 

dy 
and  the  resulting  equation  a?  =  F(y)  must  of  course  satisfy  the 
difierential  equation. 
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408.]]  Thus  far  we  have  investigated  singular  solutions  with 
reference  to  the  differential  equations  of  which  they  are  solu- 
tions ;  we  proceed  now  to  deduce  them  from,  and  to  point  out 
their  relation  to,  the  general  integrals  of  the  differential  equa- 
tions ;  and  herein  we  shall  recur  to  the  characteristic  property  of 
them ;  viz.,  that  they  are  particular  forms  of  the  general  int^ral 
when  the  arbitrary  constant  of  integration  is  replaced  by  a 
function  of  the  variables,  whereby  the  solution  becomes  a  func- 
tion of  X  and  y  only,  and  also  is  such  as  to  satisfy  the  differential 
equation. 

Let  the  general  integral  of  a  differential  equation  be 

P(^,y,c)  =  0,  (206) 

where  c  is  an  arbitrary  constant  introduced  in  integration ;  then 
the  theory  of  the  formation  of  differential  equations  shews  that 
the  given  differential  equation  has  been  formed  by  the  elimina- 
tion of  c  between  (206)  and 

Now  it  is  to  be  considered  whether  the  same  value  of  ^^  can- 

dx 

not  be  obtained  from  an  equation  of  the  form  (206),  if  c  is  re- 
placed by  a  function  of  a?  and  y,  say  of  the  form  ^  (a?,  y),  which 
we  shall  abbreviate  into  ^  for  convenience  of  notation ;  because 
if  this  is  possible,  the  function  hereby  obtained  is  a  singular 
solution. 

Suppose  then  the  integral  to  be 

P(^,y,^)=0;  (208) 

since  however  ^  denotes  a  function  of  x  and  y, 

and  substituting  this  in  (208),  we  have 

This  will  be  identical  with  (207),  if 

Vrf«/  \dy) 
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Now  this  oondition  can  be  satisfied  in  three  different  ways; 

Krstly,  if  l^j  =  f^j  =  0;  which  shew  that  ^  contains  nei- 
ther X  nor  y;  that  is^  <}»  =:  a  constant;  and  thus  we  have  the 
general  integral  if  the  constant  is  arbitrary^  and  a  particular 
integral  if  it  has  a  particular  value. 

409.]  Secondly,  (211)  is  satisfied  if  (^)  =0;  and  if  ^  is  elim- 

inated  by  means  of  this  condition  and  of  (208),  or,  what  amounts 
to  the  same  thing,  if  we  eliminate  c  between 

F(a?,y,c)  =  0,    and     (2)=0,  (212) 

the  resulting  equation  will  be  a  relation  between  x  and  y  which 
will  satisfy  the  given  differential  equation;  and  will  not  be  a 
particular  integral,  unless  c  should  happen  to  be  equal  to  a  par- 
ticular constant  previously  involved  in  the  differential  equation. 
The  following  are  examples  of  this  theorem. 

Ex.  1.    The  general  integral  of  a  differential  equation  is 
y=c(a?+c)^i  it  is  required  to  find  the  singular  solution. 
v(x,y,c)  =:y-c(a?+c)*  =  0; 

.-.      (^)=-(a?-|-c)(a?  +  8c)  =  0; 

.'.     jr=:— Cj        0?  =  — 8c; 
of  which  values  the  former  makes  y  =  0,  and  as  the  same  result 
is  obtained  if  c  =  0,  it  gives  a  particular  integral. 
The  second  value  gives 

4a?3^.27y  =  0, 
which  is  the  singular  solution. 

Ex.  2.    The  general  integral  of  a  differential  equation  is 
c^X'^cy  +  a  =  0 ;  it  is  required  to  find  the  singular  solution. 
i'(^*y>c)  =  €^^-cy-\-a  =  0; 

whence        y*  =  4aar; 
and  as  no  particular  value  of  the  constant  can  give  this  eqiuh 
tion,  it  is  a  singular  solution. 

Ex.  3.  The  general  integral  of  a  differential  equation  is 
y— cj?— (6*-j-a^c*)*=0;  it  is  required  to  find  the  singular  so- 
lution. p(^^  y^  c)  =  y-c^~(62^-aV)*  =  0; 
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fd¥\  a*c  -    .^  bsf 

=  0,  if  c  =  — 


Q=- 


whence  we  have  -y  +  ^  =  1 ; 

or      b^ 

and  this  is  the  singular  solution. 

The  process  by  which  singular  solutions  are  thus  derived  from 

the  general  integral  is  evidently  identical  with  that  by  which 

the  envelope  of  a  family  of  lines^  each  individual  of  which  is 

given  by  a  particular  value  of  an  arbitrary  constant,  has  been 

determined  in  Section  2,  Chapter  XIII,  Vol.  I.  Thus  the  general 

integral  involving  the  arbitrary  constant  represents  the  family 

of  lines ;  the  particular  integral,  a  particular  value  having  been 

given  to  the  arbitrary  constant,  expresses  an  individual  of  the 

family ;  and  the  singular  solution  which  is  determined  by  the 

elimination  of  the  constant  between  the  general  integral  and  its 

c-derived  function,  expresses  the  envelope  of  these  particular 

lines.     In  illustration  of  these  remarks  let  us  take  the  preceding 

Ex.  2.   The  general  integral  therein  given  is  the  general  integral 

and  the  integral  may  be  expressed  in  the  form 

a 

Tina  is  manifestly  the  equation  to  a  straight  line ;  and  to  a  serieef 
of  straight  lines,  if  c  is  considered  a  variable  parameter;  and 
the  envelope  of  aU  these  is  the  singular  solution,  and  is  a  para* 
bola  whose  latus  rectum  is  4  a,  as  appears  from  the  preceding 
example;  it  will  be  at  once  ^en  that  the  equation  is  that  to  the 
tangent  of  a  parabola  in  what  is  sometimes  called  the  magical 
form. 
The  comparison  of  the  preceding  differential  equation  and  ita 

general  integral  shews  that  -~  in  the  first  is  replaced  in  the* 
second  by  c :  the  ^-differentiation  therefore  of  the  second  pro- 
daces  the  same  result  in  terms  of  c  as  the  -^  -differentiation  of 

the  first  produoes  for  -J^ .     Hence  this  method  of  deducing  the 
ax 

singular  solution  is,  in  this  form  of  equation  at  least,  the  same  as 
that  investigated  and  applied  in  Art.  406 :  we  have  not  therefore 
hereby  obtained  a  more  general  method. 

4  B  2 
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410.]  Thirdly^  (211)  will  be  satisfied  if  simultaneouslj  we  have 

which  condition  is  the  same  as  that  determined  in  Art.  405. 
In  respect  of  this  circumstance  let  it  be  observed  that  it  is  incon- 
sistent with  the  very  first  principles  of  differentiation  that  the 
derived-functions  should  have  infinite  values  :  if  they  have,  the 
rules  according  to  which  they  have  been  found  fidl.  Now  in 
differentiating  a  function  of  one  variable  only,  say  of  x^  it  may 
be  that  its  derived-function  becomes  infinite  for  a  particular  con- 
stant  value  of  the  variable:  thus,  for  instance,  if  y  =  (a?*— a*)*, 
y'=:  00,  if  J?  =  ±a;  but  in  a  function  of  two  variables,  as,  for 

instance,  u  =  (a?*  4-y*— a*)*  =  0,   (t-)  =  oo,  and  y-r-J  =  oo,  if 

afl+y^  =  a}:  that  is,  the  total  differential  of  t<  is  infinite  for  this 
relation  between  x  and  y.  Here  then  we  have  met  with  a  case 
which  is  beside  the  common  rules  of  differentiation;  but  which 
is  of  great  importance  in  reference  to  singular  solutions.  For 
suppose  u  to  involve  other  functions  of  a?  and  y  which  are  not 
infinite  for  the  particular  relation  which  makes  the  above  values 
infinite,  and  suppose  it  to  contain  a  function  of  an  arbitrary 
constant,  and  the  derived-function  of  it  with  reference  to  this 
arbitrary  constant  not  to  become  infinite  for  this  relation  between 
X  and  y,  then  all  these  quantities  must  be  n^lected  in  com- 
parison with  those  which  become  infinite;  and  therefore  the 
function  of  a?  and  y  which  renders  them  infinite  satisfies  the  dif- 
ferential equation,  and  is  independent  of  the  arbitrary  constant 
which  the  general  integral  contains :  and  as  this  last  property  is 
characteristic  of  a  singular  solution,  the  function  which  satisfies 
these  conditions  is  a  singular  solution.  Hence  we  infer  that  if  a 
function  of  w  and  y,  which  is  independent  of  the  arbitraiy  con- 
stant of  integration,  renders  infinite  ^-z-j  and  (^)>  and  at  the 

same  time  satisfies  the  differential  equation,  it  is  a  singular 
solution,  provided  that  it  cannot  be  obtained  by  giving  any  par- 
ticular constant  value  to  the  general  constant  of  integration. 
With  regard  to  this  criterion  of  a  singular  solution  it  must  be 

observed  that  (-z-j  which  is  the  same  as  f^  j  must  not  become 

infinite  simultaneously  with  (-t-)  and  \-f);  for  if  this  is  the 
case,  (211)  takes  an  indeterminate  form. 
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The  following  are  examples  of  this  process. 
Ex.  1.  tf  =  a?  +  2(y— d?)*— c  =  0; 

(—)=.  1-— 1—  (—]=  — 1— • 

and  each  of  these  =  oo,  if  y  =  a?;  in  which  case  c  =  ^ ;  that 
is^  the  arbitrary  constant  receives  a  variable  value,  and  therefore 
we  have  a  singular  solution. 

Ex.  2.     c«-2cy+a«-a?8  =  0; 

,-.     u  =  y  +  (ipa+y2-a«)*-c  =  0; 

and  each  of  these  =  oo,  if  a?^+y*— a*  =  0;  in  which  case  c  =  y, 
and  therefore  the  solution  is  singular. 

The  same  singular  solution  may  also  be  found  by  the  methods 
previously  investig^ated.  The  differential  equation  of  which  the 
given  equation  is  the  integral  is 

dy  _  — a?y4:a?{a?^4-y'— g'}^  _    ^ 
•'•     (&""  a^-a^  "^'^ 

.-.     -^  =oo,if^-|.y«  =  a«; 

and  as  this  relation  satisfies  the  differential  equation  given  above, 
it  is  a  singular  solution. 

Also  if  we  find  the  c-differential  of  the  general  integral,  and 
then  eliminate  c  according  to  the  method  of  Art.  409,  we  have 

c  =  y;  .\     y«+^-a^  =  0; 

and  thus  all  the  methods  for  finding  singular  solutions  lead  to 
the  same  result. 


Section  8. — Differential  equatioru  of  the  first  order  and  of  any 

degree, 

411.3  Order  of  differential  equation  depends  on  the  index  of 
the  symbol  of  differentiation  with  which  the  highest  differential 
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or  differential  coefficient  is  afifected^  and  degree  on  the  power  to 
which  such  highest  differential  or  differential  coefficient  is  raised. 
Thus  a  differential  expression  of  the  first  order  and  nth  degree  is 

that  which  involves  ( ^j  ,  but  no  higher  derived-function,  and 
no  higher  power  of  -~ :  the  general  form  of  such  an  equation  is 

©"+'.  ©""+  ■■■  +'^.(2)V'«| +'.  =  o.    <'») 

where  f^,  f,,  . . .  f«  are  symbols  for  functions  of  x  and  y. 

Let  us  suppose  the  equation  (214)  to  be  resolved  into  n  factors 
of  the  form, 

I-/..O,      2-/.  =  0,      ...      I-/.-0,     <i>15, 

where /i,^,  .../>  are  the  roots  of  (214)  and  are  generally  func- 
tions of  X  and  y :  let  each  of  these  equations  be  integrated 
separately,  and  let  their  integrals  be 

*i(«^.y,Ci)  =  0,    4>2{Xyy,Cz)  =  0,  ...  ^,(a7,y,0  =  0,     (216) 
where  c^,  Cj, ...  c^  are  arbitrary  constants.    Then  the  equation 

<*>i(^. y.  ^i)  X  <|)a(a?, y,  Cj)  X  .. .  X  4>^(x, y,  cj  =  0  (217) 
will  contain  all  the  integrals  of  (214),  because  it  and  (214)  vanish 
simultaneously  for  each  of  the  n  functions.  And  the  truth  of 
this  final  equation  will  not  be  affected  if  the  arbitrary  constants 
are  equal,  that  is,  if  Ci  =  c^  =  ...  =  c«  =  c,  because  c  is  arbi- 
trary, and  therefore  will  pass  through  the  values  c^,  Cj, . . .  c„  if 
it  receives  all  the  values  of  which  it  is  capable. 
The  following  are  examples  of  this  mode  of  integration. 


^1-  (e)' -*«■''  =  »' 


I-'-.    2=-»- 


y— Cj  s=:  ax*;        y*— ^2  =  — oi?*- 
and  these  two  solutions  may  be  combined  into  the  single  equation 

(y-a^-q)(y  +  fl«?^-c,)  =  0; 
either  of  which  factors  satisfies  the  given  differential  equation; 
and  if  q  =  c,  =  c,  we  have 

(y_c)2-a2a?*  =  0. 

Now  this  is  equally  true  with  the  former  equation,  as  the  pri- 
mitive from  which  the  differential  equation  is  derived ;  for  it  may^ 
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be  derived  either  from  this  latter  by  the  elimination  of  Cj  or  from 
eUher  of  the  former  by  the  elimination  of  Ci  or  Cj. 

The  singnlar  solution  of  this  equation  is  jr=0;  and  considered 
geometrically  the  general  integral  represents  two  parabolas  which 
have  a  common  azis^  viz.  that  of  y,  and  a  common  vertex  on  the 
axis  of  y  at  a  distance  c  from  the  origin ;  and  the  singular  solu- 
tion represents  a  point  on  the  axis  of  y^  through  which  all  the 
parabolas  pass^  and  which  is  consequently  an  envelope. 

M.^.   (|)"-(,-.J»,+»».,(|)' 


£  =  '■'     •■ 

.     y  =  fla?+Ci; 

l^^*-^ 

y  =  bx^  +  c^; 

'i'^-' 

y  =  ex^  +  c^; 

and  the  integral  is 

(y— or— Ci)(y— ia?»— (?a)(y— ca?»-C8)  =  0; 
and  which  may  be  simplified  if  c^  =  c,  =  (r^  ==  c.    In  this  case 
also  the  singular  solution  is  a  point  on  the  axis  of  y. 

dy  1 


9 

= 

sin" 

-11 
a 

+  Ci; 

y 

:= 

cos' 

-1? 
a 

+  ^2^ 

y* 

is: 

^*  +  C3; 

dx       (o«-a^)* ' 
dy  ^       -1 
<*»       (o«-a»)* ' 

dx~\xi' 
and  the  integral  is 

(y-sin-i^  -Cj)  (y— oos-»^  -.c^{y^-a^-c^)  -  0. 

Ex.4.     (gf  +  2y^-l  =  0; 
^dx'         X  ax 

.".    xdy  +  ydx  =  ±(y*  +  ir*)*di?, 
which  are  homogeneous^  and  may  be  integrated  by  the  methods 
explained  above. 
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412.]  Certain  forms  of  differential  equations  of  the  first  order 
and  of  any  degree  are  capable  of  integration  without  resolution 
into  factors  according  to  the  method  of  the  preceding  Article^ 
and  these  we  proceed  to  explain. 

The  first  form  is 

^/(y')+y*(y')t^^(y')  =  O;  (^is) 

where  y'  according  to  Lagrange's  notation  denotes  ^and^  if>, 

and  F  are  symbols  of  g^ven  functions. 

Let  this  equation  be  divided  by  ^(y^;  so  that  making  obvious 
substitutions  it  becomes 

y  =  ^*(/)+/(/);  (219) 

and  let  us  in  the  first  place  take  the  simple  case  in  which 
*(y')  =  /:  so  that      y  ^  x/-\-f{y);  (220) 

this  form  is  known  by  the  name  of  Churaut's  equation. 
Let  this  be  differentiated ;  then  we  have^  resubstituting. 

Now  this  may  be  satisfied  in  two  ways ; 

«  S=<"     -■•  '!='■■  <^ 

and  substituting  this  in  (220)  we  have 
y  =  caf+f{c), 
which  is  the  general  integral^  containing  the  arbitrary  constant  c. 
We  might  of  course  integrate  (222)  immediately;  whereby  we 

tav«  y  =  GP  +  q,  (228) 

where  c^  is  a  new  arbitrary  constant :  but  as  (223)  is  to  satisfy 
(220)^  Ci  =  f{c).  This  result  is  also  manifest  from  the  &ct  that 
(220)  is  a  differential  equation  of  the  first  order^  and  therefore  its 
integral  must  contain  only  one  arbitrary  constant. 


« '+/'(^)=<»  ■••  i=*(')> 


dxf         '         *  *     da 
and  substituting  this  value  of  ^  in  the  equation  (220),  an 

expression  results  which  of  course  satisfies  the  differential  equa- 
tion, and  is  independent  of  c  the  arbitrary  constant,  and  is  there- 
fore either  a  particular  integral  or  a  singular  solution ;  and  it  is 

manifestly  the  latter,  because  c  which  is  equal  to  ^,  is  replaced 
by  a  function  6f  a?,  viz.  ^  (a?). 


Digitized  by 


Googk 


412.]  clairaut's  equation.  585 

The  following  are  differential  equations  solved  by  this  process^ 
which  generally  is  called  Integration  by  means  of  Differentiation. 

dx      dx      K  ^dy'  J  dar 

which  is  satisfied  either  by 

and  this  is  the  general  integral ;  or  by 

<*>  2=©*'       •'•  ?  =  (<«)*+(<«)*  J 

.•.     y^  =  4007; 
and  this  is  the  singular  solution^  since  it  involves  no  arbitrary 
constant,  and  is  not  a  particular  integral,  because  the  constant  is 

replaced  by  (-)  ,  which  is  a  function  of  x, 

"     dx      dx      I  dxi  cte* 

thus  the  general  integral  is  y  =  cx^(?\ 

du       X 
and  the  singular  solution  is  deduced  from  ^  ==  k  ^  ^^^  ^  o?^ =4^. 

Ex...   r-»|+--|< 

and  therefore      (1)     -j-^  =0,      -;?-  =  c,      y  =  cj?+sin"^c; 
(2)      x^dfjfi'-aS^dy^  =  ctr*; 
...    1  =  ^^^;      .-.    y  =  (^-l)*+sec-.., 
and  this  is  the  singular  solution. 


i2 


Ex.  5.    ,  =  4-.|. 

PEIOE,  VOL.  II.  4  F 

Digitized  by  VjOOQ IC 


586  claibaut's  equation.  [413. 

413.|]   The  difFerential  equation  which  is  integrated  by  the 
above  method  admits  easily  of  a  geometrical  interpretation. 

Since  tan'^  -j-  is  the  angle  between  the  axis  of  x  and  the  tan- 

€LX 

gent  to  a  plane  curve  at  the  point  (a?,  y),  equation  (220)  is  that 
to  the  tangent  of  a  curve^  in  which  the  intercept  by  the  tangent 

of  the  axis  of  y  is  expressed  as  a  function  of  -~^^  or,  in  other 
-  ax 

words,  j/p  =  /  f -~  j ;  thus  the  general  int^^  is  the  equation  of 

any  tangent  line,  the  arbitrary  constant  contained  in  which  is 
the  tangent  of  the  angle  between  it  and  the  axis  of  ^;  and  the 
singular  solution  is  the  curve-envelope  of  all  such  tangents,  and 
is  found  in  fact  by  a  method  which  is  identical  with  those  of 
the  last  section :  viz.  by  eliminating  either  c  between  the  general 

integral  and  its  c-differential,  or  ~  between  the  differential 

equation  and  its  -^  -  differential. 

The  most  general  geometrical  problem  which  involves  a  dif- 
ferential equation  of  Clairaut^s  form  is  that  wherein  the  length 
of  the  perpendicular  from  the  origin  on  the  tangent  to  a  curve 
is  a  function  of  the  angle  which  the  perpendicular  from  the 
origin  makes  with  the  axis  of  x :  and  as  problems  of  this  kind 
are  numerous,  and  often  elegant,  two  or  three  are  subjoined. 

Ex.  1.  To  find  the  equation  to  the  curve,  the  perpendicular 
from  the  origin  on  the  tangent  of  which  is  of  constant  length  a. 

The  difierential  equation  of  the  curve  is  plainly 

ydx^xdy  =  aA;  (224) 

Differentiating  we  have 


(225) 


which  is  the  general  integral ;  and  is  the  equation  to  a  straight 
line  inclined  at  tan~^c  to  the  axis  of  x,  and  the  perpendicular 
distance  from  the  origin  on  which  is  equal  to  a.  This  line  evi- 
dently satisfies  the  conditions  of  the  problem. 


Q-'^^y. 

\       4    ^ 

dx 

d!>^  -  "'        d 

^  =  c,      y  =  cx-^-a 

V 
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Also  from  the  second  factor  of  (225)^  we  have 

substituting  which  in  the  given  differential  equation^ 
a?2  +  ya  =  a*; 

the  equation  of  a  circle  whose  radius  is  a,  and  which  is  the 
singular  solution^  being  the  envelope  of  all  the  lines  whose 
equations  are  given  by  the  general  integral. 

The  following  process  is  worth  noticing :  let  us  differentiate 
(224)  taking  neither  x  nor  y  to  b^  equicrescent ; 

...      (,-4)rf..-(.+.|)i.y  =  0i 
and  since  d^x  and  d^y  are  arbitrary^ 

y_a_=0;  *+aJ  =  0; 

.".    sfi+y^  =  a^ 

Ex.  2.  The  product  of  two  ordinates  of  the  tangent  of  a  curve 
drawn  at  two  given  points  on  the  axis  of  x  is  constant ;  it  is 
required  to  find  the  equation  of  the  curve. 

Let  the  origin>  see  fig.  51^  be  taken  at  the  point  of  bisection 
of  the  line  ab  which  joins  the  two  points  a  and  b  at  which  the 
ordinates  Aq,  br  are  drawn  :  and  let  x  and  y  be  the  current  co- 
ordinates to  the  tangent  line :  let  oa  =  ob  =:  a ; 

dy 

.'.     tanBTB  =  -T-l 
dx 

and  let  aq  x  br  =  k^ :  then  the  equation  to  RQ  is 

ydx-xcbf  =  {lflda!*+a*dy^}i.  (227) 

Now  from  (226)  by  differentiation  we  have 


or 


""^  T TTa  y=^''  (228) 


^  =  0,        ^=c,        y=ca?+(*2  +  aV)*; 


4  F  2 
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which  is  the  general  integral :  also  from  the  second  factor  of  (228) 
dy  _        —kx 

and  therefore  from  (226)^ 

a«  ^  *»  ""  ^' 
which  is  the  singular  solution ;  and  is  an  ellipse  of  which  ab  is 
the  major  axis. 

Or  thus ;  differentiating  (227)^  and  equating  to  zero  the  coeffi- 
cients of  d^x  and  rf*y, 

y  ^  kdx  X  ^  —ady 

^"'  {k^dx^  +  a^dy^}^'         a  ""  {/Pdz^-ha^rfy*}*' 
then  squaring  and  adding^ 

4.  *i 1 

a«  ^  F  -  ^• 

Ex.  8.     The  triangle  contained  between  the  rectangular  axes 

its 
and  the  tangent  of  a  plane  curve  is  of  constant  area  and  =  -^'f 
shew  that  the  equation  of  the  tangent  of  the  curve  is 

ydx^xdy  =  k(dydx)^} 
and  that  the  singular  solution  is  xy  =^  -j-  • 

Ex.  4.  TBQ  being  a  tangent  to  a  curve  in  fig.  51^  perpendi- 
culars AY^  BZ  are  drawn  to  it  from  the  points  a  and  b^  and  the 
included  area  abzy  is  constant :  find  the  equation  to  the  line 
TBQ ;  and  shew  that  the  singular  solution  of  it  is  the  equation  to 
a  parabola. 

Ex.  5.  Find  the  equation  to  the  curve  the  portion  of  whose 
tangent  intercepted  between  the  coordinate  axes  is  of  constant 
length. 

Ex.  6.  Determine  the  curve  whose  tangent  cuts  off  from  the 
coordinate  axes  parts  the  sum  of  which  is  constant. 

414.]  Let  us  now  return  to  the  more  general  form  given  in 
(219) ;  and  differentiate  it ;  then  we  have 

y'=  <}>(y')  +  {a!<l>'(y')+r(y')}^;  (229) 

dx 
{^(y')-/}  ^+^*V)+/'(y')  =  0;  (230) 
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which  is  a  linear  differential  equation  of  the  first  order  and 
degree,  and  can  be  integrated  by  the  method  of  Art.  882 ; 
whereby  we  shall  obtain  \f  in  terms  of  X',  and  thus  ff  may  be 
eliminated  from  the  given  differential  equation,  and  the  resulting 
equation  in  terms  of  x  and  y  will  be  the  required  solution. 
Ex.1.    y-\^x]f^a\f^\ 

itfdx^-xdtf  -2aydy'\ 
,1       2o  ,, 

by  means  of  which  and  the  original  equation,  y'  may  be  eliminated, 
and  the  resulting  equation  will  be  the  required  solution. 
Ex.2.     y  =  .ry'»-f.2y'; 

V    y'=y'»+2(^+l)^; 

^       dx         ^x  2 

which  is  a  linear  equation,  and  of  which  the  integrating  factor 

is(y'-i)^ 

.-.     (y'-l)«cte+2^(y'-l)d/=-.2^^rf/, 

a?(y'-.l)«  =  logy'«-2y'+c, 
between  which  and  the  given  equation  we  may  eliminate  y\  and 
so  obtain  the  required  result. 

Ex.  3.  Prove  that  the  curve  in  which  the  length  of  the  per- 
pendicular from  the  origin  on  the  tangent  is  equal  to  the  abscissa 
of  the  point  of  contact  is  the  circle,  the  origin  being  on  the  cir- 
cimiference. 

Ex.  4.  Determine  the  plane  curve  such  that  the  normal  makes 
equal  angles  with  the  radius  vector  and  the  ^-axis. 

415.]  Also  if  the  differential  equation  can  be  put  into  the  form 

y=/(ar,g)=/(^,y'),  (281) 

then  differentiating  we  have 

which  is  a  differential  equation  involving  two  variables  x  and  y, 
the  integral  of  which  will  be  of  the  form  F(a?,  y'y  c)  =  0,  where  c 
is  an  arbitrary  constant :   and  if  y'  can  be  eliminated  by  means 
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of  this  equation  and  (231),  the  resulting  equation  will  contain 
X,  y,  and  c,  and  will  be  the  integral  of  (231). 

Similarly,  if  an  equation  is  capable  of  being  put  into  the  form 

^  =  i^(y>y');  (232) 

then  by  differentiation 

which  involves  only  y  and  y' ;  whence  the  integral  of  it  is  of  the 

form  *(y^  y'^  c)   =   0, 

and  thus  if  y  is  eliminated  by  means  of  this  and  of  (232),  the 
result  will  be  the  integral  of  (282). 

The  following  examples  are  illustrative  of  these  processes. 

Ex.1.     a?(l  +  y'*)  =  l; 

,  2^dy'        dy     .       dy 


rl-«\* 


=  (*-^)*-taii-»  (i^)* 

Ex.2.    4y  =«>+/»; 

.-.     y'dt/-\-  {x-%y')dx  =  0; 
as  this  is  homogeneous,  the  integral  is,  by  Art.  877, 

log (y'- a?) --7^-^  =  c; 

by  means  of  which  and  the  given  equation  y'  may  be  eliminated. 

Ex.  3.    y  =  xy'_+  ax*y'»+ ijf'y'»+  •  •  • ; 

Let    x%f —  u;        .*.     y  =  »-|-om*+6m'  +  c«*+...  ; 

•••   |  =  y'=(i+2a«+36««+...)g; 

but    ^  =  —7;  .".     d[r  =  ^' 7= — ^; 

/  y^ 

^•.     y'W  du-^udi/)  =  (l+2att  +  3Att»  +  ...)y'2Ja; 
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.-.     -^  +2adu+3budu-{-...  =  0; 
.-.     log^+2att+-^+-g-  +  ...  =0; 

or         ,„g£+»„/+«^  +  l£^  +  ...  =  0; 

from  which  and  the  g^ven  equation  ^  may  be  eliminated^  and 
the  resulting  expression  will  be  the  integral  required. 

416.]  Another  form  of  differential  equation  of  the  first  order 
and  nth  degree  which  admits  of  solution  is 

where  p^j  Pj^  •••  ^n  ^^  homogeneous  functions  of  ^  and  y ;  so 
that  the  equation  admits  of  being  put  into  the  form 

(l)%'.(!)(irv.-^'^..(i)g +'.(!) =«.(=«) 

Let  y  =z  tx;  so  that  (235)  takes  the  form  f(y%  t)  =  0;  we 

have  also  dy  =  tdx+xdt; 

y     ^  dt  ^  dx        dt 

..     y-^t^x-j-i       and  —  = 


and  replacing  y^  hj  its  value  in  terms  of  t  which  is  g^ven  by 
/(y',  f)  =  0,  the  integral  of  the  right-hand  member  of  (286) 
may  be  founds  and  we  shall  thus  have  the  general  integral  of 
234.    The  following  are  examples  of  the  process. 


Ex.l.     ar»(g)'+a^-^  =  0; 


dy  dt 

Let    y  =  tx;         .'.    ^  =  i+x^; 


.-.    21og-  =  log  {/+(<2-l)*} -/(<*-!)♦-/». 

log  5  {y+(y»-^)*}  =  ;^{y +(»'-«')*}, 

which  is  the  general  int^^l. 
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The  geometrical  interpretation  of  the  given  equation  is  ''  To 
find  the  equation  to  a  plane  curve  such  that  the  projection  of 
its  ordinate  on  the  normal  is  equal  to  the  abscissa*^' 

We  are  now  able  to  complete  the  theory  of  the  relations  be- 
tween lengths  of  curves  and  the  coordinates  of  their  extreme 
points  of  which  the  more  simple  examples  have  been  given  in 
Art.  166. 

Ex.  2.  To  find  the  curve  the  arc  of  which  commencing  at  a 
given  point  is  a  mean  proportional  between  the  ordinate  and 
twice  the  abscissa;  that  is^  8^  =  2xy. 

.       ,      f+(^-l)(2<)*. 

and  therefore  from  (S36), 

logf  =  -log(/-l)-^log(^l); 

Ex.  8.    To  find  the  curve  such  that  «*  =  ma^-^-ny^. 

.-.     (f»  +  »^)(l  +  y'a)  =  (f»+»/y')«; 
whence  we  can  easily  find  j/  in  terms  of  /;  and  by  substituting 
in  (236),  we  can  determine  the  equation  of  the  required  curve. 
Ex.4.    «»  =  a?2+ys.  .,     ^  = /; 

dx       X  ^ 


Section  9.— Partial  Differential  Equations  of  the  First  Order 

and  Higher  Degree, 
417.  Partial  differential  equations  of  the  first  order  and  higher 
degree  frequently  offer  themselves  for  solution  in  problems  of 
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solid  geometry ;  and  it  is  incumbent  on  us  to  consider  them  so 
far  as  they  are  subject  to  integration ;  but  here  we  are  close  on 
the  boundaries  of  our  knowledge;  and  it  is  ofben  necessary  for 
the  complete  investigation  of  functions  satisfying  given  differ- 
ential expressions  to  have  recourse  to  considerations  which  belong 
to  integral  calculus  as  applied  in  geometry^  mechanics^  &;c.^  and 
which  are  therefore  beyond  and  extraneous  to  the  fundamental 
principles  of  the  pure  science.  For  this  reason  we  shall  in  the 
sequel  omit  some  subjects  which  are  to  a  certain  extent  within 
our  present  grasp;  but  which  -I  believe  it  to  be  more  advan- 
tageous for  the  student  to  defer  to  a  future  part  of  the  course^ 
so  that  he  may-  have  at  his  disposal  all  the  materials  which  are 
available  for  the  complete  investigation.  This  course  too  is  also 
historicaUy  preferable.  Such  equations  as  I  allude  to  have  arisen 
in  physical  investigations  of  b'ght^  heat^  &c. ;  and  they  express 
properties  referring  to  peculiar  constitutions  of  the  physical  ma- 
terial of  the  theories  from  which  these  phsenomena  result.  It  is 
consequently  with  reference  to  these  suppositions  that  they  have 
been  made  subjects  of  inquiry^  and  it  is  in  respect  of  these  that 
their  integrals  become  interpretable.  Of  some  few  partial  differ- 
ential equations  of  the  first  order  and  higher  degree  it  is  desirable 
however  at  once  to  seek  the  integrals. 

418.3  In  the  integration  of  these  equations  according  to  a  re- 
ceived notation  it  is  convenient  to  represent  {zTj^J  Pf  ^^^  yj') 

by  9;  and  let  us  suppose  the  equation  which  is  proposed  for  inte- 
gration to  be  of  the  form 

/(^,y,«,l^,?)  =  0,  (287) 

where  0  is  a  dependent^  and  x  and  y  are  two  independent  vari- 
ables ;  so  that  the  integral  is  of  the  form  z  =^'b{x,  y) ; 

.-.     dz  :=zpdx-\-qdy',  (238) 

but  as  this  is  an  exact  differential^ 

where  (-p)  denotes  they-derived  ftmction  oip  on  the  assumption 

that  X  is  constant;  as  however  p  may  involve  z  which  will  vary 
with  y,  idp\     idp\     idp\  idz\ 

.    \dyi     \dyl     ^dz'^dyi 


=(|) -'(?.)' 


PRICE^  VOL.  II.  4  G 


Digitized  by  VjOOQ IC 


594  PABTIAL  DIFFERENTIAL  EQdATIONS.  [41B. 

Also  by  means  of  the  given  differential  equation  q  may  be 
expressed  in  terms  of  x,  y,  z,p ;  wherein ;:;  is  a  fanction  of  sp  and 
y,  and  p  is  Sk  fiinetion  of  x,  y,  z;  and  as  we  now  require  the 
;i?-derived  fdnction  of  q  on  the  assumption  that  y  is  constant^ 
we  have 

=©-p(S)^(|){(|)+(|)(|)| 

and  substituting  these  values  in  (239)^  we  have 

-(|)(|)-(|)-{.-.(|)}©-(|)-XS)-o,(^ 

which  is  a  partial  differential  equation  of  the  first  order  and 
degree ;  and  consequently  by  the  assumptions  (110)^  Art.  887, 
we  have 

dx      _  rfy dz  dp 

which  is  a  system  of  three  ordinary  simultaneous  equations^  from 
which  the  integral  of  the  given  equation  may  be  inferred  ac* 
cording  to  the  process  of  Art.  387. 

It  will  be  observed  that  from  (241),  we  have 

.•.     dz  :=:  pdx-\-qdyi 

so  that  while  the  system  (241)  is  derived  from  the  criterion  of 
an  exact  differential  it  also  secures  that  criterion. 

Accordingly,  if  we  can  determine  p  by  means  of  (241)^  and 
thence  q  by  means  of  (237),  we  may  substitute  these  values  in 
(238)  and  thus  determine  z  in  terms  of  x  and  y.  The  deter- 
mination of  p  will  involve  one  arbitrary  constant^  viz.  q,  and 
the  integration  of  (288)  will  involve  a  second,  viz.  c^,  which,  by 
virtue  of  the  argument  of  Art.  387,  must  be  a  function  of  tiie 
other  constant. 

The  preceding  process  was  originated  by  Lagrange,  but  was 
completed  by  Charpit,  and  now  commonly  bears  his  name. 

The  following  are  examples  in  which  it  is  applied. 
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Ex.  1.     p»+j»  =  1.  .-.     q  =  (l-p»)*; 

so  that  (241)  become 

dx  ^       dy       _  rf^  __  rf/> . 
y  ""  (iZ]^  ■"  T  ■"  0"' 

Z  =  Ci^  +  (l-Ci2)*y+/(Ci), 
wUch  is  the  equation  to  a  plane,  the  position  of  which  depends 
on  the  arbitrary  constant  q. 

Ex.  2.    z  =  pq.  .'.    q  =  -',  and 

so  that  (241)  become 

p'dx  _dy  _pdz  _dp  .^^ 

From  the  second  and  fourth  of  these  terms,  we  have 

P  =  y+q; 

z 


y+C] 


.-.    dz  =  (y+<?i)*P+  iTTT^y^ 
y  +  c^i 
of  which  the  integral  evidently  is 

-^  =  a?+/(c,); 

•••   ^  =  (y+q){^+/(q)}; 

which  is  an  integral  of  the  given  equation. 

Also  from  the  third  and  fourth  of  (242)  we  have  j»  =  c;2r* ; 

therefore  a  =  — :  and 
^        c 

z^ 


dz  =  cz^da^-k-  —  dy] 


c 


2z^  =  cx+^^f{c)', 
c 


this  is  also  another  integ^l  of  the  differential  equation. 
Ex.  8.     9  =  xp+jjl^i 
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80  that  (241)  become  > 

dx     _  rfy  _       dz  ^  dp 
x-\-2p  ""   1  ""       ¥^  ^  p' 
.-.    p  =  ce^i        q  =  cxe^-^f?^^ ', 
dz  =  ce^da:+(cxe^'\-c^e^^)dy. 

where /denotes  an  arbitrary  fanction. 

Ex.  4.  Find  the  equation  of  a  tubular  surface  generated  bj 
a  sphere  of  radius  a,  the  centre  of  which  moves  along  a  director- 
curve  in  the  plane  of  {x,  y). 

.  The  differential  equation  of  the  surface  is,  see  (124),  Art.  373, 
Vol.  I,  ^, 

so  that  (241)  become 

dx_dy_    z^dz   _  j^f^ .  (^43) 

p        q        a^-^z'^  c?p 

from  the  last  two  of  which  -~ — -^  =  c^; 

a — sr 

.  .         ^(^-^),  .         (1-0(0'-^). 

••  r  =  — p — '        r= p ' 

(fl«-«*)*  =  ca?+(l-c»)*y+/(c); 

which  is  the  equation  to  a  right  circular  cylinder^  whose  axis  is 
in  the  plane  of  {x,  y). 
Also  taking  other  terms  of  (243),  we  have 


dx  — 


a*-z*  ""  -  a>-z^ 

czdz  (1— c*)*r<fe_ 


.-.    x-b  =  -c(a^-z^)i}    y-f{b)  =  -(l_c»)*  («»-«»)*; 

sqoaring  and  adding  which 

(*-6)»+{y-/(A)}»  =  a»-z»; 

.-.     {x-b}*  +  {y-f(b)}'+z^=.tfl; 

which  is  the  general  equation  to  tubular  surfaces,  and  wherein 
f(b)  is  determined  by  the  equation  to  the  plane  director-curve. 
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Ex.  5.  Find  the  eqaation  to  the  surface  in  which  the  part  of 
the  normal  intercepted  between  the  surface  and  the  plane  of 
(Xy  y)  is  constant  and  equal  to  unity. 


Section  10. — Various  Theorems  and  Applications  of  Differ^ 
ential  Equations  of  the  First  Order  and  of  any  Degree. 

419.]  The  form  of  a  differential  equation  will  frequently  be  so 
much  modified  by  a  judicious  substitution^  or  by  a  change  of 
coordinates  when  it  is  presented  in  a  geometrical  form,  that  it 
is  desirable  to  exhibit  this  method  of  integration  at  a  greater 
length.  No  general  rules  however  can  be  given,  and  the  par- 
ticular substitution  must  be  left  to  the  judgment  of  the  student. 
The  following  example  indicates  the  kind  of  substitution. 

jj^  J      xydyJ^y^dx  ^  d,f{y)  . 

.-.     tan-i^f  =  /'?^:^>; 
a^      J      y 

Let  ^  =r  tty ;  so  that  we  have 

tt'+tty  +  y  =  0;  .      (244) 

_         u^  dy  3H-2tf    j 

-         dy        8+2u    . 

3     ,      1  +  tt 

U  ^       U 

from  which  u  is  to  be  eliminated  by  means  of  (244),  and  the 
resulting  equation  will  be  the  required  solution  of  the  given 
differential  equation. 

420.]  The  substitution  however  which  is  frequently  very  con- 
venient is  that  which  consists  in  the  transformation  from  rect>- 
angular  to  polar  coordinates,  especially  when  the  differential 
equation  is  a  function  of  xdy-^ydx,  xdx-^ydy,  (^  +  y^)*;  in 
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this  case  m  and  y  are  replaced  hj  roos^  and  rsintf  respectiTely, 
where  r  and  0  are  new  and  independent  variables.  A  diffefentul 
expression  is  often  mueli  simplified  hereby.  Take  the  problem, 
To  find  the  curve  such  that  the  perpendicular  distance  from  the 
origin  on  the  tangent  is  equal  to  the  abscissa.  In  rectangolsr 
coordinates  the  differential  equation  is 

ydx^xdy  =  xdsi  (245) 

.-.     (a?*-y*)rfa?+2a?yrfy  =  0; 
which  is  a  homogeneous  equation^  and  of  which  the  integral  is 
2^  =  2a«— ^>  the  equation  to  a  circle^  whose  radius  is  a.    If 
however  (245)  is  expressed  in  polar  coordinates^  we  have 

a?  =  rcos^,  rfa?  =  rfrcos^— rsin^dS;)        ^^^ 

y  =  rsin^j  rfy  =  rfrsin^+rcos^dS;  ( 

dr  sin  0  dO 

r  cobO 

r  =  2a  cos  ^. 
which  result  has  already  been  demonstrated  in  Ex.  \2,  Art.  176. 
It  is  indeed  this  process  of  transformation  which  has  been  ap- 
plied in  the  preceding  solution  of  homogeneous  differential  equa- 
tions^ where  we  have  replaced  y  by  xz. 
The  following  are  other  examples. 

Ex.  1.     It  is  required  to  integrate 

m{xdy-'ydx)  =  xdx+ydy. 
Substituting  from  (246)^ 

xdy—ydx  =  r^dO; 
xdx  +  ydy  =  rdr; 
and  the  equation  becomes  mr* dO  =  rdr; 
.-.     r  =  ce^^. 
Let  this  process  be  compared  with  that  of  Ex.  I,  Art.  879. 
Ex.  2.     Find  the  integral  of 

xdy—ydv  =  (^rfr+yrfyX^r^+y*— a*)*; 
f^de  =  rdr{r^-^a^)^i 
drii^-a^)^ 


de  = 


r 


the  right-hand  member  of  which  is  integrable  by  known  methods. 
Ex.8,    ydx'-xdy  =  dsf(x^+y^). 
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421.]  Sometimes  the  integrals  of  the  sum  of  two  or  more 
expressions  can  be  found  in  finite  algebraical  terms^  although 
the  integral  of  each  separately  would  involve  an  elliptical  or 
other  transcendental  function;  the  reason  of  course  being  that 
the  transcendental  parts  neutralize  each  other :  of  this  we  have 
had  instances  in  Fagnani^s  theorem  as  to  elliptic  ares^  and  in 
Ex.  1^  Art.  369.  The  following  example  is  a  remarkable  illus- 
tration of  this.     It  is  required  to  integrate 

dx dy 


.(247) 


Let  ao+ai«+«2**+«3«'  +  «4^*  =  ^i 

«o  +  «iy  +  a2y*+a3y»  +  a4y*  =  y; 
and  let  each  term  of  (247)  =:  <f/ :  so  that 

— -^-rfZ- 
and  consequentlj^  if  the  new  variable  t  is  equicrescent^ 

,         idxd^x  ,        2dydhf 

ax  =  — 33 — J  dr  =      j^  ^; 

dfi  dfl 

but  dx.  =  (ai  +  2a2X'\-Sa^x^'{'4!a^x^)dx, 

rfY  =  (ai+2ajy+Sajy«+4a4y3)^, 
therefore 

^^^'==  fl,(^-y)+a,(^.-y«)  +  a3(^«y3)  +  «^(^.y4).  (248) 

^!?^=  a,  +  a,{x+y)  +  ^  (a^+y»)  +  2a,(^+y3).      (249) 

Let  x^y=3Z,  ar+y  =  *; 

therefore  (248)  and  (249)  become 

whence  by  sabtxaction, 


dzdt^zdh 


zdfl  2 


=  -^-«4*«*5 


{2dzd8—2z€P»)d8      ,  o      vj 
z»dfl            =  {-a,-2a^»)ds; 
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where  c  is  an  arbitrary  constant ; 

.-.     -^  =  xr{a3*+a4«'  +  c}*; 
and  therefore  by  substitution 

and  this  is  an  integral  equation  satisfying  the  given  equation  (247). 
Another  and  equivalent  form  of  the  same  equation  is 

— = ^ =  rf/(say),         (250) 

{l-e2(8ind)«}*       {l-€«(sin0)«}*  ^ 

t  in  this  and  in  the  former  case  being  an  elliptic  Amotion :  hence 
g  =  {l-e«(sin^)«}*;  ^  =  {l-e>(8in<^)«}*; 

-T-g-  =— c"sm^cos^;  -^  =— c'sm^cos^; 

.'.    -^  +  -~-  =:--c*(sin^cos^+sm^cos^) 

=  — c*  sin  (^4- ^)  cos  (d— ^) ; 

— -^  =^e2{(sm^)«-(sm^)a} 

=  — €*sin(d— <^)  sin  (^4-^). 
Let        ^  +  ^  =  <r,  ^— <^  =  Jj 

rf*<r  .  .  ^  Ar  rf5  ^  •        •    • 

-Tsr  =— 6^sm<rcoso;  -37  -77  =— c'smcrsmfi; 

dP  at  at 

.    ^rf*<r  .do-  db       ^ 

^rf<r  da  ,    ^ 

coseco-77  =  c:  -7:  =  csmo: 

at  at 

^4-^=csin(^-<^); 

{l-^(Bind)2}*4-{l-c*(sin^)«}*  =  csin(d-^), 
which  is  an  integral  expression  satisfying  (250). 

The  preceding  equation  and  some  more  general  cases  of  a 
similar  form  are  discussed  by  Prof.  Bichelot  of  KSnigsbei^^  in 
Crelle's  Journal,  Vol.  XXIII,  p.  354.  The  following  expressions 
may  also  be  integrated  by  a  similar  process : 
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dx dy 

by  assuming  a:^  =  (,  y^  ^  r)i  and  more  generally 
dx  ^  dy 

by  assuming  a?*  =  f,  y*  =  ?;. 

These  questions  however  are  only  particular  cases  of  the  gene- 
ral theory  of  the  new  elliptic  and  other  functions;  which  is  a 
subject  requiring  distinct  discussion^  but  lying  beyond  that  pro- 
posed in  the  present  work. 

422.]  Some  functional  equations  also  are  conveniently  solved 
by  means  of  integration  and  differentiation^  as  the  following 
examples  shew. 

Ex.  1.  Determine  the  form  of  z  =  f(x),  so  that  for  all  values 
of  ar  and  y     /(a?)  +/(y)  =  f{x-\-y). 

Taking  the  ^-differential, /'(a?)  =  f\x-^y) ;  whence,  y  being 
independent  of  a?,  we  infer  that  f{x)  is  constant  whatever  value 
X  has ;  therefore  /'(^)  =  C} 

f(x)  =  cx  +  c^; 
substituting  which  in  the  given  equation, 

car+Ci  +  cy  +  Ci  =  c{x+y)'\-c^', 
.'.     q  =  6; 
and  therefore  the  most  general  form  offix)  which  satisfies  the 
equation  is  f{x)  =  ex, 

Ex.  2.     Find  the  form  of/,  so  that /(a?)  +/(y)  =  /(^y). 

Taking  the  ^-differential, /'(a?)  =  yf\xy)'j  again  taking  the 
y-differential     /'(y)  =  xf\xy) ; 

consequently  xf\x)  is  a  constant :  let  us  suppose  xf\x)  =  a ; 

X 

.'.    f(x)  =  alog-; 

substituting  which  in  the  given  equation, 

alog^  +  iilog|  =  alog^;    . 

.-.     c  =  l; 
.-.    f{x)  =  alog^r. 
Ex.8.    If/(*)/(y)=/(^+y),         /(a?)  =  ^. 
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428.]  The  differential  equation  Pi^'+P,y+Pj  =  0,  where 
v^y  T^j  P3  are  functions  of  of,  has  been  integrated  in  A^t.  382. 
The  form  which  next  suggests  itself  is  Piy'+P2y  +  ^$^^+^4  =  0* 
where  Pi . . .  P4  are  functions  of  x :  but  this  has  never  yet  been 
completely  integrated^  and  will  not  be^  until  the  properties  of 
certain  transcendents^  which  are  in  the  form  of  definite  int^prals, 
have  been  more  completely  investigated :  a  particular  form  how- 
ever of  it  is  dv 

g+fly2^&r«  (251) 

which  is  known  by  the  name  of  Kiccati^s  Equation^  having  been 
discussed  by  Riccati  in  the  year  1775  in  the  Acta  Emditorom^ 
and  of  which^  in  particular  cases^  solutions  can  be  found :  these 
I  proceed  to  investigate. 

First  suppose  m  =  0 ;  then  (251)  becomes 

/      -f-dr  =  0, 
ay«— ft 

in  which  the  variables  are  separated. 

Again,  let  y  =zz*;  (251)  becomes 

n2;"-i&r+(a^*-4a?*)diF  =  0; 

and  this  will  be  homogeneous  if  n— 1  =  2n  =  m  j  that  is,  if 

n  =  —1,  m  =  —2 ;  thus  the  equation  ^  +fly^  =  -j  becomes 

homogeneous,  if  y  is  replaced  by  z"^ ;  and  the  integration  can  be 
performed. 
Now  to  investigate  general  conditions  of  integrability ;  let 

y  ==  A^'+ar^izr;  (252) 

then  the  equation  becomes 
a?«&r  H- (ya?*"i  +  2  a  aa?'+«  +  ap*«i2r)  xrrfa? 

H-(jt)Aa?^-iH-aA>cr«Odlr  =  te^dlr;     (258) 
in  which,  let 
p^l  =  2p,     pA  +  aA>  =  0,      g-1  =  p+g,      9  +  2Aa  =  0; 

.-.    />  =  -1,  ^  =  a'  *  "^  ""^^ 

so  that  (252)  becomes 

^  =  Si  +  ^' 
and  (251)  becomes 

a^dz+az^dw  =  4a?*+*dir;  (254) 

in  which  equation  the  variables  are  separated  if  m  =s  —4;  and 
we  have  dz       .  dx 


az^—b       0?* 


=  0. 
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Again^  in  (254)  let  ^  =  ~;  then 
If 

which  is  of  the  same  form  as  (251);  and  therefore  if  (251)  is 
integrable  for  any  particular  value  of  m,  say  ii^tn,  it  is  also 
integrable  when  ^  ._  _„_4^ 

424.]  Again,  in  (251)  let  y  ^-\  then 

z 

dz  =  adx-^bs^af^dx.  (255) 

Let  {m-\-l)x^dx  =  dv^  then  (255)  becomes 
dz         b       ^  a       '^. 


dv      m+l       ""  i»+l 
which  is  of  the  same  form  as  (251);  and  therefore  if  (251)  is 
integrable  for  any  particular  value,  say  fi,  of  m,  it  will  be  inte- 
grable also  when  i. 
^                                 m^^^.  (256) 

Now  we  have  seen  above  that  (251)  is  integrable,  when  /x  =  —  4, 
therefore  the  equation  is  also  integrable,  when 

4 

Also  from  the  conclusion  of  Art.  428  we  infer  that  the  equation 
is  intecrable  when 

and  therefore  fit)m  (256)  it  appears  that  m  =  —  ?; 
and  thus  substituting  successively  in  the  two  formulsB 

m  =  -^-4,  m  =  ^; 

we  have  the  following  series  of  values : 

_4         -?  -1!  _L6  .        (257) 


(258) 


4              8                12                16 
~8'         "5'  ~  7  '  9' ' 

49t 

the  types  of  the  general  terms  being  respectively  —  5—3^   and 
— 4n  ...  ^n    L 

s T  J  and  in  which  if  n  =  0.  and  if  n  =  00 ,  we  have  the  two 

2n+l  '  ' 

values  of  m,  viz.  0,  and  —2,  which  on  inspection  render  (261) 
integrable. 

4  H  2 
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Ex.  1.    dy^y^dx  =  x'^dx. 

As  this  form  is  one  of  those  which  fall  under  the  series  (258), 
we  must  put  y  =  z""^ ; 

.-.     dz—dx  =  ^z^x^^dx. 
Let  x^^dx  =  dv;  — Sa?"*  =  v, 


.',     dz-^z^dv  =  (- j  dv. 


Let  z  =  -  +  -5-; 

V       tr 

dv       du      2udv 
du      u^dv       81. 
rft*  rfv  1  ,     t<-9       1 


••    m2_8x  ""      v''  18^u+9"t;' 
and  substituting  for  u  and  for  v, 

^S  +  x^y  3 

yx^  4?* 

y(a?*-8a?*)H-3 

425.]  This  example,  and  it  is  one  of  the  easiest,  sufficiently 
indicates  the  tediousness  of  the  process,  and  the  succession  of 
the  substitutions.  If  m  has  a  value  corresponding  to  the  first 
term  of  the  series  (257)  the  method  is  of  course  that  of  Article 
423 :  but  if  tn  has  any  other  value,  then  we  shall  have  to  pass 
successively  by  alternate  processes  from  one  series  to  the  other, 
until  at  last  we  arrive  at  a  form  wherein  m  has  the  value  —4. 

The  above  process  is  unsatisfactory,  because  although  it  points 
out  certain  cases  where  the  variables  are  separable,  still  the 
number  of  them  is  limited ;  and  they  are  obtained  by  particular 
artifices,  and  the  investigation  does  not  prove  that  they  are  the 
only  possible  ones.  M.  Liouville,  however,  in  the  Vlth  volume 
of  his  Mathematical  Journal,  has  proved  by  a  rigorous  investi- 
gation that  the  cases  comprised  in  the  above  series  are  the  only 
ones  where  the  integral  can  be  expressed  in  an  algebraical, 
logarithmic,  or  exponential  form. 

There  are  also  other  forms  which  are  capable  of  reduction  to 
Riccati^s  Equation.     Thus,  if 

dy  +  ay^x*dx  =  bx^dx; 
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let         x^'dx^dz',  .-.     ^*+i=  (»+l)2r; 


m— n   m— n 


which  is  of  the  form  (251). 

The  Equation  of  Riccati  also  admits  of  transformation  into 
a  differential  equation  of  the  second  order,  under  which  it  is 
often  convenient  to  consider  it. 

Let  =-i-— •         •      tfy  _    1    dz^       1    d^^ . 

^  ""      az  da?'  *      dx  '"  az^  dx^      az  da^ ' 

-7-=  =  ^abx^  z. 
dxr 

Let         -a*  =  ife;  .-.     ^  =  jtar'";?.  (259) 

wXr 
Again,  in  (259)  let        x  ^    ^  t,  and  we  have 
d^z         m      I  dz  ^      4^ 

and  if  we  substitute  n  =  ^r-;^ ^  ,  /  = 


2(w-f2)'     '"(m  +  2)» 
wehave  _  +  __  =  &, 

and  if  2?  =  tt/"", 

d*tt      »(»-l) 

dfl  fi  ^  '"*• 

All  these  therefore  are  equivalents  of  Riccati^s  Equation;  and 
the  properties  which  are  true  of  any  one  are  also  true  of  each  of 
the  others.  If  therefore  we  can  determine  either  a  particular  or 
a  general  integral  of  either,  that  of  Riccati's  equation  will  be 
determined  by  the  equation 

logr  =  /y<te. 

A  Memoir  by  M.  Malmsten  of  the  University  of  Upsala,  and 
inserted  in  Vol.  XXXIX.  of  Crelle's  Journal,  p.  108,  on  the 
various  forms  and  properties  of  Riccati's  Equation,  may  be  con- 
sulted with  advantage  by  the  reader  who  is  desirous  of  Airther 
information. 
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Section  11. — SohUion  of  Geometrical  Problems  involving 
Differential  Equations. 

426.]  Although  we  have  g^enerally  introduced  in  the  conree  of 
our  work  the  solution  of  those  geometrical  problems  which  depend 
on  Differential  Equations,  yet  some  remain  which  require  special 
treatment.  Of  these  the  first  class  is  that  of  Trajectories;  a 
trajectory  being  a  line  or  a  surface  which  cuts  a  series  of  lines  or 
surfaces  according  to  a  given  law^  the  series  of  lines  or  surfaces 
so  cut  being  generally  formed  by  the  variation  of  a  parameter 
contained  in  their  general  equation.  And  let  us  first  consider 
the  trajectory  to  cut  a  g^ven  series  of  plane  curves  at  a  con- 
stant angle. 

Let/(^,  y,  a)  =  0  be  the  equation  to  any  one  of  the  curves^ 
the  series  being  formed  by  the  variation  of  the  arbitrary  para- 
meter a;  and  let  r{a:',y)  =  0  be  the  equation  to  the  required 

trajectory,  and  —  be  the  tangent  of  the  constant  angle  con- 
tained between  the  curves  at  their  point  of  intersection ;  then 

dt/"       dy 
m         dx'       dx  „- 

^  dx'  dx 

Let  -J-  be  found  from  the  equation  of  the  given  family  of 

curves  and  be  substituted  in  (261),  and  let  a  be  eliminated  by 
means  of  (261)  and  of  the  given  equation ;  then  if  for  y'  and  x'^ 
y  and  x  are  substituted,  because  they  refer  to  the  same  point, 
the  integral  of  (262)  will  be  that  of  the  required  trajectory. 

If  the  angle  between  the  two  curves  is  a  right-angle,  the 
trajectory  is  said  to  be  orthogonal;  in  which  case  fi  =  0,  and 
(262)  becomes  ^^^dy^^  ^268) 

dx  dx 

Ex.  1.  To  find  the  equation  to  the  curve  which  cuts  at  a  con- 
stant angle  all  circles  passing  through  a  given  point,  and  at  tiiat 
point  touching  a  given  straight  line. 

Let  the  point  be  taken  for  the  origin  and  the  given  line  for 
the  axis  of  y ;  then  the  equation  to  the  circles  is 
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dx^     y     "     2xy 
therefore  from  (262)^ 

•^ V  "^  ^"2^1  =  '^Irf^""  ^^2^1 

•*•     {ny^'\'%mosy'-nw^)dx  +  {my^—2nxy-'fn3i^)dy  =  0, 

which  is  homogeneous^  and  of  the  second  degree.  .  Therefore  by 
the  method  of  Art.  895, 

_  {ny^+2mxy'-na^)dx'\-{my^^2fucy''mx^)dy  _ 

.-.     tt,  =  log(4?2H-y*)— log(i»y— ?w)j 

tty  =  log(a?«  +  y*)— log(f»y— yw?); 

.-.     ay'  +  y*  =  2c(f»y— wo?), 

where  2c  is  the  arbitrary  constant  of  integration.  The  equation 
is  manifestly  that  to  a  circle. 

If  the  trajectory  is  orthogonal,  «  =  0 ;  and  the  equation  be- 
comes ^H-y'  =  2cfny,  the  equation  to  a  circle  passing  through 
the  origin,  and  whose  centre  is  on  the  axis  of  y,  and  radius  =  cm. 

It  will  be  observed  that  the  arbitrary  constant  of  integration 
leaves  the  particular  curve  undetermined,  although  the  general 
integral  determines  the  species  of  it. 

Ex.  2.  Find  the  trajectory  of  a  series  of  parallel  straight  lines. 
Let  the  equation  to  the  lines  be  ^cosa+ysina  =p,  where 
a  is  constant,  and  p  is  the  variable  parameter ; 
dy 

•'■  £=-*^*"' 

therefore  equation  (262)  becomes 

dy  dy 

m— mcota^  =  n-p-  +«cota, 
dx  dx 

mo?— my  cot  a  =  ny+n^  cot  a+c, 

(msina— ncosa)a7»(mcosa  +  nsina)y  =  csina. 

The  equation  to  a  series  of  parallel  straight  lines. 

Ex.  8.  fHnd  the  orthogonal  trajectory  of  a  series  of  parabolas 
expressed  by  the  equation  y'  =  4ar  : 
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SO  that  by  equation  (263)  we  have 

IH-  ^  1^  =  0;  2xdx-hydy  =  0; 

^+^  =  ^; 

where  c*  is  an  arbitraiy  constant. 

Ex.  4.     Find  the  orthogonal  trajectory  of  the  series  of  hyper- 
bolas expressed  by    xy  =s.  Ifl. 

...     ^=_y;  1-^^  =  0;  *»-y«  =  c». 

dx         X  X  ax  ^ 

427.3  The  trajectory^  orthogonal  or  other^  of  a  series  of  corves 

referred  to  polar  coordinates  may  be  determined  in  a  similar 

manner;  thus 

tan-i^  =  tan-i!;^-tan-'^;  (264) 

n  dr  dr 

rdO      f^da 
m         dr         dr' 


«  rr'ddde^ 

^"*"     drd/ 

m+mrr^'T-  "Tj  =  **^3 ♦»^-3:t>  (^65) 

dr  dr  dr  dr 

and  if  the  trajectory  is  orthogonal^  n  =  0;  and 

Ex.  1.     Find  the  orthogonal  trajectory  of  a  series  of  logarith- 
mic spirals  expressed  by  the  equation  r^af,  where  a  varies. 

•'•    S  =  «•!<>&«  =  Jioe'-; 

therefore  (266)  becomes  1  +  -r-  , —  =  Oj 

or  logr 

—  Iogr4-^rfd  =  0;  (log  r)«  +  ^  =  c*  j 

logr  =  (c2-^)*,  r  =  e(^-«^*. 

Ex.  2.     Determine  the  orthogonal  trajectory  of  a  series  of 
lemniscata  expressed  by  the  equation  r*  =  a^  cos  2d. 
rde  _     cos2d  rd9cos2d  _ 

rfr  ""      sin2d'  "  dr  sin2d  ~     ' 
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which  is  the  equation  to  another  lemniscata  whose  axis  is  .in- 
clined at  45°  to  that  of  the  given  one. 

Ex.  3.     Find  the  equation  to  the  orthogonal  trajectory  of  a 
series  of  confocal  and  coaxal  parabolas. 

2a  rdO      1-fcos^ 


r  = 


1  +  cos^'  dr  sind 


^   .  rde  l  +  oos^       ^  dr        .0,^^ 

l+*r-li^=0;  -+cot^rf^  =  0; 

2c 
r  = 


1— cos^' 
the  equation  to  a  series  of  the  confocal  and  coaxal  parabolas. 

428.]  Trajectories  with  reference  to  families  of  curves  may 
also  be  drawn  according  to  other  laws.  The  following  examples 
illustrate  the  kind  of  problem. 

Ex.  1.  A  series  of  cycloids^  see  fig.  62,  have  a  common  vertex 
o^  and  a  common  axis  ox ;  it  is  required  to  find  the  equation  to 
the  curve  which  cuts  off  from  all  of  them  an  equal  length  of 
arc  OP. 

Let  the  length  of  the  arc  be  A: ;  and  let  the  equation  of  one 
of  the  cycloids  be 

y  =  aversin"^--j-(2<M?— a?*)*; 

da?  __        dy       _     ^    . 

a?*  ""  (2fl-a?)*  "  (2a)*' 

Li 

8  =  2(2ap)*  =  *;  ^  =  si' 

Ex.  2.     Many  circles  touch  each  other  at  a  common  point : 

find  the  curve  which  cuts  them  at  an  angle  proportional  to  the 

vectorial  angle  at  the  point  of  section^  the  common  point  being 

the  pole  and  their  common  diametral  line  being  the  prime  radius. 

r  =  2a  cos  ^; 

.-.     ^  =-oot^  =  tan  (90°+^). 
dr 

Let  kd  =  the  angle  of  intersection ; 

=  9(f  +  ^-tan->^; 

PRICB^  VOL.  II.  4  I 
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—  =  cot(*-l)(?; 

.-.         (^)         =C08(*-.l)d. 

If    A  =  8^  c*  =  «*— y',  the  equation  to  a  hTperbobu 

*  =  2,  c  =  ^. 

Ex.  8.  Find  the  trajectory  of  a  series  of  concentric  circles, 
when  the  arcs  intercepted  between  the  intersections  and  the  axis 
of  <r  are  of  a  constant  length.     See  fig.  58. 

Let  OA  =  a,  AGP  =  ^ :  therefore  the  arc  ap  =  o^  =  A  (say) ; 

k 

k 

the  equation  to  a  reciprocal  spiraL 

429.]  By  a  similar  process  may  the  equations  be  found  of 
surfaces  which  are  trajectories,  orthogonal  or  other,  of  curved 
surfaces  of  a  given  family.  Suppose  the  equation  to  the  given 
family  to  be  p(a?,y,z)  =  0;  (267) 

and  this  equation  to  involve  an  arbitrary  parameter  a :  and  the 
equation  to  the  trajectory  to  be 

/(^,y,2r)  =  0;  (268) 

and  then  if  this  second  surface  cuts  all  the  members  of  (267)  at 
an  angle  whose  cosine  is  m, 

and  if  the  trajectory  is  orthogonal, 

wherein  (^-),  yj-ff  (^)  are  to  be  replaced  by  their  values 

from  (267) ;  and  a  having  been  eliminated,  the  integral  of  the 
partial  differential  equation  will  be  the  equation  to  the  required 
trajectory;  and  as  an  arbitrary  function  will  be  introduced  in 
the  integration,  it  appears  that  a  class  of  surfS^ces  will  have 
the  required  property. 
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Ex.  1.    To  find  the  orthogonal  trajectory  of  a  series  of  spheres 
touching  a  given  plane  at  a  given  point. 

Let  the  given  point  be  taken  as  the  origin^  and  the  given 
plane  for  the  plane  of  {y,  z) ;  then  the  equation  to  the  spheres  is 

0?*— 2aar  +  y*-hg^  =  0  =  v(af,y,z)j 
where  a  is  variable ;  and  therefore  (270)  becomes 

so  that  by  (84),  Art.  384, 

2g<to      _  ^  _  ^. 
a^—y*—z*~  y  ~   z'  "    z 

^ +(l+c,>)d«  =  0, 

-+(l  +  CiV  =  c,  =/(Ci); 

where /expresses  an  arbitrary  fiinction. 

Ex.  2.     Find  the  equation  of  the  orthogonal  trajectory  of 

^       y«       2r2  _ 
^a  +  -^2  +  -^  -  '^^ 

where  il  is  a  variable  parameter. 
In  this  case  (270)  becomes 

\dx)  a»  ^  \dyl  6»  +  Vrf;r/  c«  -  "' 

a*  da:  ^  l^dy  _  ^ff^. 
X     '^     y     '^     z    ' 

aMoga?— 4*logy  =  Ci; 

6*logy— c^log;?  =  c,; 
.•.     fl*log^— i*logy  =/(6*logy— c^logz), 
is  the  equation  to  the  trajectory,  where /represents  an  arbitrary 
ftmction. 

480.]  The  following  geometrical  problems  involve  total  differ- 
entials of  three  variables. 

Ex.  1 .  Find  the  equation  to  the  surface  whose  ti^ngent  plane  is 

4ia 
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oomparing  this  with  the  general  equation  of  the  tangent  plane 

we  have 

O   (g)  ©   ©^^©^^(l-> 

X  y  z  xdx      ydy      zdz         ^ 

;?       F       ?  IF  ■^■^■*"  "?■ 

and  as  the  numerator  of  this  last  fraction  =  0^  we  have  also 
xdx      ydy      zdz  __  ^ 

•  •    a*  ^  ft*  ^  c»  "■  ^ 
the  equation  to  an  ellipsoid. 

Ex.  2.  Find  the  equation  to  the  surface  whose  tangent  plane  is 

^^ +  ■^— ^H--^^ =  0; 

X  y  z 

xyz  =  F. 

431.]  The  following  geometrical  problems  also  involve  partial 
differential  equations  of  the  first  order. 

Ex.  1.  Determine  the  surface  whose  tangent  planes  pass 
through  the  same  point. 

a?— a  *^  y— 6  ""  z—c' 
x^a  _  gy— g  _ 

the  general  equation  to  conical  surfaces. 

Ex.  2.    To  determine  the  surface  such  that  the  intercept  of 
the  axis  of  ^  by  the  tangent  plane  is  proportional  to  x. 
The  differential  equation  which  expresses  this  property  is 

••■  -  =  --/(!)• 
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Ex.  2.  Determine  the  equation  to  the  surface  in  which  the 
coordinates  of  the  point  where  the  normal  meets  the  plane  of 
(jf,  y)  are  to  each  other  as  the  corresponding  coordinates. 

As  the  equations  to  the  normal  are 


i-i        W)        ^-l 
^dx'        ^dy'         ^dz^ 


/d¥\        /d¥\        /rfp\  ' 


(£!)      Cfl]      («!) 

^datf        \dyl        ^dz' 

/rfP\  /rfF\  /rfp\ 

where/ represents  an  arbitrary  function. 

482.]  Also  let  us  consider  the  differential  equation  of  the  first 
order  and  of  the  second  degree,  which  expresses  the  lines  of 
curvature  of  an  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

$  +  $+^  =  1^  (271) 

then  by  the  general  equation  (64)  Art.  409,  Vol.  I,  the  equation 
to  the  lines  of  curvature  is 

(^-'^)£  +  ('''-«*)|  +(«'-&")£  =  0.  (272) 

Let  5  =  f.         $  =  >?,  ^  =  f,  (278) 

so  thai  (271)  and  (272)  become 

f+i,  +  C=  1,  ^  (274) 

(A»-c»)fd.jrfC+(c»-fl»)i,df</f +  (a»-ft»)C<^rfi,  =  0.    (275) 
Let  C>i^d  (2Cbe  diminated  from  these  equations ;  then  we  have 
(e»-a»)nd^+ {(a»-Of-(A»-c»),-(a»-«»)}  rffrf, 

+  (*»-C»)frf,;»  =  0; 
which  may  be  expressed  in  the  form 

(ijdf-fdfi,)  {(c»-a»)df-(4»_c»)d,}  =  (a«-A»)rffrf,; 

.     -  _  f  ^V  (a'-y)d„ 

••    ^-^di      (a*-e»)di+{l^-c')dv'  ^^^^^ 
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which  is  an  equation  of  Clairauf  s  form ;  and  of  which^  if  Jfc  is  an 
arbitraiy  constant^  the  general  integral  is 

which  represents  a  cylinder  of  the  second  degree^  the  axis  of 
which  is  perpendicular  to  the  plane  of  {x,  y) ;  and  consequently 
the  lines  of  curvature  are  determined  by  the  intersection  of  these 
cylindrical  surfaces  with  the  ellipsoid. 
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CHAPTER    XVL 

INTEGRATION  OF  DIFFERENTIAL  EQUATIONS  OF  ORDERS 
HIGHER  THAN  THE  FIRST. 

Section  1. — Oeneral  Properties  of  Differential  JEquationa  of 
Higher  Orders. 

433.]  Wb  are  now  just  on  the  outskirts  of  our  science^  and 
are  unable  to  give  any  general  theory  for  the  integration  of 
differential  equations  of  higher  orders ;  almost  all  that  deserves 
the  name  of  philosophical  treatment  has  been  exhausted ;  and  it 
only  remains  for  us  to  insert  such  discussions  on  isolated  topics 
as  are  useful  either  in  the  way  of  extending  the  boundaries  of 
our  knowledge^  or  for  the  purposes  of  subsequent  application. 

The  most  general  forms  of  differential  equations  of  the  nth 
order  are  (1)  (2)  (3)  (4)  in  Art.  864;  the  last  two  of  these  are 
partial^  and  the  discussion  of  them  is  reserved  to  a  fiiture  Section 
of  the  present  Chapter :  we  shall  confine  our  researches  at  present 
to  an  equation  of  the  form 

which  contains  only  two  variables^  and  wherein  one  of  these  is 
equicrescent.  Of  such  equations  we  have  in  Art.  365  pointed 
out  the  geometrical  meaning ;  and  in  Art.  367  have  shewn  that 
the  general  integral  involves  n  arbitrary  constants.  If  a  function 
satisfies  (1)  and  does  not  contain  n  arbitrary  constants^  it  may  be 
either  a  particular  integral  or  a  singular  solution ;  but  it  is  not 
the  general  integral.  And  it  will  be  either  a  particular  integral 
or  a  singular  solution  according  as  one  or  more  of  the  arbitrary 
constants  has  been  replaced  by  particular  constant  values  or  by 
functions  of  the  variables :  and  it  is  manifest  that  such  substitu- 
tions may  take  place^  at  any  one^  or  at  more  than  one^  of  the 
successive  integrations. 

434.]  Now  with  reference  to  general  properties  of  differential 
equations  of  the  form  (1)^  if  (1)  admits  of  being  expressed  ex- 
plicitly in  the  form 
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and,  the  limits  of  integration  being  (a?^,  y^)  {x^,  y^),  if  (2)  as 
well  as  all  its  derived-fonctions  remain  finite  and  continuous 
for  all  values  of  the  variables  within  the  limits,  then  (2)  can  be 
integrated  in  a  series,  by  the  metliod  of  Art.  367*:  and  its  gene- 
ral integral  will  contain  n  arbitrary  constants. 

Also  it  is  evident  that  a  difierential  expression  such  as  (1) 
may  admit  of  integration  by  reason  of  the  form  of  the  expression, 
and  independently  of  any  specific  relation  between  x  and  y  :  the 
conditions  that  this  should  be  the  case  have  received  much  con- 
sideration from  Euler,  Lagrange,  Lexell,  Poisson;  and  lastly 
from  M.  J.  Bertrand*^,  and  M.  J.  Binet,  as  quoted  in  Moigno's 
Calcul  Integral,  Vol.  II.  p.  551  :  and  it  is  to  Euler  and  to  the 
last  two  that  we  are  indebted  for  most  of  our  knowledge  of  the 
subject.  In  the  following  articles  the  conditions  requisite  for 
such  a  case  are  investigated  by  means  of  the  Calculus  of  Varia- 
tions. 

Suppose  the  integral  of  (1)  to  be  definite,  and  the  limits  of 
integration  to  be  those  particular  values  of  the  variables  which 
carry  the  subscripts  0  and  1 :  and  let  the  definite  integral  be 
expressed  according  to  the  notation  of  Art.  247.  Now  oar 
object  is  to  determine  conditions  which  (1)  must  satisfy,  so  as 
to  be  the  ^-derived  function  of  some  other  function  of  the  form, 

independently  of  any  relation  between  x  and  y ;  that  is,  so  that 
j[W,y,  i^, ...  y<*^)*?  ^  [♦(ar,y,y',  •  •  •  y^*""'^)] ^  (*> 

and  so  that  this  equation  may  subsist  independently  of  the  func- 
tional connexion  of  x  and  y. 

Suppose  this  ftinctional  relation  to  undergo  a  small  variation, 
and  the  values  of  the  variables  and  of  the  (n—  1)  derived  fiinctions 
at  the  limits  not  to  change;  then  by  reason  of  (4)  the  value  of 
the  integral  will  not  be  altered,  and  therefore 

«.  rH^>  y,  ^y  y", . . .  y^*^)  (to  =  0 ;  (6) 

then  employing  the  notation  introduced  in  Article  808,  it  is 
manifest,  that  if  we  replace  the  left-hand  member  of  (5)  by  its 

*  See  Journal  de  TEcole  Royale  PolytechDique,  Cafaier  a8,  Paris  1841,  p.  349- 
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value  given  in  equation  (56)  of  Art.  303,  (5)  cannot  be  true 
unless  th'      tPr  .,  rf"YC)        -  ,„, 

and  this  therefore  is  the  condition  requisite  that  (1)  should  be  an 
exact  differential  independently  of  any  relation  between  y  and  x. 
It  will  be  observed  that  y,  y',  \"  ...  are  partial  derived  func- 
tions; but  that  the  subsequent  ^-differentiations  are  made  on 
the  supposition  that  all  these  quantities  are  implicit  functions  of 
x\  and  that  they  do  not  vanish^  although  x  msLy  not  enter 
explicitly  into  them. 

485.]  Let  us  now  pass  to  the  converse  of  the  above.  Suppose 
that  p(a?,y,y', . . .  y(*))  satisfies  the  condition  (6) ;  then  its  integral 
is  capable  of  being  expressed  in  the  form  (4)^  and  independently 
of  any  relation  between  x  and  y ;  or  what  is  tantamount,  if  (6) 
is  satisfied^  the  integral  can  be  expressed  in  terms  of  the  limiting 
values  of  the  variables  and  of  their  derived  functions ;  and  this 
is  what  we  mean  by  definite  integration.  For  in  this  ease^  by 
virtue  of  equation  (56),  Art.  803,  the  variation  of  the  integral  on 
the  left-hand  side  of  (5)  will  be  expressed  in  terms  of  the  limiting 
values  of  the  variables  and  of  their  derived-functions ;  and  in 
terms  of  these  alone ;  and  consequently  the  integral  will  be  a 
function  of  these  quantities  only.  Hence  also,  if  these  limits 
are  fixed,  their  variations  disappear,  and  the  variation  of  the 
definite  integral  also  vanishes.     Some  examples  are  subjoined. 

Ex.  1.  Let  V  be  a  function  of  x  and  y :  it  is  required  to  de- 
termine the  condition  that  ydx  should  be  integrable  independ- 
ently of  any  relation  between  x  and  y. 

Li  this  case  (6)  becomes  y  =  ^^J  =  0;  consequently  v  must 
not  contain  y. 

Ex.  2.  Under  what  circumstances  is  (P+QyO^^  where  p 
and  q  are  functions  of  ^  and  y,  integrable,  independently  of  any 
relation  between  x  and  y  ? 

In  this  case  (6)  becomes 


"     dx        \dx'^  \dyl^  ' 


PEICB,  VOt.  II.  4  K 
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therefore  (7)  becomes 

0-0  =  0' 

which  is  the  same  condition  as  (28)^  Art.  371 ;  hence  also  we 
may  infer  that  the  complete  integral  of  the  differential  equation 
of  the  first  order  and  degree  contains  an  undetermined  functional 
symbol. 

Ex.  8.  Prove  that  yV—  x^yt/--  «y*  =  0  satisfies  the  con- 
dition of  integ^bility. 

436.]  It  is  good  also  to  exhibit  a  posteriori  the  criterion  given 

in  (6)  in  a  particular  case.   Let  us  suppose  ^^  to  be  the  integral 

of  a  given  differential  expression^  when  no  functional  relation  is 

given  between  x  and  y ;   then  the  d7-differential  of  ^^  is 

and  this  must  satisfy  (6) ;  now 

\dyl~  x^  a*'  W//~   X   ~  a»'  V^/~i' 

'Sx  x^       X*        X        X*'  dx*        X        ar*       «* 

437.]  We  may  also  by  a  similar  process  determine  the  con* 
ditions  that  ¥dx^  should  be  integrable  m  times  successively! 
and  independently  of  any  particular  relation  between  x  and  y; 
m  being  not  greater  than  n  which  is  the  index  of  the  highest 
derived-function  contained  in  f.     Let 

v  =  p(^,y,y',...y(*));  (8) 

then  it  is  manifest  by  the  principles  enuntiated  above  that,  in 
accordance  with  the  notation  of  Art.  150,  the  variation  of  the 
definite  integral  of 

F(^,y,y',...y^*^)*p* 


/■ 


must  not  involve  terms  containing  signs  of  integration.    Now 
using  the  symbols  of  Art.  303,  and  supposing  &r  =  0, 
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=/"{Y«y  + y'VH-  y'V'H-  •  •  +YC)8yC)}  cte-      (9) 

Of  this  series  let  us  take  a  typical  term^  say  y<*)  8y^*^,  which  we 
may  write  in  the  form 

Now,  by  the  theorem  proved  in  (57),  Art.  426,  Vol.  I, 


»-»+l 


+  .. 


and  therefore  the  right-hand  member  of  (9)  consists  of  a  series 
of  terms  of  which  (12)  is  the  type;  and  wherein  k  receives  all 
integral  values  from  A:  =  0  to  it  =  n^  both  inclusive ;  and  where 


Y^  =  Y. 

Now  it  is  evident  that,  if  5.  /  vdr**  is  to  be  free  from  terms 
under  signs  of  integration,  the  coeflScients  of  by  under  the  several 
signs  /  ,  /  ,.../,/  must  vanish  of  themselves;  whence 
we  have 

^--^^Td^" (-)^^  =  <'^ 

1.2  £^"•'1.2   rfi^      '  '^    ^  1.2       dr--»   ^ 


MIS) 


This  series  of  conditions  must  be  continued  so  long  as  the  inte- 
g^tion-signs  have  positive  indices;  for  when  the  indices  are 
negative,  and  when  they  vanish,  the  corresponding  terms  have 
their  limiting  values :  of  the  general  form  (12)  therefore  we 
must  take  the  last  m  terms;   that  is,  the  terms  corresponding 

4  K  2 
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to  values  of  the  indices  of  the  integratioD-signs  nntil  k  =  m— 1 ; 
in  which  case  we  have 
.«  n        ^^"*^      m(m+l)  d2y(m+i) 
^^^'^"^— 5^  +  -T2--d:r^ ••• 

•••^     ^  1.2...(n-iiH-l)    £&•--+!    -"'^^*^ 

so  that  we  have  m  equations  of  condition ;  and  if  these  are  satis- 
fied the  given  differential  expression  will  be  integrable  m  times 
successively. 

438.]  A  similar  process  enables  us  to  determine  the  condi- 
tions necessary  that 

F  (a?,  y,  y',  f,...  yC),  z,  z%  z'\  . . .  2r<«))  dx,  (15) 

in  which  we  have  used  the  notation  of  Art.  308^  should  be  in- 
tegrable independently  of  auy  relation  between  x^  y,  and  z :  for 
if  the  variation  of  the  integral  of  (15)  does  not  contain  a  quan- 
tity under  the  sign  of  integration  and  depends  only  on  the 
limiting  values  of  the  variable  quantities,  then 


dt"       dW         ,     .^rf-YC) 

(16) 


^       dx  '^   dx'         -^""^^   dx^    ^^' 


^^'d^^l^^''^^^  "d^  ="'^ 

and  similar  conditions  must  be  fulfilled  if  the  element-fanction 
contains  any  number  of  variables ;  and  also  conditions  similar 
to  (13)  and  (14)^  if  such  an  element-function  is  capable  of  m 
successive  integrations :  thus  suppose  Ydx*  to  involve  m  vari- 
ables besides  x,  then  the  number  of  conditions  requisite  that 
\dx*  should  be  integrable  n  times  successively  is  mn. 

It  is  beyond  the  scope  of  our  work  to  investigate  the  cor- 
respondiug  condition  in  the  case  of  a  multiple  integral :  the 
student,  however,  desirous  of  pursuing  the  inquiry  will  obtain 
the  necessary  aid  from  Jellett's  Calculus  of  Variations,  and  from 
Moigno  et  Lindelof,  Calcul  des  Variations,  referred  to  in  the 
foot-note  of  page  411 . 

439.]  Of  a  particular  form  of  differential  equations  of  the  nth 
order,  which  is  called  the  linear,  many  properties  will  be  in- 
vestigated in  the  following  sections ;  but  it  is  convenient  to  con- 
sider it  at  once  in  reference  to  the  conditions  (13)  and  (14).  The 
equation  is 
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''^+^'-^^+-  +  ^^%+^oy  +  1=-0,        (17) 

where  p.,  p,_i,  ...  P2*  ^i»  ^o>  ft  *"*  fiinctions  of  ^  and  y. 

If  this  equation  is  integrable  once  without  any  specific  relation 
between  x  and  y,  it  must  satisfy  (13) ;  and  consequently 

dx  '^  dai^        "^     ^    rfaf 
If  it  is  integrable  twice^  it  must  also  satisfy  the  condition 

and  so  on.  Thus  if  Pj  is  a  function  of  x  only^  the  equation 
Pj  ^  +  A  y  =  0  satisfies  (18) ,  and  is  evidently  integrable  im- 
mediately. 

Again^  if  Pg,  Pi>  ^0  *^  functions  of  x  only,  it  is  required  to 
determine  the  value  of  Pq  in  the  equation 

so  that  the  equation  should  be  integrable  once;  in  this  case 
(18)  becomes  a^^       /72p 

18  an  exact  differential  expression;  and  of  it  the  integral  is 

suppose  again  that  (20)  is  integrable  twice;  then  in  addition  to 
(21)  we  must  have  from  (19) 

and  this  condition  might  also  have  been  deduced  from  (22),  by 
applying  to  it  the  criterion  (18),  that  (22)  should  be  integrable 
once. 

There  is  also  one  other  point  that  deserves  notice.  Suppose 
that  (20)  does  not  satisfy  (18),  but  can  be  made  to  do  so  by  the 
introduction  of  a  factor;  let  fA  be  the  fiu^tor,  then  we  have 
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80  that  (18)  becomes 

and  if  from  thifl  any  value  of  fi,  general  or  particular,  can  be 
found,  flien  (20)  may  be  integrated  directly.  It  will  be  observed 
however  that  (25)  is  a  differential  equation  of  the  second  order 
in  terms  of  fA,  and  that  the  difficulty  of  solution,  as  &r  as  tiie 
order  is  concerned,  is  not  lessened. 


Section  2. — Investigation  of  Properties  qf  linear  Differential 

Equations. 
440.]  As  there  is  no  general  method  of  solving  diiBsrential 
expressions  of  the  second  and  higher  orders,  we  are  obliged  to 
have  recourse  to  such  particular  forms  of  them  as  have  yielded 
to  the  powers  of  analysis ;  and  amongst  these  the  most  remark- 
able is  that  known  by  the  name  of  the  linear  equation,  and  of 
which  the  solution  is  of  the  form  y  s=/(^) ;  into  which  the  in- 
dependent variable  and  its  derived-fimction  enter  in  only  the 
first  degree,  and  where  the  coefficients  are  functions  of  the  vari- 
able w  only.    Thus  the  most  general  form  is 

where  Pj,  Pg,  . . .  p„  x  are  Amotions  of  x  only.  Of  this  equation 
we  shall  prove  some  general  properties,  and  then  proceed  to  the 
solution  of  particular  examples. 

It  will  be  observed  that  two  forms  of  this  equation  have  already 
been  integrated ;  (1)  in  Art.  150,  where  p^  =  p,  =  ...  =  p^  =  0; 
and  thus  ^n^ 

dx^  ^^' 
(2)  the  general  linear  equation  of  the  first  order  in  Art.  382,  viz. 
dy 

441.]  Theorem  I.* — ^The  integral  of  (26)  depends  on  the  in- 
tegral of  the  left-hand  member  of  the  equation ;  that  is,  on  the 
integral  of  the  equation  when  x  5=  0. 

*  The  first  of  the  following  theorems  is  due  to  Lagrange :  the  others  are 
the  original  investigations  of  M.  G.  Libri,  and  are  taken  from  Crelle*8  Journal, 
Vol.  X,  page  185. 
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Let  y  =  u^lvids,  where  t^  and  t^j  are  two  undetermined  func- 
tions of  a? :  then  by  Leibnitz's  Theorem 

and  sobstitating^  the  specific  values  of  this  in  the  several  terms 
of  (26)  we  have 

where  Qi^  Qsj  •••  Q«.i  ai^  determinate  functions  of  a  and  t<^. 
Suppose  now  t^  to  be  a  function  of  x  which  makes  the  left-hand 
member  of  (26)  to  vanish ;  that  is^  suppose  t^  to  be  a  particular 

integral  of  (26)^  when  x  =  0;  then  the  coefficient  of  I  Vidx  in 
(28)  vanish^^  and  we  have 

which  is  an  equation  of  the  same  form  as  (26)^  and  of  the  (n— l)th 
order;  in  this  equation  let 

and  let  substitutions  be  made  in  (29)  according  to  tlie  preceding 
process :  then  if  «,  is  an  integral  of  (29)>  when  the  right-hand 
member  is  equal  tcS  zero,  the  resulting  equation  will  be  of  the 
(it— 2)th  order,  and  of  the  form 

then  continuing  the  same  process  we  shall  finally  have  an  equa- 
tion of  the  first  order  which  may  be  integrated  by  the  methods 
of  the  preceding  Chapter;  and  the  function  which  satisfies  the 
given  equation  will  be  determined  by  the  successive  integration 
of  a  multiple  integral  of  the  nth  order.  The  problem  will  hereby 
become  reduced  to  that  of  a  multiple  integral,  and  of  simple 
quadrature. 

442.]  And  to  indicate  nlore  dearly  the  form  which  by  this 
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process  the  last  integral  assumes,  let  us  consider  the  case  of  a 
differential  equation  of  the  third  order. 

Let  y^Uijvidx; 

then  substituting  in  (80)^  we  have 

Now  if  ti,  is,  according  to  our  supposition,  an  integral  of  (30) 
when  X  as  0,  the  first  term  of  (31)  vanishes :  also  let 


then  (31)  becomes 


Again,  let  tc,  be  an  integral  of  this  equation  without  its  second 
member:  and  let 

then  if  2^  +Qi<4  =  %«a*  (32)  becomes 

*'.+B,  =  -i^.  .       (83) 

Again,  let  ti^  be  a  particular  integral  of  (33)  without  its 
second  member ;  and  let 
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then         ttoVo  = 


Vo    = 


(34) 


and  retracing  our  steps  we  have 

y  =  ^f^^'f^dxj^^.  (35) 

where  t^^  u,^  t«3  are  integrals  of  the  several  equations  found  as 
above  and  without  their  second  members ;  and  thus  the  general 
integral  is  found  in  terms  of  a  triple  integral  whose  element^ 
function  contains  one  variable ;  and  therefore  by  the  process  of 
integration  three  arbitrary  constants  will  be  introduced^  and  the 
integral  will  be  in  its  most  general  form. 

And  thus  to  generalize  the  process^  the  integral  of  (26)  will  be 

y  =  u,lu,dxfu,dx  -J^l^^^  •  (36) 

443.]  Now  these  quantities  Ui^u^,  ...u^  may  be  expressed  in 
terms  of  particular  integrals  of  (26)^  when  x  =  0 ;  so  that  if 
these  latter  quantities  can  be  determined^  the  complete  solution 
of  the  given  difiPerential  equation  will  depend  on  only  a  single 
integral.  To  limit  the  extent  of  the  investigation,  let  us  confine 
our  attention  to  an  equation  of  the  third  order,  viz. 

and  let  i;i,  ri^,  ti,  be  three  particalar  integrals  of  this  equation, 
when  X  =  0,  so  that 

then  employing  u^,  u^,  t^,  v^,  v^,  f>^  in  the  same  signification  as 

in  the  preceding  Article,  let «!  =  i?i ;  and  if  for  i^i  in  (88)  u^  j  u^dsf 
is  substituted^  it  will  on  expansion  be  seen  that 

— .ttjtt,cte+p, -^.u^Ju^dx-^T^^.u,Ju^djf-^j>^u,Ju^dx  =  0;  (39) 

so  that  tL^ju^da  is  a  particular  integral  of  (37)  when  x  =  0 ; 
suppose  this  integral  to  be  tjj ;  then 

.-.     t^  =  #-^.  (40) 

'        ax  rii 
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But  U2  IB  a  particular  integral  of  (32)  without  its  second  mem- 
ber; so  that 

Again^  let  t;,  be  another  particular  integral  of  (88) ;  and  let 
u\  be  another  particular  integral  of  (32)  without  its  second 
member ;  then^  pursuing  the  same  process  as  before^ 

1/,  =^,ife;  (42) 

'       ax    1^1 

so  that  «2  and  u\  are  two  particular  integrals  of  (41)  :  and  em- 
ploying t«3  as  above^  it  will  be  seen  that 

^.fi^J^dX'^q^ij^.u^ju^dx+q^u^ju^cUp  =  O;  (43) 

BO  that  u^ju^dwiBSk  particular  integral  of  (41) ;  let  this  be  eqml 

to  tt'j ;  so  that  ,  f     , 

"2  =  ^j^dx, 


d 


Vz 


'       dx   U2       dx    d    fi^ 
dx'^^ 

80  that  now  u^,  U2,  u^  are  expressed  in  terms  of  i^^^  r^^f  %>  ^^^  ^ 
in  terms  of  three  particular  integrals  of  the  given  equation, 
when  its  right-hand  member  yanishes ;  and  these  may  be  sub- 
stituted in  (36) ;  and  the  final  value  of  y  thus  obtained  will  be 


d    Ik 


y=^^/l^-^^^/^T^^A^ 


d_V3_ 

d  r^  d  dx  f^ 
dx  rii  dx  a  ^ 
dx*^ 


-1 


.dr.  (451 


dx    rji 

The  same  process  may  manifestly  be  extended  to  equations  of 
the  order  n;  the  final  result  however  is  of  a  form  too  compK- 
cated  to  be  inserted  :  it  will  however  involve  n  signs  of  int^fia- 
tion^  and  therefore  n  arbitrary  constants. 

444.]    Some  examples  of  the  above  process  are  subjoined- 
Let  us  first  consider  the  linear  equation  of  the  first  order^  viz. 

Now  of  this  equation,  when  x  =  0,  an  integral  may  be  found 
as  follows : 
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^  +rdx  =  0, 

y 

y  =  ee-/"^,  (47) 

which  is%',  and  therefore  substituting  this  value  in  the  gene- 
ralized form  of  (46)^  we  have 

y  =  e-f^J-Lef^dt;  (48) 

and  which  is  the  general  int^^  as  before  expressed  in  equation 
(69),  Art.  882. 
For  a  second  example,  let  us  consider 

particular  integrals  of  the  left-hand  member  of  which  are,  when 
the  right-hand  member  vanishes, 

ax  ri^       ax  ax  Til 

substituting  which  in  (45)  we  have 

y  =  tr'jat!^dxj2a^dxj^{2a*trt!^tr)-^dx 

^^j^dxje?'[^^^c\dx 

=  («,-a)(«il7a)(«>-3a)  ^  h'""^  ^^"+0,.-;    (50) 

and  this  is  the  general  integral  of  (49);  (49)  in  fact  having 
been  deduced  from  it  by  the  elimination  of  c^,  c^,  and  c,. 
Another  example  is 

the  particular  integrals  of  which  without  the  second  member 
are  Tji  =  e*,  1^3  =  f*-,  and  the  general  integral  is 

445.]  The  process  which  has  been  explained  and  illustrated 
above  also  gives  the  following  Theorems. 

Thxcbsh  II. — If  m  particular  integrals  of  a  linear  differen- 
tial equation  of  the  nth  order  without  the  second  member  are 

4  L  2 
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known^  the  integration  of  the  equation  with  the  second  member 
will  depend  on  the  integration  of  a  new  linear  equation  of  the 
(n— m)th  order. 

Let  i7ij  i72>    •  ^m  ^  '^  particular  integrals  of  (26)^  when  the 
right-hand  member  vanishes ;  and  let  us^  in  Art.  443^  assume 


ViJviC 


i*p.  (51) 

Then  substituting  as  in  that  Article^  the  coefficient  otlvidx  as 
exhibited  in  (28)  vanishes ;  and  we  have 

Now  of  this  equation^  without  its  second  member,  according  to 
the  process  pursued  in  Art.  443,  (w— 1)  particular  integrals  are 

d     V2         d     ri^  d     ri^^  ..„ 

ax   iji       dv    tji         dx   7)1 
let  these  severally  be  symbolized  by  Ci,  C2*  •  •  •  Cm-ii  then  in  (52)  let 


r?i  =  Cijn 


v^dx;  (54) 

and  substituting  according  to  Art.  443,  the  term    involving 
V2dx  will  vanish,  and  we  shall  have 

"*r2         d^'^^v^  X                    ,-K, 


/ 


and  of  this  equation  again  without  its  second  member  (m— 2) 
particular  integrals  are 

dxTr    d^Tr"    di'lT'  ^' 

which  we  may  conveniently  symbolize  hj  B^,  B^, ...  ^^^j;  and 
by  a  similar  process  we  may  make  the  integral  of  (55)  without 
its  second  member  dependent  on  the  integration  of  an  equation 
of  the  («— 3)th  order:  and  in  a  continuance  of  the  process 
it  is  manifest  that  each  of  the  given  particular  int^rals  of 
(26)  enables  us  to  reduce  by  unity  the  order  of  the  differentkl 
equation;  and  finally  therefore  the  order  of  the  equation  will 
be  the  (n—i») th. 

Hence,  if  a  particular  integral  of  a  linear  differential  equation 
of  the  nth  order  can  be  found,  the  order  of  the  equation  may  be 
depressed  by  unity. 

446.]  Theorem  III.  If  »yp  i;,, . . .  i;^  are  »  particular  integrals 
of  a  linear  differential  equation  of  the  nth  order  without  the 
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second  membet^  and  if  y^  ifi  a  particular  integral  of  it  with  the 
second  member^  then  the  general  integrals  of  the  equation  with 
and  without  the  second  member  are  respectively 

y  =  ^i^i  +  ^2^8  +  --+^«^«+yi>l  (57) 

The  truth  of  the  proposition  is  evident  from  the  form  of  the 
equations;  because  each  satisfies  its  corresponding  differential 
equation^  and  each  contains  n  constants :  these  however  must  be ' 
independent  of  each  other ;  and  the  particular  integrals  must  also 
be  independent  of  each  other :  for  suppose  that  i?3  =  ar/i  +  *  »?2i  ^^^^ 

and  which  contains  only  n— 1  arbitrary  constants,  and  conse- 
quently is  not  the  complete  and  general  integral. 

447.]  M.  Libri  has  in  the  Memoir  above  referred  to  traced 
many  analogies  between  the  formation  and  properties  of  algebra- 
ical and  differential  equations :  some  of  these  are  given  in  the 
following  Theorems. 

Theosem  IY. — A  differential  equation,  linear  in  at  least  the 
first  two  terms,  may  be  transformed  into  another  linear  equation 
of  the  same  order,  and  without  the  second  term. 

Let  (26)  be  the  typical  equation  of  a  linear  equation  of  the 
nth  order :  and  let  y  _  ^^^  (58) 

where  u  and  v  are  two  undetermined  functions  of  a? :  then,  ex- 

pressing  -z-^ ,       ,  ^_^ , by  means  of  Leibnitz's  theorem, 

(26)  after  substitution  will  become 

d*u        dv  d*"^  u      »(n— 1)  d^  v  d*"^ u 
^d^'^^dxd^^  ■*■      1.2      ^  d^^'^'" 


H-^i 


+  v^uv  =  X.     (59) 


Consequently  if  v  is  such  that 
dv 
dx 


n^+P^t;=.0,  (60) 
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the  second  term  of  (59)  vanishes  ;  and  from  (60)  we  have 

V  =  e"-^"*";  (61) 

whence,  theoretically  at  least,  v  may  be  found;  and  (59)  will  be 
a  linear  equation  without  the  second  term. 

And  more  generally:  A  differential  equation  of  which  the 
first  m+1  terms  are  linear  may  be  transformed  into  another 
linear  equation  of  the  same  order,  and  without  the  (m+l)th 
term,  by  means  of  the  solution  of  a  linear  equation  of  the  mth 
order.  Thus,  let  it  be  required  to  deprive  of  its  second  term 
the  equation  m^.  j„ 

substituting  y  =  uv,  we  have 

J  Saw 

let  2-T-.-8at;  =  0;    so  that    r  =  ««; 

ax 

then  (63)  becomes  ^  —  fL^  -  xe^"*". 
dor       4 

448.]  Teeobjbm  V. — If  a  relation  is  given  between  two  par- 
ticular integrals  of  a  linear  differential  equation  of  the  nth  order, 
the  order  of  the  equation  may  be  diminished  by  unity; 

Let  ffi  and  172  be  two  particular  integrals  of  (26) ;  and  let  as 
suppose  them  to  be  related  by  the  equation  y^  =  ^(17^) ;  then,  if 
in  (26)  we  substitute  for  y,  first  y/^,  and  then  ij^,  or,  which  ii 

rf"iii 
equivalent,  ^(i;x)j  there  will  be  two  equations  from  which  --— 

may  be  eliminated,  and  the  order  of  the  resulting  equation  will 
be  only  the  (n^l)th.  Thus  suppose  17^  and  y;,  to  be  two  par- 
ticular integrals  of 

and  suppose  them  to  be  related  by  the  condition  i^^s  ==  1 ;  then 
we  have       rf«  d»     1        a»      ^ 

.-.     (^f^aW.    and    T,,  =  e±«; 
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449.]  Theorem  VI. — ^If  n  particular  integrals  of  a  differential 
equation^  which  is  without  the  second  member^  are  known^  the 
coefficients  of  the  several  terms  are  functions  of  these  integrals, 
and  may  be  found  by  a  process  analogous  to  that  of  forming  an 
algebraical  equation  whose  roots  are  given. 

Let  the  differential  equation  be  of  the  nth  order,  and  of  the  form 

^y  .p^ll^y  ,prfl2y+    +p    ^+Pt/-o-      (64> 

ifc-  ^  ^  rf?^  ^    •  rfr^^  ^  -  +  ^1.-1  ^  +^ny  -  y,  (04) 

and  let  the  n  particular  integrals  be  i7i>  i72>  -  •  •  ^a* 

Substitute  in  (64)  for  y,  y  =s  17^  /  Vidx;  then  we  have 

'  iir--i  '^^dx  dx^'^  ■^1.2      £to»  £ir"-3  "^  -  '^  dx^  J  ^^^ 
S     d^-H.      n^ldmd*'^v^  d^'^Jtif    ^\ 


+p^i,ijt;idir  =  0.(65) 

Now  the  coefficient  of  /  v^itr  =  0;  consequently,  dividing 
through  by  i^^,  we  have 

Let  —  ::r^  +  ^1  =  Qi;  a^d  let  the  coefficients  of  the  succeeding 
terms  be  q^,  q^, ...  ii^i :  then  (66)  becomes 

Now  of  this  equation  the  (n— 1)  particular  integrals  are 

dx   1)1      dx    fiY        dx   fii 

let  us  therefore  repeat  in  (67)  the  same  process  as  that  to  which 
(64)  has  been  subjected;  then  if  the  successive  coefficients  of 
the  transformed  equation,  which  will  be  of  the  (n— 2)th  order, 
are  B|,  B,, ...  r«.2>  ^^  b^^U  have 
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n— 1     d    d     r}^ 


-        H-Qi 

rf2  dx€lx    Tfi  * 


+  —  3r +Pi, 


•      r  "  ^^^        ^""^     ^^     ^«   I  IT   -  (€9) 

iji   rfr       ^  _^  da?*    i7i 

and  by  continuing  a  similar  process  in  the  equation  which  in- 
Tolves  Rj,  B,, ...  ^  we  shall  find  an  equation  whose  order  is  the 
(n— 3)th^  and  shall  be  able  to  express  p^  in  terms  of  others  of 
the  original  particular  integrals:  and  sp  on^  until  finally  we 
arrive  at  a  value  of  p^  expressed  wholly  in  terms  of  the  17's. 

By  a  process  exactly  simily^  the  other  coefficients  of  (64)  maj 
be  found  in  terms  of  the  particular  integrals.  And  thus  in 
general^  if  Pi(a?),  PgCo?), .. .  P«(a?)  are  »  fiinctions  of  w,  and  it  is 
required,  to  determine  a  linear  differential  equation  of  which 
these  are  n  particular  integrals^  we  can  determine  the  coeffi- 
cients of  it  in  terms  of  the  particular  integrals.  This  case  is 
plainly  analogous  to  that  of  the  formation  of  an  algebraical 
equation  of  which  the  roots  are  given. 

In  illustration  of  this  process  let  it  be  required  to  form  the 
differential  equation  of  the  third  order,  of  which  three  particular 
integrals  are 

i7i  =  ^1',     »?a  =  «^*i     '7s  =  ^'• 
Let  the  equation  be 


/ 


O?  4.P  ^^1  4.P  ^  4.P  «  -  0  (70) 

Let         y^e^^'jv^dx; 
then,  as  e^i'  is  a  particular  integral  of  (70),  the  coefficient  o( 

v^dx  vanishes,  and  the  transformed  equation  is,  after  division 
by  e«i', 

^^  +(3a,  +  p,)^  +(8a,»+2p,ai  +  P3)f;,  =  0.  (71) 

oi  which  two  particular  integrals  are,  by  reason  of  (53), 

(aj-«i)c<«t-ai)',        (a3-.fli)e(«»-«i)' ;  (72) 

let  therefore         v^  =  (03— fli)e^*'«-«>^' /  Vjdir;  (73) 
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then  Bubstitatmg  in  (71),  and  observing  that  the  coefficient  of 
v^djc  vanishes^  we  have 

§+(Pi+«i  +  2fl«K  =  0;  (74) 

of  which,  by  reason  of  equation  (44),  e<«»-«t)*  is  a  particnlar 
integral;  therefore  substituting  we  have 

substituting  which  in  (71)  we  have 

^^  +  (201-0,-0,)^  +(fli«-2a,a2-2«i«t+^>)t^i  =  0;  (76) 

and  of  this  e<^i'<*i)'  is  a  particular  integral :  therefore  substituting, 

P,  =  fls«8  +  ^«i+«i«P  (77) 

and  substituting  in  (70)  for  p^  and  p^,  and  noticing  that  ^s'  is 
a  particular  integral  of  (70),  we  have  after  substitution 

therefore  equation  (70)  finally  becomes 

And  this  equation  might  also  have  been  found  as  follows: 
Since  «"**,  e^*,  e^*  are  particular  integrals,  we  might  substi« 
tute  these  in  it,  and  thereby  obtain  these  equations, 

V+Pi«2'+^2««  +  ^8  -  0,  I  (78) 

OjS  +  PiOa^  +  Pjflj-l-Pj  =  0;J 
of  which  three  cubic  equations  a^,  a^,  a^  are  evidently  the  roots : 
therefore  p^  ^  -((h+a^+a^), 

^2   -  «2^  +  fl8^  +  «l«2* 

Similarly  it  may  be  shewn  that  the  equation,  of  which  par- 
ticular  integrals  are  W^  and  x^,  is 


SBcnoN  8. — Iniegratum  oflAnear  Differential  Eguation$  of  the 
nth  Order,  whose  Ooefficiente  are  Constants,  with  or  without 
Second  Members. 

460.]  The  investigations  of  the  preceding  section  shew  that  the 
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integration  of  an  equation  of  the  linear  form  with  the  eeoond 
member  depends  on  that  of  the  same  equation  without  the  second 
member,  and  on  a  multiple  integral  the  element-fimction  of 
which  involves  the  second  member :  in  the  present  and  the  fiitore 
sections  therefore  we  shall^  if  it  is  convenient,  consider  properties 
of  linear  differential  equations,  without  the  second  members,  and 
the  reader  will  observe  that  the  generality  of  the  investigation  is 
not  diminished  thereby.  There  are  many  processes  of  solution, 
which  will  be  considered  consecutively.  The  general  type  I  shall 
take  to  be 

where  a^,  a^,  ...  a^  are  constants,  and  x  is  a  fimction  of  x. 

PiEST  Method.  —  Let  (79)  be  expressed  by  means  of  La- 
grangers  notation  of  derived  fimctions ;  then  we  have 

y(*)+Aiy(*-i)  +  A,y(*-«)+...+A^_i/+A^y  =  x;  (80) 
and  introducing  certain  undetermined  constants  ^,  ff^ytf'\„. 
^«-i)^  we  may  put  (80)  in  the  form 

L  {y(»-l)  +  tf  yC-2)  j^  ^/  yC-S)  +    . .  +  ^C-Dy  J 

+  (Ai-Oy<'*^^>  +  (A,-Oy<*-^>  +  ...  +  (A«.i-(?(«-i>)y'+A,y=x;(^^^ 
and  let  us  make  the  following  substitutions; 

y(*-l)  +  ^y(*-«)  +  . . .  +  ^*-l)y  =  ,;  ;  (82) 

A^.i-d(--i)  =  (?(?(•-«),     A^  =  d^*-i) ;  S  ^^ 

so  that  (81)  becomes       ^„ 

2-^0,-.;  (84) 

.-.     rj  =  0"^'  J  Jef^'xdx  +  c  j;  (85) 

and  for  ^  let  —a  be  substituted :  then  from  (83)  we  have 

a*  +  Aia"-i  +  A,a— «+...+A^.ia+A^  = /(«)  =  0;  (86) 
the  resemblance  of  which  to  (79)  in  its  powers  and  its  coeffi- 
cients is  evident ;  and  as  we  shall  hereafter  refer  to  this  equation, 
it  is  convenient  for  it  to  bear  a  particular  name :  let  it  therefore 
according  to  a  received  nomenclature  be  called  the  characieristie 
eqtsation  of  (79). 

Now  suppose  the  n  roots  of  this  equation  to  be  unequal  and 
to  be  oi,  oj, . . .  a,,;  then  there  are  n  different  values  of  (85)i  viz. 
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«•«»  \Je—^'xdx  +  Ci I J        e^  \fe~-^xdx+cA', . . .     (87) 

wUch  may  be  denoted  by  rii,  r)^,  ...  i}«;  also  let  the  valties  of 
6^,  ((',...  ^""^  corresponding  to  these  roots  be  9(,  0", . . .  0i^*~^\ 
6t,  K»  ■  •  •  ^2^""^^  •  •  •  C  C  .  •  •  ^«^""'^ ;  then  firom  (82)  we  have 
the  follovnng  series : 


(88) 


y(-l)  +  0,y--2)  +  Cy(-3)+...+0,(-l)y  =  ,.; 

BO  that^  employing  the  symbols  of  determinants, 

the  values  of  j^, y"*.-y^""*^  y^""^^  are  evidently  similar  in  form. 
Now  the  value  of  y  gtven.  in  (89)  is  of  the  form 

y  =r  Aii2i-}-X2i;2+...+A,i7^,  (90) 

where  A^,  Xj, . ..  \»  are  constants  and  functions  of  the  B's;  and 
these  are  assigned  by  (89) ;  but  it  is  easier  to  discover  them  by 
the  following  method. 

461.]  Let  us  employ  a  concise  notation  and  represent  (90)  thus ; 

y  =  ^'KVm>  (91) 

where  x  indicates  the  sum  of  a  series  of  terms  found  by  giving 
successive  values  to  m  from  1  to  n  inclusively;  then 

y  =  i./i^e^  \Je-^*xdaf+cA;  (92) 

y'=  x.X^a^e^'  |/e-««xdii?+c«|  +a.A«x,  (93) 

=  S.o^A^iy^  +  ^.A^x;  (94) 

and  observing  the  remark  made  in  the  sentence  following  equa- 
tion (89),  that  y^  must  be  of  the  same  form  as  y,  and  as  this 
can  be  the  case  only  when  S.A^x  =s  0,  and  therefore  when 
a. Am  =  0,  we  have 

/rs^.a^A^iy^; 

and  therefore  after  differentiation 

y-=  i.aJX^ri^-^l.a^X^X;  (95) 

and  as  y^'  must  also  be  of  the  same  form  as  y,  i^.o^A^x  s=  0; 

4  M  2 
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and  80  on^  until  ultimately 

y<-i)  =  a.a^-*A^i7^  +  Xa^-«  Vx;  (96) 

whence  we  have  xa*"*A^x  =  0 ; 

and  yC)r=xa^-A„t,^+Xa^-iA^X;  (97) 

and  as  these  conditions  must  consist  with  equation  (79),  we  bare 
after  substitution 

a-A,*»7m  {«i..*+Aia«,*-i+A2a«— »+  ...  +A^ia«+A,} 

+  a.o«-iA«x  =  x;  (98) 

but  each  term  of  the  series  comprehended  within  the  symbol  of 

aggr^^tion  vanishes,  because  04,  a^, ...  a,  are  the  n  roots  of  the 

characteristic  equation;  and  therefore  we  have 

*.A„.a«— ^x  =  X, 

.-.     xA^a^-i  =  l.  (99) 

Hence  we  have  the  following  equations  for  the  determination 

of  Ai,  A3,  ...  A,;  X1+A3+A3+...+A,  =  0,^ 

aiAi  +  a8A,  +  a,A,+  ...  +  a»A,  =  0, 


Now  consider  the  derived  function  of  the  characteristic  equa- 
tion (86); 

/'(a)  =  (a-aj)(a-a,)...(a-aj  +  (a-ai)(a-a,)...(a— aj 

+  ...  +  (a-ai)(a-a,)...(a-a..i);  aOl) 
•••    /(«!>  =  («i-«8)(«i-«8)-(«i— On); 


(102) 


Of  these  equations  let  us  take  the  first  to  be  the  type :  it  is 
plainly  of  »— 1  dimensions  in  o^,  so  that 

/(oi)  =  ai-i  +  Ciai-«  +  c,cH-8+...  +  c^.2ai+c^i,  (108) 
where  c^,  C2,...c^i  are  fimctions  of  a,,  a,,...!!.;  and  let  us  mul« 
tiply  equations  (100)  severally  by  c^j,  c^^,  ...Cj,  1  and  add 
them :  then  the  coefficient  of  A^  is  /"(o^),  and  the  coefficients  of 
A2,  A3, . . .  \^  vanish,  because  (103)  vanishes  by  virtue  of  the  first 
of  (102)  when  04  is  replaced  by  a,  or  a,  ...  or  ci«;  and  tho^efore 
ultimately  we  have  Ai/'(ai)  s  1 ;  so  that 

*-  =  7^'  (10.) 
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similarly  may  it  be  shewn  that 

'^''TX^'    ""'^Ti^'-    *"'=7(o'  ^^^ 

and  thus  the  general  integral  of  (79)  is 

and  including  the  constant  &ctor  in  the  arbitrary  constant  c^ 

we  have 

y  =  Cie-i«+C2€^+...+c^e^* 

452.3  ^"^^  ^B  ^^®  general  integral  of  the  differential  equation 
(79),  when  all  the  roots  of  the  characteristic  are  unequal.  And 
if  X  =r  0,  that  is,  if  the  right-hand  member  of  (79)  =  0,  then 

y  zsz  Cie^'+C2€^+...  +  c,e^*,  (107) 

an  expression  which  is  easily  verified  by  means  of  substitution 
in  (79),  and  each  of  the  terms  of  which  is  a  particular  integral ; 
and  as  all  are  different,  n  different  arbitrary  constants  are  con- 
tained in  it,  and  the  integral  is  therefore  general;  and  the  form 
of  (106)  indicates  that  the  general  integral  is  the  sum  ^of  n  par- 
ticular integrals,  each  of  which  involves  or  may  involve  a  different 
arbitrary  constant. 

If  there  are  pairs  of  impossible  roots  in  the  characteristie  of 
(79)  they  enter  as  conjugates :  suppose  a  pair  to  be  a<,  o^ :  so  that 

oi  =  fl+iv/— 1,  oj  =  «— i\/— 1; 

=  «*^{(c<+C/)eos&P4(c<-.c^)v/^sinte} 
=  *€•*  cos  (y + te),  (108) 

if  Oj+c^=5  A:  cosy,  (c<— c^)\/— 1=— tsiny;  and  where  of  course 
k  and  y  are  possible  quantities.  In  the  case  therefore  of  a  pair 
of  imaginary  roots,  two  terms  of  (107)  will  in  combination  pro- 
duce a  trigonometrical  function  of  the  form  (108),  and  instead 
of  the  arbitrary  constants  c^  and  Cj  we  have  the  new  constantSj 
equally  arbitrary,  k  and  y.  And  a  similar  process  of  combina- 
tion is  also  applicable  to  the  latter  unintegrated  terms  of  the 
general  expression  (106). 

468.]  The  following  are  examples  of  the  preceding  process  of 
integration  ,- 
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whence  we  have  ^+dij  »  «*"; 

^+6afl"+lla«tf+6o»  =  0; 

Oss—a,     =i—2a,     ss—8a; 
and  therefore  in  accordance  with  equation  (86), 
/(o)  =  (o-a)(a-2«)(a-8a), 

/(o)  =  (a-2o)(a— 8o)  +  (a-3o)(o-a)  +  (a-o)(a— 2a), 
/(a)=2o«,   f{2a)=.-a*,   /(So)  ==  2o«; 

Ex.  2.      ^  +a*y  =  cos  nor. 

Let     ^+ery^rj,         -<^=  ^,        a»  =  (^^T; 

.•.     T^+^jy  ss  cosiM?,        ^+fl^  =  0; 

."•     ij  =  e"**{o+ /  c**cosfMr&?}; 

tf  =  a\/— 1,     =— fl\Ari; 
fia)=zfi+a^  /(a)  =  2a; 


<b? 


cosfur 


.\     y  =  *oo8(ar+y)+  ^3:^> 
where  it  and  y  are  arbitrary  constants. 
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454.3  ^^  ^^  preceding  investigatioiis  we  liaye,  ftt  least  tadUy^ 
sappoeed  all  the  roots  of  the  characteristic  to  be  unequal :  for 
if  two  or  more  of  them  are  equals  the  value  of  y,  as  expressed  in 
(89)  and  found  by  elimination  fix)m  the  group  of  equations  (88)^ 
becomes  indeterminate,  and  the  subsequent  processes  of  Art.  451 
fiiil.  Now^  to  take  a  particular  case,  let  us  suppose  two  roots  to 
be  equal,  say  o^  =r  o^ ;  then  the  terms  corresponding  to  these 
two  roots  become 

CjC*!  +C2C"i*  =  (Ci  +  C2)c"i*  =  cfef^'i 
and  thus  the  two  particular  integrals  will  introduce  only  one 
arbitrary  constant,  and  the  general  integral  will  contain  only 
n— 1  different  constants :  and  consequently  its  generality  is  lost. 
Let  us  return  then,  and  suppose  m  roots,  04,  a2,...am,  of  the 
characteristic  to  be  equal,  that  is, 

fli  =  «2  =  •••  =  ««i 
and,  for  the  sake  of  simplicity,  consider  a  differential  equation 
which  has  no  second  member,  observing  that  the  generality  of 
the  process  is  not  lost  by  the  restriction. 
First,  let  us  suppose 

«2  =   «l  +  «2>  fl8   =  «l  +  «8^--  Om  =   ai  +  »mi 

so  that  the  roots  are  thus  made  to  be  unequal ;  but  they  will 
become  equal  if  tg  =  ig  =  ...  =  i^  =  0.     Then 

Cj«*i*  +  Cg€^+ . . .  +  C««*-* 

=  c^«{c'+o"d?+c'''^+...+cWa?*+c(**+i)^"»+»+...}, 

if        c'=;Ci+C2  +  C3+...  +  C«, 
C"=  C,t,  +  C8^+...+Cj^, 


1.2...(fll+l)^    **  '^  -r^-T-«m  i 

Of  these  equations  let  us  take  the  first  m  to  determine  the 
new  constants  c',  c", ...  c^**) ;  and  then  let  us  suppose  t  =  0,  so 
that  all  the  subsequent  terms  vanish,  and  the  m  roots  of  the 
characteristic  become  equal ;  and  thus  ultimately  for  the  gene-* 
ral  integral  we  have 
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Thus  if  two  roots  of  the  characteristic  are  equal 

Also  we  may  consider  the  case  of  equal  roots  in  the  following 
manner :  and  this  is  perhaps  more  direct. 
Let  the  equation  be 

yC)+Aiy(-i)+ ...  -f  A^y +A^y  =  0;  (109) 

and  let        y  =  tic-*;  (110) 

where  a  is  a  constant  and  ti  is  a  function  of  x ;  then  substituting 
in  (109)^  and  assuming 

we  have 

«/(«)+ ^/'(«)+^(«)+...+£^/("-»>(«)+0*o.aii) 

Now  this  equation  is  satisfied  if  11  =s  a  constant^  andy*(a)  =  Oj 
that  is,  if  for  a  we  substitute  one  of  the  roots  of  the  character- 
istic :  let  then  04  be  substituted  for  a^  and  c^  for  u,  so  that  (110) 
becomes  y  _  Cj^*!*; 

which  is  a  particular  integ^ ;  and  in  the  same  way  may  the 
other  particular  integrals^  and  consequentiy  the  general  integral, 
be  found.  If  however  two  roots  of  the  characteristic  are  equal, 
say  oj'  =  Oi,  then  f{p^  =  0,  f\o^  =  0 ;  and  (111)  is  satisfied 

when  ^8 II 

^  =  0;         .-.     II  =  C'+C'^j?; 

.-.    y  =  (o'+c"j?)e^*. 

Similarly  if  m  roots  of  the  characteristic  are  equal,  it  is  neces- 
sary that  ^m^ 

.'.    u  =  c'+c"a?+...  +  cWat"*; 
and  thus  we  have  the  form  of  the  general  integral  when  m  roots 
of  the  characteristic  are  equal. 

455.]  Second  Method. — ^We  may  also  apply  to  the  solution 
of  linear  equations  with  constant  coefficients  the  process  of  suc- 
cessive reduction  which  has  been  investigated  in  the  preceding 
Section.    Taking  (80)  to  be  the  type  equation,  let 

y  =  e^fu^dw,  am 

where  a  is  an  undetermined  constant,  and  ti^  is  a  function  of «: 
and  let  us  as  heretofore  suppose 

a*+Aia*-i  +  A2a»-«+...+A^-iO+A,  =/(a);-        (X^) 
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then  substitating  (112)  in  (80)  we  have 


•••^  1.2.3.. .(n-1)  rfa?»-a  ^  1.2. ..n  d^«-» 

Now  as  a  is  undetermined  in  (112)  and  (114)^  let  us  suppose 
it  to  be  a  root  of  (113),  say  a  =  Oi,  so  that/(ai)  =  0 ;  then  the 
first  term  of  the  left-hand  member  of  (114)  vanishes,  and  there 
remains  a  differential  equation  of  the  (n  — l)th  order :  and  ob- 
serving that /"(a)  =  1.2.3...  (»—l)n,  it  is  of  the  form 

£ir"-i  +1.2.3^.(n-l)  rfr»-2  +    -^     1.2     dx  ^     I     '^'"^^      '  ^^^^ 
Now  supposing  all  the  roots  of  the  characteristic  to  be  un- 
equal, there  are  n  different  equations  of  this  form,  corresponding 
to  these  roots,  04,  Oj, ...  a»;  also  to  solve  (115)  let 

u,  =  ifi'Ju^dx;  (116) 

substituting  which  in  (115)  we  have 

and  expressing  the  first  term  of  the  lefk-hand  member  in  the 
following  form,  and  adding/ (a,),  which  is  equal  to  zero,  because 
0|  is  a  root  of  (113),  we  have 

+  B,tt,+  ...  +  B._3^^  =  xe-W+'i)';    (118) 

.-.  /(ai+/5)  =  0, 
by  reason  of  the  form  of  (113) ;  and  therefore  a^  +  iS  is  a  root  of 
(118):  let  this  root  be  Oji  then  ai'\'fi  •=  a^,  and  )3  =:  a^^^^ii 
and  as  (119)  is  an  algebraical  equation  of  (n—l)  dimensions, 
the  other  roots  are  a,— a^,...  a^—a^;  let  these  be  represented 
by  fiijP^j  ...)8„_i;  and  a^  b„_s  w  evidently  unity  in  (118), 
(118)  becomes 
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^'°'^^*  «.  =  er./«,-dr; 


and  pursuing  the  same  process^  y  =  P^'^Pi  ^  ^"^'^  ^^^  ^ 
the  equation  for  determining  y  will  be  of  n— 2  dimensionsj  the 
other  roots  will  be  04—02,  Og— Oj, . . .  a^— Oj ;  and  the  differential 
equation  for  determining  u^  will  be  of  the  form 


and  the  equation  for  the  determination  of  5  will  be  of  «— 3 
dimensions^  and  its  roots  will  be  04—03,  05— 03, ...  a«— o,;  and 
we  shall  continue  the  processes  until  we  ultimately  arrive  at 


«n-l  =  tf^*"-""-!^/ !«,<&; 


and  thus,  returning  through  the  several  steps, 

y  =  ^iW e^'^-^i^'dafj e^^»"^^'dx    . .  .e<*«-«-i"dr /x6— ^Ar;    (120) 

and  as  a  constant  is  to  be  introduced  at  each  successive  inte- 
gration, it  is  manifest  that  in  the  course  of  the  process  n  such 
will  be  introduced,  and  therefore  that  the  integral  is  general. 
And  the  general  form  of  it  is 

+  e^i'j e(««^i)'dip r . .e^^-^i)*dxjiie—^dx.   (121) 

If  X  =  0,  that  is,  if  the  given  differential  equation  has  no 
second  member,  then 

y  =  cVi'+  (f'€^-\- . . .  +c<»)«--'.  (122) 

An  examination  of  the  form  of  the  constant  which  will  be 
introduced  at  the  several  integrations  of  the  multiple  integral 
in  (120)  shews  that  the  result  is  of  a  form  precisely  the  same 
as  that  indicated  in  equation  (106). 

I  may  observe  that  this  method  of  solution  is  the  same  as 
that  investigated  in  Art..  443 ;  but  the  general  form  of  that  Ar- 
ticle is  too  complicated  to  be  of  useful  employments,  and  there- 
fore I  have  chosen  to  give  a  special  inquiry. 
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Should  there  be  a  pair  of  imaginary  and  conjugate  roots  in 
the  characteristic^  the  corresponding  result  may  be  reduced  to  a 
circular  function. 

This  process  is  also  applicable  when  two  or  more  of  the  roots 
of  the  characteristic  are  equal ;  also  the  general  result  in  equa- 
tion (120)  holds  good.  Thus  suppose  all  the  roots  to  be  equals 
then  r» 

and  the  several  integrations  will  plainly  introduce  n  arbitrary 
constants. 

456.]  The  following  are  examples  solved  by  this  process. 

The  charagteristic  is  a*  —  13o* -j-  26 a*  +  82  a  + 104  =  0 ;  of  which 
the  roots  are  -1+  ^/Hl,  -1+  V^,  8  ^i,^/'^,  8-2\/^, 
—4:  therefore  by  (122) 

=  *iC-' cos  (ar+yi) +*2  63«  cos  (2a?+ ya)  +  C5«-*«. 

The  characteristicisa^— 7aa*  +  16o*a— 12a3  =  0;  of  which  the 
roots  are  ia,  2a,  8a;  and  therefore  by  (121) 
y  =  (c'+c"a?)^«'+C3e8«*. 

Ex.3.      _+na^;^+-^-a«^j^  +  ... 

»(n— 1)       -rf^y      n  ^  .dy        ,        ^ 

Of  which  the  characteristic  is 

of  which  the  n  roots  are  equals  and  each  is  equal  to  —a;  so 
that  (121)  gives 

Ex.  4.      ^^-70"^)-  +6fl3y  =  «-'. 
dor  ax  ^ 

The  roote  of  the  characteristic  are  —So,  a,  2a ;  therefore  by  (120), 

4  N  2 
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—  «-»«  ^C  +-«-«««+ A -5»"4.  ef^*»»)* ) 

-*         r'^4o*     ^5a'       ^(f»+8o)(m-o)(j»-2a)) 

The  roots  of  the  characteristic  are  equals  and  each  is  equal  to  1. 
Therefore  (120)  becomes 

y  =  e'j J  ape^'dsdx 

=  arH-2  +  (Cjj:  +  C2)c*. 

Ex.6.    g+a»y  =  x. 

The  characteristic  is  a^  +  a^  =  0^  and  therefore  the  roots  of 
the  characteristic  are  av/— 1,  — a\/— 1. 

whereby  when  x  is  given  the  general  integral  can  be  found. 
Let    x=  cosiM?  =  5{c~^^-i  +  6-'«'^}; 

_1    -Wr„  K«"^"      eC^'>'-^-i      ,-(.-.).VZi         ^ 

,       ,  .     cosnx 

=  *cos(«.r  +  y)-^-^,. 

Let    X  =  cos  <WT  =  5  {e"' ^'~»  +  e-«^-»} ; 
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=  e 


=  A: cos (aa?  +  y)  -}-——-. 

Ex.  7.  It  is  required  to  determine  the  form  of  the  function, 
when  /(a?+y)4-/(ar— y)  =/(a?)/(y);  a?  and  y  being  two  vari- 
ables independent  of  each  other. 

Taking  the  ^-differential  twice,  we  have 

/>+y)+/>-y)  =/''(a?)/(y). 

Again,  taking  the  y-differential  twice,  we  have 

r(^+y)+r(^-y)  =/wr(y). 

Consequently  equating  the  right-hand  members, 

where  a^  is  an  arbitrary  constant,  since  x  and  y  are  independent 

variables;         ^.^    /"(^)  ±  aVW  =  0.  (128) 

.-.    f(z)  =  Cie«+c^c— «;  (124) 

/(a?)  =  A  cos  (OP  -h  o) ;  (125) 

(124)  or  (125)  being  the  solution  according  as  the  lower  or  the 
upper  sign  is  taken  in  (123).  Taking  (124)  to  be  the  solution, 
where  Cj  and  C2  are  undetermined  constants,  and  substituting  in 
the  given  equation  we  have  c^  =  Cg  =  1,  and  a  is  undetermined. 
Also  taking  (125)  to  be  the  solution  a=2,  a=0;  a  being  unde- 
termined ;  so  that 

/(a?)  =  e**H-e-«*; 

f{x)  sr  2C0S6UP; 

either  of  which  equations  satisfies  the  proposed  functional  equa- 
tion. 

457.]  If  the  right-hand  member  of  the  linear  equation  contains 
a  constant  only,  so  that  the  equation  is  of  the  form 

then  it  may  be  expressed  as  follows : 

Now  replace  y  by  y+  — ;  then  (126)  becomes 

A-, 
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#  +  ^1^+    •+^-ii+^.y  =  0,  (127) 

and  is  therefore  of  the  form  which  has  already  been  discussed. 
In  the  final  result  we  shall  have  to  replace  y  by  y ;   and 

therefore  if  a^^  o^^ . . .  a«  are  the  n  roots  of  the  characteristic  of 

(127),  ^ 

Also  &om  (120)  the  same  result  will  be  derived.     Let  x  :=  a  ; 
then 


(  — )"aia2  ••« 

Also  if  the  characteristic  has  impossible  roots^  or  has  equal 
roots^  the  results  are  similar  in  form  to  those  investigated 
above. 

Ex.1.     g-(a,  +  a,)g+aia,y  =  *^ 

=  e-'i'J  e<«8— 1)*  I  Ci c— »*  \  dx 

458.]  The  investigations  of  the  preceding  articles  will  have 
shewn  that  the  solution  of  a  linear  differential  equation  with  a 
second  member  depends  in  a  great  measure  on  the  solution  of 
it  without  the  second  member;  for  if  the  general  integral  of  the 
latter  can  be  determined,  that  of  the  former  will  also  be  deter- 
mined if  a  certain  given  function  of  a  single  vuriable  can  be 
successively  integrated,  and  added  to  it.  A  method  for  this 
purpose,  other  than  the  preceding,  was  devised  by  Lagrange,  and 
is  commonly  called  Lagrange^  method  of  variation  of  parameters. 
This  I  proceed  to  explain. 
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Take  the  two  following  linear  differential  equations  expressed 
in  terms  of  derived  functions : 

y(»)4.Aiy(-i)  +  A^y(-»>-f  ...-l-A..iy'+A«y  =  x,       (128) 
2r(*)  -h  Ai2f<»-i)  4  A.^2'^"-*)  + . . .  +  A^^iz'  H-  A.2r  =  0 ;      (129)' 
and  suppose  z^,  Z2,  .--z^iohe  n  particular  integrals  of  (129)^  so 
that  the  general  integral  z  is 

z  =s  Ciri  +  Cg^gTaH-  ••  +  C|.^«;  (130) 

then  it  is  always  possible  to  determine  n  functions  of  a^,  viz.^ 
«i,  tf,^ . . .  tf.,  so  that  the  general  integral  of  (128)  may  be 

y  =  tti2ri-|-tt22'2-l--+«n^«>  (131) 

=  ^.uz;  (132) 

that  is^  the  integrals  of  (128)  and  (129)  are  of  the  same  form ; 

but  the  arbitrary  quantities  c^^  Cg^  ...  c«^  which  are  constant  in 

the  integral  of  (129),  are  functions  of  a?  in  that  of  (128). 

To  exemplify  the  process  before  I  enter  on  the  general  theory, 
I  will  take  first  the  case  of  the  linear  difierential  equation  of  the 
first  order,  viz.         j.. 

g+/(^)y  =  FW,  (133) 

where  the  coefficient  of  y  and  also  the  right-hand  member  are 
functions  o(x.    Now  omitting  the  second  member  we  have 

|-h/(.)y  =  0. 

.-.     ^+/(a?)&r  =  0; 

.-.     y  =  ctf-//(')^,  (134) 

where  c  is  an  arbitrary  constant. 

Now  Lagrange  in  the  method  of  variation  of  parameters  sup- 
poses the  integral  of  the  equation  with  its  second  member  to 
have  the  same /orm  as  that  of  the  equation  without  the  second 
member ;  the  constant  of  integration  in  the  latter  case  however 
being  replaced  in  the  former  case  by  a  determinate  function  o{  x; 
thus  he  takes  (134)  to  be  the  integ^l  of  (133),  when  c  is  a  func- 
tion of  ar.  To  determine  c,  let  us  difierentiate  (134),  and  substi- 
tute in  (183).     Prom  (134)  we  have 

I  =  ,-//(')- 1  g_c/(x)};  (185) 

substituting  which  in  (133)  we  have 

^  =  F(^)tf//(')''-^; 
ax 
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.-.     e  =  c-^Jv{x)eff^'^dx;  (186) 

80  that  the  integral  of  (188)  is 

which  is  the  same  solution  as  that  given  in  (69),  Art.  382.  The 
method  is  called  variation  of  parameters,  because  c,  which  is  a 
constant  parameter  in  (134),  is  made  to  be  that  fonction  of  a 
variable  which  is  given  in  (136). 

Let  us  now  apply  the  same  theory  to  the  general  linear  differ- 
ential equation  (128).  Let  us  suppose  (132)  to  be  its  integral ; 
then  differentiating, 

dy  dz  du  ,10-v 

^  =  x«^+,^^;  (187) 

and  let  us  suppose  ^  to  be  of  the  same  form  in  (180)  and  (131), 
so  that  J 

ljg-=-  =  0. 
dx 

Differentiate  again  (137)  subject  to  this  condition:   and  we 

have  rf>y_        d^         dzdu^ 

dx^  ""  ^'^dx^'^^^dxdx' 

d^y 
and  again  suppose  -^  to  be  of  the  same  form  in  (180)  and 

(131);  then 

dzdu^^^ 

'  dx  dx  ""     ' 

and  continuing  the  same  process,  and  making  similar  substita- 

tions  up  to  j^Sx}  we  have 

^'dx'dx^^'    ^'rf^dr-"' ^-rf^^rfi-"' 

da^-^  "■  ^'^  dr"-i ' 
d^y  ^       d^z         d^^^zdu^ 
dr"  ""    '    dp*        '  (to*-*  dx* 
and  substituting  these  values  throughout  in  (128),  we  have 

%.u  {^(»)  +  Air<»-i)  + . . .  +  A^.i;/+  A^z}  +  X  ^j^  ^  =  ^• 
Now  of  the  expression  on  the  left-hand  side  of  this  equation. 
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the  first  part  vanishes^  because  z^,  z.^,  ..,  z^  are  particular  inte- 
grals of  (129) ;  and  therefore 

rf'»-i  z  du 


X. 


-r-  =  X. 


dx"-^  dx 

Hence  (181)  is  the  general  integral  of  (128),  the  values  of  the 
tt's  being  found  from  the  following  system  of  equations  : 


(138) 


These  equations  will  of  course  in  general  give  n  difierent 
values  of  ttj',  ttj', ...  «/  in  terms  of  the  z^s  and  of  x,  and  each 
value  will  have  x  as  a  factor ;  suppose  the  other  factors  to  be 
Vj,  Vg, ...  t;»:  then 

.-.     «!  =r  q-f  Jt?iXrfa?;' 

u^  =  c^+jv^xdx; 


Wi  =  VjX; 


««'=   V^^i  ttn  =   %  +  jv^XdX) 


(139) 


and  substituting  these  in  (131),  we  have  the  general  integral  of 
(128). 

In  this  process  we  have  made  no  restriction  as  to  the  coefficient? 
of  the  given  differential  equation ;  they  may  be  either  constants 
or  functions  of  a? :  if  however  they  are  constants^  and  o^,  a,, . . .  a^ 
are  the  roots  of  the  characteristic  of  (129), 

z^  =  ef'i',        z^  =  e^, z^  =  e^; 

and  these  must  be  substituted  in  the  series  (138);  and  thence  may 
be  deduced  the  values  of  v^, v^, ...  v^  which  are  required  for  (139). 
The  following  are  examples  of  this  process. 


2r  =  c 

4e2-  +  c, 

«3ax  . 

y  T  «!«*" 

+  «ae»": 

dy  _ 
dx  " 

2aMi62"-|.3att2 

dx 

+  «»" 

du,, 
dx' 

PEICE,  VOL. 

II. 

40 
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let         e2««4-  +^*'^  =  0; 
cue  ax 

.-.     S  =  4a»Wie2«'  +  9a»tt2e3«*+2ac2"^  +8ai?»«^; 
dor  ax  ax 

and  substituting  in  the  g^ven  differential  equation^  we  have 

ax  ax 

from  which^  combined  with  the  supposition  made  above^  we  have 


dx 

— 

a 

jv"— »; 

)             • 

• 

«1 

=  c,- 

o(»»-2o)' 

da, 
dx 

= 

a 

-30)*  . 

«, 

=  Cj  + 

o(»»— 8a)* 

• 

y  = 

CiC2« 

'  +  CjC3»*  + 

e— 

• 

(»I. 

-2a)  (m-Sa) 

So  that  the  equation  without  the  second  member  is 

of  which  the  integral  by  the  processes  of  the  preceding  Articles  is 

where  c^  and  c^  are  arbitrary  constants  of  integration. 
Let  us  suppose  c^  and  c^  to  be  functions  of  x :  then 

|  =  a.,.~-ac,.-+e~^+.-§; 
let  c~'^  +  e-~  ^  =  0 ;  (140) 

Let  these  values  be  substituted  in  the  given  differential  equa- 
tion ;  and  we  have 

CM?  aa:* 

•*'    ctr  ""     2a    '  dx  '^        2a    ' 

•■•     ""^^  ^■*'2^(7i-a)^  ''«  =  ^«^2a(ii  +  a)' 

so  that  the  integral  of  the  given  differential  equation  is 
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Ex.  8.    -;~^  -a*y  =  c«*. 

Taking  the  same  process  as  in  the  preceding  example^ 


=  Ci6«*-|-C2C-«*  + 


2a 


Section  4. — Integration  of  some  Particular  Forms  of  lAnear 
DifferentuU  Equations  with  Variable  Coefficients. 

459.]  The  linear  differential  equation  of  the  following  form 
admits  of  being  reduced  to  one  with  constant  coefficients  by 
means  of  a  change  of  variable,  and  therefore  its  integral  may  be 
determined  by  one  or  other  of  the  preceding  methods. 

(«  +  Aa?rg+Ma  +  A^r-iglf+A,(a4-M"-»£^ 

...+A,.i(a-hte)^+A.y  =  0;  (142) 

and  I  may  at  once  remark  that  if  the  equation  admits  of  inte- 
gration when  the  right-hand  member  vanishes,  it  may  also  be 
integrated  when  the  right-hand  member  is  a  function  of  x. 

Let  a-^bm  =  jr;  then  as  a?  is  equicrescent  in  (142),  so  will 
also  z  be ;  and  therefore  after  the  substitution  the  equation  is 

*"^-0  +  *"-'-^-^A,g^  +  ...+irA._,|  +  A.y  =  0;  (143) 
so  that  the  form  of  the  equation  is 


T  X    *P        .a  s  dy         dy  ^ 

Let    —  =  dt'y  .*.     X  =z  ef)  —  =•  x-f-', 

X  '  dt  dx 

d^y  ^     d^y  dx      ^y  **?  _    o  d^      dy . 
W  ^^d^di'^didi  "      d^^  dt' 

W^^dx^  dt'^^^'dar'  dt^  dp'  "''  dx^^^  dt-^      ^  dt' 

and  so  on ;  thus  x-j-^  3^  -r-^,  . . .  may  be  expressed  in  terms  of 
-       -J  ux        as* 

'Ti '  "^  •  •  •  ^  *^^  0^^  will  become  a  linear  differential  equation 

with  constant  coefficients. 

40a 
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Ex.l.         ^^  +  ;r^-y  =  ^-. 

80  that  by  the  methods  of  the  preceding  section 
Let        s^.e';         ^t^ -4^^^ +4y  ^  ^'; 


y  =  (^;i:2)»+^{<'i+c.io&*}- 


Ex.  3. 


^  _  y.  =  0. 


460.^  The  form  of  linear  differential  equation  which  I  shall 
consider  next  is 

■..  +  («i+M)^+(«o  +  V)y  =  0>     (145) 

where  the  a^s  and  the  b'a  are  constant.     Now  let  us  suppose  a 

particular  integral  of  this  equation  to  be  of  a  more  general  form 

than  any  heretofore  assumed^  and  to  be  the  definite  integral  of 

the  form  /•«, 

y  =  /   e-'vrftt,  (146) 

where  ti  is  a  new  variable  independent  of  ^^  v  is  a  function  of  «, 
and  t^  and  Uq  are  the  limits  of  integration  and  are  independent 
of  X ;  and  let  us  consider  the  result  of  the  substitution  of  this 
quantity  in  the  given  differential  equation ;  differentiating  (146)^ 

^=f\e-ydu,   ^^fy^ydu,...    ^^'fy^^-du; 

and  moreover  let  us  substitute  as  follows : 
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SO  that  (145)  becomes 

and  integrating  by  parts^ 

re'«Uiv1'''+  /     {UoVdM-rf-UiVje*"  =  0.  (147) 

Now  as  y  is  an  undetermined  function  of  u,  let  us  assume  that 

And  in  consequence  of  this  assumption  (147)  becomes 


[ 


•'UQ 

ce     •'"1         =0; 


(148) 


and  y  =  /     — ^        "*    rf^i 


but  in  this  expression  t^  and  Uq  are  undetermined ;  they  must 
however  satisfy  (148) ;  and  as  there  will  in  general  be  no  rela- 
tion  between  them,  each  separately  must  satisfy  it :  and  there- 
fore we  must  discover  the  roots  of  the  equation 


e     •'"1      =  0; 


let  us  suppose  them  to  be  Uq,  u^yU^f-'^tf  ^^^^  ^^ ^®  ^^®  ^0  ^ 
be  the  inferior  limit  in  all  cases,  and  the  others  in  turn  to  be 
superior  limits,  we  have  the  following  k  values  of  y,  viz. 


"i        ux+f^du  du 


u*+/^<ftt  du 


t      ux-k-r-^du  du 
*  u, 


«o  ^1 


(149) 


and  from  the  form  of  the  equation  it  is  plain  that  the  sum  of 
these  also  satisfies  the  equations.  If  therefore  it  is  possible  to 
find  71+1  such  values  of  «,  the  resulting  expression  of  the  form 
(149)  is  the  general  integral  of  the  given  equation;  in  other 
cases  it  may  be  only  a  particular  integral. 
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And  I  must  observe  that  the  definite  int^rals  which  enter 
into  the  final  result  generally  do  not  adihit  of  fturther  reduction; 
and  hence  we  infer  that  the  integral  of  a  differential  equation 
of  the  form  (145)  is  a  transcendent  of  a  higher  order  than  any 
of  the  commonly  tabulated  functions. 

46I.3  ^^  following  are  examples  of  which  the  Integral  is  ex- 
pressed as  a  definite  integpral. 

Ex.  1.   (^2+ V)^  +  (^+M)^  +(flD+ V)y  =  0. 

For  X  write  x  —  -^;  then  we  have  an  equation  of  the  form 

J  Uj  J  u^-hbiU+OQ 

=  A  log  (tt  -  a)  -f-  B  log  (tt-/3), 

if  a  and  /3  are  the  roots  of  the  denominators^  and  a  and  B  are 

determinate  constants  dependent  on  o^^  o^^  b^,  b^:  so  that  from 

(148)  we  have 

€«*(«— o)^(tt—/3)»  =  0, 

and  this  equation  is  satisfied  by  t«  =  a^  u  =  /3j  u  =  —00 ;  and 
therefore  from  (149) 

y=Ci/*V(M-a)^-Htt-/3)»-irfa+C2y  c~'(tt-o)A-i(tt-/3)»-iA; 

which  is  the  general  integral. 

therefore  from  (148) 

e««(Ma-A2)f  =  0; 

.•.    M=— 00,        =  J,        =— A; 

,-.     y=:Ci/   e«'(M2-ft2)»-irftt+C2/     c~'(tt»-ft«)8-irfi«; 

•/-OB  */-.oo 

these  definite  integrals  do  not  admit  of  further  reduction. 
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Ex.8.      ^+(a+Aa?)y  =  0. 
'  In  this  example  (148)  becomes 

,u*  ,  au 

e      8ft    ft  =  Oj 
which  is  satisfied  by  w^  =  —  00 ;  therefore  w'-j-o^  =  0,  if  in  the 
result  a  =  00  j  and  of  this  equation^  if  r  is  a  primitive  cube  root 
of  —1,  the  roots  are 

— o,      or,      ar^^ 
and  therefore 

y  =  Cj  /    e      *   '^rfti+Ca/     e      '^   'ftrftt; 

and  in  the  final  restdt  a  =  00. 

Ex.4.      g+aa?y  =  0; 


J  Uj  a  J  a(nH-l) 


,1*4-1 


Therefore  from  (148),   e     «(»+i5  =  0;  and  tt*+i  =  -00  .    Con- 

1 
sequently  if  the  primitive  roots  of  (—1)"+*  are  —1,  r,  r*, ...  r", 
and  a  is  a  quantity  which,  in  the  result,  is  infinite,  the  roots  of 
this  equation  are  — o,  or,  ai^,  ...  ar^i 

far  ^+  J^^  r«f*  y^+J^m^ 


par* 

'1/ 


||IM-1 


..  +  c,  /     e     ««+i'rfM 


Ex.  5.  As  the  last  example  of  this  method  let  us  take  equa- 
tion (260)  in  Art.  425,  which  is  equivalent  to  Riccati's  equation, 
and  exhibit  the  function,  which  satisfies  it,  in  the  form  of  a  defi- 
nite integral.     The  equation  may  be  put  into  the  form 


/ 


^ife  =  nlog(t«2-ia); 


and  (148)  becomes       e!^  (tt^-i*)"  =  0 ; 


y  =:Ci  /  W(«*--4>)*-irfw4-C2/    c«'(M>-i*)"-"icfe.      (150) 
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Now  these  integrals  admit  of  integration  in  finite  terms  when- 
ever n  is  a  positive  whole  number :  and  sinee^  see  Art.  425^ 
m  ,  — 4n 

"  =  2(^T2)'     ^'^*'^*^*'     '»  =  2^riT' 
which  is  one  of  the  conditions  determined  in  Art.  424.     And  if 
71  is  a  whole  negative  number^  then 

_        m  — 4n 

T**- 2(111+2)'  ••     ^^^2^^^ 

and  this  is  the  other  condition  found  in  that  Article.  Hence 
arises  a  reason  why  Riccati's  equation  can  be  integrated  for  these 
values  of  m. 

The  reader  desirous  of  forther  information  on  the  integration 
of  linear  differential  equations  by  means  of  definite  integrals  is 
referred  to  the  large  work  of  Petzval  on  the  subject ;  viz.  Inte- 
gration der  Linearen  Differentialgleichungen^  von  Joseph  Petz- 
val, Wien,  1858. 


Section  5. — Integration  of  certain  Differential  Equations 
of  higher  Orders  and  Degrees, 

462.]  As  no  general  theory  exists  for  the  integration  of  differ- 
ential equations  of  all  orders  and  degrees,  we  are  obliged  to  have 
recourse  to  artifices,  which  analysts  have  &om  time  to  time 
devised,  for  the  integration  of  particular  examples ;  I  propose 
therefore  to  examine  the  most  useful  of  these  processes  as  con- 
cisely as  possible  and  in  order.  And  firstly  I  shall  take  dif- 
ferential equations  of  higher  orders,  where-  the  highest  derived 
fonction  is  a  function  of  either  the  one  next,  or  the  two  next, 
inferior  to  it. 

Let/*^(a;)  be  the  highest  derived  function;  then  the  problem 
is,  to  discover  the  integral  of  the  equation 

Let  f^'\x)  =  2r;         .- .  f-'^(x)  =  g;        /-(ar)  =  ^; 
d^z  ^     idz     \ 

and  the  equation  is  a  differential  equation  of  the  second  order ; 
of  this  let  the  integral  be    z  =  4>(ar) ; 


/(a?)  =y""  \{x)dx-'^; 
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SO  that  the  final  value  oif{x)  depends  on  a  function  of  x  which 
is  to  be  integrated  (n— 2)  times  in  succession.  Some  examples 
are  subjoined. 

where  6  is  an  undetermined  constant. 

dy        dx  1      /       fx       ^— c. 

where  c  is  another  undetermined  constant. 

Ex.  2.     d^y  =  dx{dx^-\'dy^)^j  where  x  is  equicrescent. 

Or  we  may  integ^te  as  follows :  the  equation  is 


^y         =dx: 


{(y-A)»-l}* 

log(y-6+{(y-A)»-l}*)  =  x-a; 

y-*  =  !{«*-•+«-(—)}. 

It  will  be  observed  that  in  the  former  of  the  two  methods  wc 
have  integrated  first  with  respect  to  x,  and  in  the  latter  first  with 
respect  to  y.    The  final  int^^al  also  might  have  been  fonnd  by 

eliminating  ■^-  by  means  of  the  two  first  integrals. 


-»•  «gS-l'-C)T- 
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2«^  =  (»-c)  {(«-c)»-a»}*-«»log(j?-c+{(*-c)«-<i«}*)+q, 
whence  y  maj  be  foand  bj  inieg^tion. 

Ex.4.    ^  =  i; 

^  s  alog^j  y  =  «{«log^-ar}  +  c,. 

Ex.5.    ^'-.-^'=0. 

wbich  is  linear  of  the  second  order,  and  with  constant  coefficients. 


^•«-  S= «•+*©'• 


=  1 ;  =-1  =  d». 


.    ^  =  |tana*(ar-c);        y-A  =  p- log  sec  a*  (a? -c). 
Ft  7     '^V  _     1 

<te»  (fly)* 

Multiplying  both  sides  by  2dy,      ^,    -  =  — iL; 

=  —ax; 


(y*_A4)*       a* 
2     1       111         .        x—i 

,.     f(y*_*»)i(yi  +  2*»)  =  -J- 
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AD  equations  of  the  form  ^  =  /(y)  may  be  integrated  by 
this  process;  for  multiplying  both  sides  by  2rfy, 

and  of  this  the  root  is  to  be  extracted^  and  a  subsequent  inte- 
gration is  to  be  effected. 

Ex.  8.     Determine  the  curve  whose  curvature  is  constant. 
Let  the  radius  of  curvature  =  c;  so  that 

.         (^  +  £) 


d. 


<fa*  ,  grfy.  1  y-b 

.-.    (^-a)>+(y-i)*  =  c». 
463.]  Let  us  also  examine  differential  equations  of  the  second 
order  which  involve  -^ ,  ^ ,  and  either  x  or  y\  and  which  are 
therefore  of  the  form 

Ex.i.     ^y    =A 


^-  i^||+(i-S)1-«K 


4  P  2 
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where  c  and  k  are  the  arbitrary  conatants  of  integration. 

Ex.  8.    fl2rf»y(a*+;r*)*+a*iterfy  =  x^dx^. 
d^y      dy        1  r^        ^ 

dx^'^  dx  (a^+a?*)*  "  a"(a«+a^)*' 

which  is  a  linear  equation  of  the  first  order  in  terms  of  ^  j  and 
therefore  may  be  integrated. 

E..4.    a.^)g.l+g  =  0. 

rfr*  1  -  '  dx  the  „ 

tan"*  -^  ^tan^^a?  =  tan""*c: 
ax 

dy  _    c— a? 
dx^  \-\-cx' 
whence  y  may  be  found. 

Ex.  5.     dx^dy-'Xdt^d^y  =  a&refo{(rf«d?)>  +  (rf»)  »}*, 
where  0  is  the  equicrescent  variable. 

•.•     dt?  =  dx^-\-dy^,        0  sr  dxd^x-^dyd^y; 
.-.     dx^dy^xd^d^y  =  ad^d^y; 

a?H-a  "     dy         ^     ^' 
dx 

log(*+a)  =  logg  +  ^(g)%c; 

but  as  ^  is  a  transcendental  function  of  d?^  the  next  int^r^tion 
cannot  be  effected. 


Digitized  by  VjOOQ IC 


463.]  OF  HIOHEa  ORDBBS.  661 

Ex.  6.     Determine  the  curve  of  which  the  radius  of  curvature 
is  proportional  to  the  normal. 


dx* 
where  k  may  be  either  positive  or  negative ; 

(1)     Let  A:  =  1 ;  that  is^  the  radius  of  curvature  is  equal  to 
the  normal ; 

dy  dx 


,    ax  C  r   -         -'^ 


■  ■      (y3_c»)*  ^     C    '  '-2 

the  equation  of  the  catenary. 
(2)     Let*  =  -1; 

^^^i  =±dx;  (c^-j^)*  =  ±  (x^a); 

the  equation  of  a  circle,  whose  centre  is  on  the  axis  of  s. 

(8)     Let  k  =  2;  that  is,  the  radius  of  curvature  is  equal  to 
twice  the  normal. 

(x-^af  =  4c(y— c); 

the  equation  of  a  parabola  whose  axis  is  the  y-axis. 

(4)     Let*  =  -2; 

dx  =  —7-, 

.-.  \r  =  |versin-i-J^  -(cy-y«)*; 

the  equation  of  a  cycloid,  whose  starting  point  is  the  origin,  and 
whose  base  is  the  axis  of  x. 


Ex.  7. 

Determine  the  curve 

whose  radius  of  curvature 

varies 

inversely  1 

Eis  the  abscissa. 

in 

dy*x\ 

"1 

dx 

.    xdx 

<ir»  \    ^  d^^ 
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dx  a?*  — «• 

=   -f 


2i 


'        -  {4*«-(a^-a»)>}* 
an  equation  whicli  does  not  admit  of  ftirther  int^;iation,  bat 
whicbi  represents  the  elastic  curve.    Also  see  Art.  829. 

Ex.  8.     Determine  the  equation  of  the  curve  of  which  the 
radius  of  curvature  varies  as  the  cube  of  the  normal. 

a2y»-f**(*-c)»  =  a*; 
the  equation  of  an  ellipse.     The  curve  is  a  hyperbola  if  P  ib 
replaced  by  ^J^;  and  is  a  parabola  if  no  constant  is  introduced 
at  the  first  integration. 

Ex.  9.     Find  the  equation  to  the  curve  in  which 

/     /  dydx^  a     ds, 

Jq    Jo  Jo 

where  ds  is  the  length-element  of  the  curve. 

Ex.  10.    A  form  of  differential  equation  which  frequentlj 
occurs  in  subsequent  investigations  is 

Let  both  terms  be  multiplied  by  dy ;  then  integrating, 

and  according  as  the  upper  or  the  lower  sign  is  taken,  we  have 
y  =  icos^(^— a). 
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454.3  ^^^^>  1^^  ^B  consider  homogeneous  equations  of  the 
second  order :  the  principle  of  homogeneity  being  estimated  in 
the  following  manner;  the  variables  x,  y,  and  their  differentials 
dx,  dy,  d^  are  considered  to  be  factors  of  the  first  d^ree ;  and 
each  term  of  the  equation  is  of  the  same  degree  in  respect  of 
them;  thus  the  equation^  a^d^y^iydx^xdy)^  =  0,  is  homo- 
geneous and  of  the  fourth  degree.  Now  in  such  an  equation  let 
the  following  substitutions  be  made ;  viz. 

y  =  xz;  .'.     dy  =^  xdz+zdx;  (151) 

also  let  S  =  -'  (1^2) 

ax^       X 

and  it  is  manifest  that  x  will  enter  in  the  same  power  into  all 

the  terms^  and  therefore  may  be  divided  out ;  this  property  in 

fact  is  the  characteristic  of  the  equation ;  and  thus  the  resulting 

equation  will  contain  Zy  v  and  -^ ;  for  convenience  of  notation^ 
,  dx 

let  ^  =  JO :  so  that  from  (151), 
pdx  =  xdz-i-zdx; 


dx  _    dz 
X  ^  p—z 


and  as  ^  =  ^-^  = -:  .•.   vdx=:xdp; 

dx       dx^       X 

hence  ^  =  -^  =  ^;  (158) 

X        p  —  z         V 

and  V  may  be  expressed  in  terms  of  z  and  p  by  means  of  the 
given  equation,  and  therefore  by  the  last  two  members  of  the 
equality  we  shall  have  a  differential  equation  of  the  first  order 
in  terms  of/?  and  z,  whereby/?  may  be  expressed  in  terms  of  z : 
and  therefore  from  the  first  two  members  of  (158)  we  shall 
obtain  a  differential  equation  of  the  first  order  in  terms  of  x  and 
z;  and  this  after  resubstitution  will  give  the  required  integral. 

Ex.  1.    x^  d^y  =  {ydx^xjiy)K 

x2v  =  x^iz^p)^;  .'.     V  =  {z-^p)^; 

therefore  from  (153)  =  ; — ^-r^'> 

p-z      ip-z)* 

-         .  dx  dz  e^'dz 

.-.    »  =  z-f  1-I-C6*;        .-.   — =  ^j -  = -; 

^  '  X        1-fcc"       c-fe"" 

X  c  ^ 

log—  =-log(o  +  e-);  •••    -~  =  c+e'x; 

l^j  X 

and  this  is  the  required  integral. 
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Also  differeatial  equationB  which  become  homogeneous^  if  we 

consider  «  to  be  of  one  dimension,  yofn,-^  of  «— 1,  and  ~  of 

n— 2  dimensions  respectivelj,  may  be  integrated  bj  a  similar 
process  by  assuming 

cur 

It  is  to  Euler  that  we  are  indebted  for  these  processes ;  other 
examples  will  be  found  in  his  works,  and  in  the  ordinary  collec- 
tions of  such  problems ;  and  particularly  in  the  Integral  Calculus 
of  M.  Moigno. 

465.}  The  following  differential  equation  is  also  capable  of 
integration  by  either  of  the  two  following  processes ; 

where  x  and  y  are  functions  respectively  of  x  and  y  only :  divide 
through  by  ^^,  and  integrate ;  then  we  have 

logc^  +  \yidx  -^-J^dy  =  0; 

.-.    jcef^'^'dy —J  e-f^'^dx+o^.  (155) 

Also  the  integration  may  be  effected  by  the  variation  of  para- 
meters.    Omitting  the  last  term,  the  equation  i^ 

dx'  ^    dx      ^' 

.:     ^  =  ce-/»<^;  (156) 

ax 

so  that  taking  c  to  be  a  function  of  x, 

dx^        ^  Idx      "/' 

and  substituting  this  in  (154),  we  have 

-+Yrfy  =  0; 

.-.     c  =  Ae-/^^^ 
where  a  is  an  arbitrary  constant;  so  that  from  (156), 

dx 
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.-.    je^^^dy^jLJe-'T^^dx-^-c^',  (157) 

the  form  of  which  is  the  same  as  that  of  (155). 

Ex.i.  ^y  +  ?^+l(^r=o 

dx^      X  dx      y  ^dx' 

^  X 

466.]  One  other  property  of  differential  equations  of  a  higher 
order,  to  which  allusion  has  already  been  made,  deserves  explana- 
tion in  this  place. 

Let  there  be  a  differential  equation  of  the  form 

/(*,y,y^ /',...  y^"^)  =  O;  (158) 

and  suppose  its  integral  to  be 

y  =  p(ar,  Ci,  c^,  ...oj;  (159) 

then  y  and  its  derived-functions  depend  not  only  on  i,  but  also 
on  the  values  of  the  n  undetermined  constants ;  but  x  may  be 
considered  independent  of  them.  Let  us  suppose  any  one,  say  c, 
of  these  constants  to  vary;  then  the  variation  of  (158)  is 

^    .dy  ..       dy'      dz    dy"      d^z       ,  .,    . 

Let  -f-  =  z ;   then  -f-  =  -=- ,  -f  -  =  ^-^,  and  so  on;  so  that 
rfc  rfc       dx'    dc       dx^'  ' 

(160)  becomes 

now  by  reason  of  (159)  y,  y', ...  y^")  are  functions  of  m  and  of 
Ci,C2, ...  c^  :  if  then  we  substitute  these  in  (158),  1-/)^  l;/?)*-- 

uy        uy 

become  ftmctions  of  i?,  c^,  c^, . . .  c^ ;  and  therefore  the  coefficients 
of  z  and  of  its  derived-functions  in  (161)  are  variable,  and  the 
equation  is  linear ;  and  we  know  that  a  particular  integral  of  it 

is  z  =  ^ ,  because  the  equation  was  found  by  m^lfipg  - ^  ^  jsr : 

and  as  for  the  general  value  c  we  may  substitute  each  of  the  c^s, 
80  the  general  integral  of  (161)  is 

Let  this  process  be  compared  with  Art.  352. 

PRICE,  VOL.  II.  4  Q 
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Section  6. — Integration  of  Partial  Differential  Equations  of 
Higher  Orders, 

467.]  The  integration  of  partial  differential  equations  of  the 
higher  orders  is  surrounded  with  difficulties ;  and  only  some  few 
eases  have  at  present  yielded  to  the  powers  of  Analysis ;  of  those, 
which  are  integrable^  most  arise  in  the  more  abstruse  branches 
of  Physical  Mathematics^  and  therefore  the  discussion  of  them 
would  be  undertaken  with  inadequate  means  at  this  stage  of 
oar  treatise:  we  shall  therefore  pass  them. by;  and  only  intio- 
duce  in  the  two  following  Articles  Mongers  method  of  inte- 
grating those  of  a  simple  class;  and  afterwarda  prove  some 
properties  of  the  most  simple  forms. 

First  let  us  consider  Mongers  method  of  solving  linear  partial 
differential  equations  of  the  second  order,  which  are  of  the  form 

where  k,  s,  t,  v  are  functions  of  a?,  y,  r,  and  the  partial  derived- 
functions  \^jA  end  y-fjt  And  let  us  employ  the eymbole  given 

in  Art.  418,  Vol.  I ;  so  that  (168)  is 

Rr-hs^+T^  =  v;  (164) 

where  b,  s,  t,  v  are  functions  of  x,  y,  z,  p,  q.  From  the  symbols 
w®l*8.ve  dpz=zrdx-\-sdy, 

dq  =  sdx-\-tdy\ 
and  by  means  of  these  eliminating  r  and  t  from  (164)^  we  have 
Erf/>rfy— vdy^to+Tdydr— ^{Rrfy8--srfyite+TcJa?*}  =0.  (165) 
Now  suppose  that 

ndpdy^vdyAv-i-Tdqdx  =  0;  (168) 

ndy^sdydx-i-Tda^  =5  0;  (167) 

tb^i  as  we  have  also 

dz^pdx^qdy,  (168) 

we  may  suppose  that  it  is  possible  to  satisfy  these  lest  three 
equations  by  equations  of  the  form 

h(P^yy,Z>Vyq)  «  Cg;  J 

and  assuming  this  to  be  so^  then  if  f  is  the  symbol  of  an  unde- 
termined function^  f  _  r(/)  {V!{S\ 
will  be  the  general  first  integral  of  the  proposed  equation. 
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To  prove  this  statement;    let  —  ^  yf \   and  let  y'  be  the 

general  symbol  of  the  roots  of  (167)^  so  that  (166)  becomes 

^dp^  ^\y'  dX'\-Tdq  =  0.  (171) 

Now  taking  the  total  differential  of  the  first  of  (169),  we  have 

(g>+  (f )"%+  (S)*+  (f  )*+  (f  )^  -  0;     (172, 

and  substituting  for  dy^  and  for  dz  and  dq  from  (168)  and 
(171),  we  have 

and  this  equation  must  be  identical,  because  it  satisfies  each  of 
the  three  equations  (166),  (167),  and  (168) ;  therefore 

and  we  have  similar  equations  in  terms  ofy^.     Also  from  (170), 

and  replacing  dz  by  its  value  (168),  and  [-4^)  aDid  ("^  )  ^7  ^^^^ 

values  from  (174);   and  similarly  replacing  ^-^j  and  (-^-j , 
(176)  becomes 

which  we  may  conveniently  express 

s.f/dp'hTdq-^Y^dx  =  r{^^p'd»)}  (177) 

and  replacing  dp  and  dq  by  their  values, 

(Ey'r+W-vy'+Ty')da?H-(Ey'«  +  T/-T)dy  =  0;       (178) 


>    (174) 


4Q« 
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and  as  x  and  y  are  independent  variables^  this  equation  must  be 
identical ; 

Rj^'«H-T^— T  =  0;  J 
and  therefore  eliminating  r  and  /,  and  replacing  in  the  proposed 
equation  (164),  we  have 

^iRy'^-s/H-T}  =  0,  (180) 

and  this  equation  is  satisfied  because  y'  is  a  root  of  (167) :  t 
therefore  has  disappeared,  and  as  that  alone  in  (178)  and  (179) 
involves  f,  the  result  is  true  whatever  is  the  form  of  f  :  and 
therefore  (170)  involves  an  arbitrary  fimctional  symbol  and  is  a 
general  first  integral  of  (168).  Let  us  consider  the  above  pro- 
cess, when  it  is  applied  to  the  solution  of  some  examples. 

468.]  Ex.  1.     Let  b,  s,  t  be  constant,  and  v  =  0;  and  sup- 
pose the  equation  to  be 

In  this  case  (166)  and  (167)  become 

dpdy^6a^dqds  =  0, 
rfy*-5a*rfyrfip-h6a»dir»  =  0; 

from  the  former  of  which,  y  =  2ax  +  c^; 
also  dp+Sadq  =  0; 

p  +  Saq  =  Cj  =/i(Ci) 
=  /i(y-2aa?); 
similarly        p  +  2aq  =  /2  (y —Sim?)  : 

•••    1>  =  3/2(y-8iM?)-2/i(y-2ar); 
.-.     z  =  <^i(y— 2iM?)  +  <^(y— Sao?); 
and  this  is  the  general  integral  of  the  given  equation. 

dpdy^a^dqdx  =  0;  dy^—a^das^  =  0; 


Ex.  2.    (^)  -  a*  (^)  =  0.     Here  (166)  and  (167)  become 


dy  dy 
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p^aq  =  c{;  p^-aq  =  c/; 

.-.     %p  =/i(y-ar)+/2(y  +  ar); 

and  this  is  the  complete  integral. 

Ex.  8.    f  r-ipqs+pl^  t  =  0.     Here  (166)  and  (167)  become 
g^dpdy+j^dqdx  =  0;  ^dy^+Zpqda^dy+p^  da^  =  0; 

.'.    qdy-^pdx  ^si  0;  ^pqdp-^-p^tlq  =:  0; 

P       9 

z  =  o^}  ^=  c  =  ^(Ci)  =  <^(xr)j 

.-.    z  =/(y+ca:)  =f{if+x<}>(z)}. 
This  problem  is  the  converse  of  that  discussed  in  Art.  868,  Vol.  I. 

469.3  ^^  '^'^  '^  ^°^  ^^^  integral  of  the  following  linear 
partial  difPerential  equation  of  the  nth  order 

where  a,  b,  ...  k,i.  are  constant.     Let    z  =  f(y+mx); 

then  (181)  becomes 

Am*+Bm"-H...  +  Km-|-L  =  0.  (182) 

Let  the  n  roots  of  this  equation  be  m^,  m^y ...  m^y  and  be 
nneqnal;  then 

where /i,/2, .../,  express  arbitrary  functions. 

If  two  roots  of  (182)  are  equals  say  tn^sz  m^^y  then 
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z  =/i(y+mi»)+*/2(y+«iia^)+/3(y+»i8*)+... 

... +/.(*+«*.*);    (184) 
and  the  result  is  analogous^  if  three  or  more  roots  are  equal. 

Ex.  1.    Vr^^ahB^a^t  =  0.^ 

.-.     ft*m*— 2a4»i+«*  =0;  m  s  -7; 

b 

470.3  The  following  are  geometrical  problems  of  considerable 
interest^  the  solution  of  which  depends  on  partial  differential 
equations. 

Ex.  1.  To  find  the  equation  of  a  sur&ce^  e^ery  point  of  which 
is  an  umbilic. 

By  (95),  Art.  418,  Vol.  I,  the  condition  is 

r      ^  ^  ^      ^     . 
1+JP*      P9       1  +  ?*' 
p      dp  ^1  dq  q      dq  ^  I  dp, 

l-i-p^  ds      q  dx'  l  +  9^ily      P  dy' 

...     l+p«  =  Yy«;  l+g«  =  x/i«; 

where  t  an4  x  are  undetermined  functions  of  y  and  x  reapectivelyj 
introduced  in  the  a?-  and  ^-partial  integrations ;  hence  we  have 

but  since     (|)  =  (§). 

we  liave       (1  +x)-*  ^  =  (1  +  t)-»  ^; 

now  this  equation  sbews  that  x  and  t  are  of  the  same  fonn^  and 
as  there  is  no  relation  between  them  tUs  identity  can  subsist 
only  when  each  side  is  a  constant :  let  therefon 

.*.    r  =  a?— «j  — r  =  9-"''  I 

(1+x)*  (1+Y)* 

wheno* 


_  idz\ »—a . 

^  ~  W"  {i»_(x_o)»-(y-i)»}*' 
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Z^C  =-{*»-(^-fl)a-(y-4)8}*; 

.-.    (^-o)*-f^(y-»)*H-(^-c)»  =  *', 

which  is  the  equation  of  a  sphere.    Whence  we  conclude  that 
a  sphere  is  a  surface,  every  point  of  which  is  an  umbilic. 

Ex.  2.  To  determine  the  surface  of  revolution  at  every  point 
of  which  the  principal  radii  of  curvature  are  equal  and  of  oppo- 
site signs. 

The  differential  equation  which  expresses  the  stated  property 
is,  see  (94),  Art.  418,  Vol.  I, 

(1  +  f)  r^2pqs  +  (1  +p2)  t  =  0.  (185) 

Let  the  surface  required  have  the  axis  of  z  for  its  axis  of  revo- 
lution, so  that  its  equation  is, 

2r=/(^  +  y2), 

where  /  expresses  the  arbitrary  function  which  is  to  be  deter- 
mined; 

.-.  /^  =  2VV+y');         ?  =  2y/'(^+y*), 

r  =  4a?a/"  +  2/';         8  =  ^xyf;         t  =  4yV"+2/'; 
and  (185)  becomes 

(^+yV"+2(^+yV+r=  0; 

let  oj'-l-y*  =  C;     .   .-.    z  =/(0 1  a^^d  we  have 

and  making  ^  to  be  eqoicrescent  instead  of  (, 
ld*C       1  /d(\'     2 


that 


d  /I  dC\      2 , 


Hdei 


f--2-  =  ^{e«  +e   «h 


the  constant  being  determined  so  that  C=  <^>  when  z  =  0: 
.-.    f  = -^{e7 +2  +  e~r}; 
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which  is  the  equation  of  the  surfsEUie' required :  and  the  equation 
to  the  generating  curye  is 

which  is  that  of  the  catenary^  the  axis  of  revolution  being  the 
directrix. 
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CHAPTER   XVIl. 

THE  SOLUTION  OF  DIFFEBRKTIAL  EQUATIONS  BY  THE 
CALCULUS  OP  OPBBATIONS. 

Section  1. — The  Solution  of  Total  inferential  Equations  by 
Symbolical  Methods, 

471.]  I  propose  to  applj  in  the  present  Chapter  certain 
theorems  in  the  Caleolus  of  Operations  to  the  solution  of  differ- 
ential equations.  These  theorems  have  been  demonstrated  in 
Chapter  XIX,  Vol.  I,  and  I  refei'  to  that  chapter  for  the  proof 
of  them ;  as  also  for  their  character  in  that  they  are  subject  to 
the  commutative,  the  distributive,  and  the  index  laws.  This  last 
characteristic  is  most  important  in  the  present  applications,  be-  . 
cause  it  gives  to  the  symbols  that  interrogative  quality^  as  it  is 
called  by  the  late  Professor  Boole,  whence  their  power  is  derived 
for  these  enquiries. 

Let  us  first  take  the  case  of  a  linear  differential  equation, 
which  has  constant  coefficients,  and  is  of  the  form  (79),  Art.  450* 
Now  we  may  sepajnte  the  subject-function  from  the  constants 
and  the  symbols  of  operation,  inasmuch  as  these  are  subject  to 
the  distributive  law ;  thus  we  have 

The  function  of  the  operating  symbol  in  the  left-hand  member 
is  evidentiy  of  the  form  of  an  algebraical  expression  of  the  nth 
degree;  and  consequently,  as  such  symbols  are  in  accordance 
with  the  laws  of  algebraical  multiplication,  it  may  be  resolved 
into  91  simple  factors,  the  roots  corresponding  to  which  may  be 
real  or  imaginary,  and  may  be  all  unequal,  or  two  or  more  may 
be  equal.  Let  us  in  the  first  place  assume  all  the  roots,  whether 
real  or  imaginary,  to  be  unequal  ,*  so  that  the  function  of  the 
operating  symbol  may  he  expressed  in  the  form 

i^-«t)U-%) U 
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and  consequently 

(i-.)(i-.)-(i-".V=x.  ,3, 

Now  the  meaning  of  this  equation  is 'evidently  as  follows; 
the  several  £Etctors^  which  enter  into  the  lefb-hand  member  of  the 
equation^  symbolise  certain  operations ;  and  the  order  in  which 
these  factors  are  placed  shews  that  the  operations  are  to  be  per- 
formed in  order^  and  one  on  the  back  of  the  other^  the  subject- 
variable  or  the  subject-function  on  which  they  are  to  be  per- 
formed being  placed  last ;  and  the  whole  or  resultant  effect  is^ 
that  they  change  that  function  into  x.  This  is  the  direct  process, 
and  it  yields  the  direct  result.  Our  present  problem  however  is 
the  inverse,  and  is  this;  What  is  that  fimction  which  is  the 
subject  of  the  operations  symbolized  by  these  factors,  so  that 
when  thus  operated  upon  it  becomes  x  ?  Evidently  to  obtain 
this  information  it  is  necessary  to  make  both  members  of  the 
equation  subjects  of  a  series  of  operations  inverse  of  the  former 
direct  operations,  so  that  those  in  the  left-hand  member  may  be 
neutralized.    As  these  symbols  obey  the  index  law,  the  operation 

inverse  to,  say,  ^  ^aj,  is  l-z a^];  and  n  required  operations 

of  this  kind  having  been  performed  on  the  left-hand  member  of 
(3),  it  will  become  y;  and  as  the  same  operations  are  to  be 
performed  on  x,  we  have 

As  the  operations  denoted  by  the  factors  in  the  left-hand 
member  of  (3)  are  subject  to  the  commutative  law,  the  result 
is  the  same,  whatever  is  the  order  in  which  the  operations  are 
performed.  I  have  retained  in  (4)  the  order  in  which  the 
operations  are  arranged  in  (3),  but  the  factors  may  be  arranged 
in  any  order. 

These  inverse  symbols  are  manifestly  of  an  interrogative  cha- 

racter.   The  question  is.  What  is  l-^ ajj     x?  This  question  is 

answered  in  (53),  Art.  425,  Vol.  I,  and  also  in  (20);  Art.  153,  of 
the  present  volume ; 

(i""")   '^^^'l^e'-'dx;  (5) 

and  this  theorem  completes  the  solution  of  the  problem  :  for  the 
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rigbt-band  member  of  (4)  requires  only  a  series  of  these  opera- 
tions^ which  are  identical  in  form  of  result^  and  are  to  be  effected 
consecutively  one  on  the  back  of  the  other.     Thus  since 


(^  —  oi)    X  =  e^i'   xe-^y'dx, 


therefore^  taking  an  arrangement  of  symbols  analogous  to  that 
of  (9),  Art.  208, 

(^"^)    (si"^)    (rfi"^)    "" 

=  ef^'j  e^'i'^)'dx   e^*i-^^dxjxe—i'dxi     (7) 

and  so  on,  until  finally 

y  =  e^ye^'^i-<^dxje('^-^i>^  dx jne-^^dijo ;         (8) 

which  gives  y,  the  required  fiinction,  in  terms  of  x ;  and  thus  the 
problem  is  solved. 

As  each  integration  introduces  an  arbitrary  constant,  n  con- 
stants will  be  introduced  in  the  processes  of  the  n  integrations  : 
and  these  will  evidently  in  the  answer  take  the  form 

CiC^i'  +  Cj  €-«*+... +c,€^.  (9) 

This  process  gives  the  result  already  obtained  in  (120),  Art. 448; 
and  the  shortness  of  it  in  comparison  of  that  at  once  indicates 
its  advantage  in  the  solution  of  such  equations. 

The  general  value  of  y  given  in  (8)  holds  good,  whether  the 
a^s  are  real  or  imaginary.  I  may  remark  however  that  if  some 
are  imaginary,  the  imaginary  roots  enter  in  pairs,  and  that  the 
corresponding  part  of  the  value  of  y  may  be  conveniently  ex- 
pressed in  terms  of  circular  functions. 

If  two  or  more  of  the  factors  in  (3)  and  consequently  in  (4) 
are  equal,  say  a^  =r  a,  =  a,,  then  by  (36),  Art.  422,  Vol.  I,  and 
by  (19),  Art.  158  of  the  present  volume, 

(^  ^a)""'x  =  e^J\e'''dx^',  (10) 

and  the  constants  introduced  in  integration  will  enter  in  the 

^®™  e^ic^-^c^x+c^x^).  (11) 

The  following  are  examples  in  which  the  process  is  applied. 

4R2 
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Let    X  =  «*j 

(x^       »    «  ,  n (n-1)... 8.2.1  •> 


Mat 


Let    X  =  c~*;        .-.    y  =  cc*~+ 

Let    X  =  c**;        y  =  cc"+a?c*«. 


Let    X  =  c~*cosnd?  = 


2 


i»— a 


(m-9«>(m-a)       a       ^^        ' 
'-'    y  "  (m-8«)  (jr2a)  (m-a)  +o.^+«i«'-+«^*'"- 
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Ex.  4.    ^j  +fl^y  =  cosar. 


=  — = +AC08(ap— a): 

where  a  and  a  are  arbitrary  constants. 

472.]  The  integral  value  of  the  right-hand  member  of  (4) 
may  also  be  determined  in  the  following  manner.  The  function 
in  tenw  of  the  operating  symbola  is  evidently  a  rational  firaetion 

in  powers  of-p;  it  may  consequently  be  decomposed  into  a  series 

of  simple  fractions  by  the  process  explained  in  Chap.  11^  Section2, 
of  the  present  volume. 

Firstly^  let  us  suppose  all  the  roots  to  be  unequal ;  then  by 
(27),  Art  (19),  if 

(i-'.r(i-'.r-(^—)"=Hi)-  w 

Therefore,  introducing  the  subject  of  the  operating  symbols, 

1     /  d         \-» 
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And  consequently  by  reason  of  the  theorem  cited  in  (5)^ 

an  expression  which  involves  n  signs  of  integration^  and  oonse- 
qnently  n  arbitrary  constants ;  and^  if  these  are  introdaced,  the 
result  becomes 

...^j^e^Je-^xdx;       (14) 

which  result  is  identical  with  (106)^  Art.  451. 

If  there  is  one  pair^  or  are  many  pairs^  of  imaginary  roots,  we 
may  transform  the  expression  by  the  process  of  Article  452. 
Thus  if  Oi  and  aj  are  a  pair  of  conjugate  imaginary  roots, 

Oi  =  a  +  i\/  — 1,        a  =  a— iv/— 1; 

then       c<6^'+C;C^*  =  e*«{c<c^"^i*+  c^c-*^"^'} 

=  e«  *  cos  (to+ y) ;  (15) 

where  k  and  y  are  two  new  undetermined  constants ;  and  if 

/'(a,)  =  M+N\/3r,        /'{Of)  =  M-N>/3i; 

2e*^(LsinAa?— Mcos&r)  r_^  .   .       . 
+  ^ i 5 '  le  ••smtexrfr; 

and  this  again  may  be  further  simplified  if  L  and  m  are  replaced 
by  rcos^  and  rsin^  respectively. 

If  however  tn  roots  of/  (^)»w  equal  to  each  other;  that  is, 

if  Oi  =  02  =  ...  =  a^;  then,  according  to  Art.  21,  if  ^(«)  is 
equal  to  the  reciprocal  of  <l>{ai)j  where  <l>{x)ia  the  product  of  all 

the  factors  of/  (-^)  short  of  the  equal  factors^ 
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^(— i)(ai)     id  \-'  1 id  \-» 

■■^  1:2.8. ..(»»-u^di~"»^    "^ /'(iw^  ^^  ""•■''^ 

1     /  d         \-» 

to  all  these  terms  let  the  subject  x  be  affixed ;  then  since 

and  as  the  constants  introduced  by  integration  are  arbitrary,  in 
the  first  m  terms^  tn  and  only  m  constants  will  be  brought  in, 
and  the  remaining  n—m  constants  will  arise  in  the  other  inte- 
grations. If  the  roots  corresponding  to  the  sets  of  equal  factors 
are  imaginary,  the  process  of  integration  is  the  same ;  the  result 
however  is  so  complicated  that  it  is  not  worth  while  to  express 
it  at  length. 


whereby  the  result  depends  on  simple  integ^tions. 
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=  ^«{C*+C}+  (^^^^ 

Ex.8.      ^+o»y  =  xj 

and  a  constant  must  be  added  at  each  integration. 
Let    x  =  0;     y  =  CiC*^^*-f  Cg^-'^^* 
=  ico«(ar+y)- 

X    ^  C08IIM?         -  /         .      X 

Let    x  =  cosm^;    y  = -g— ^ +*cos(ap+y). 
Let    X  s=  0OS4M;; 

j^sintiur      cosat      .        . 
y  =  —^^  +  -j;^  +ico8(a^  +  y) 

=        g^         +ACOS  (OF  +  B).  . 

473.]  The  preceding  process^  it  will  he  observed,  ii^Tolves 
operations  represented  by  symbols  of  the  general  forms 

(i-rv  (^-^r'x,...  {^-^)-'. 

where  r  is  tmity  or  some  other  posrtive  and  integral  nmnber; 
and  as  the  operation  which  such  a  symbol  represents  is  subject 
to  the  laws  of  distribution  and  of  repetition,  we  may  expand  the 
operative  symbol,  and  operate  on  x  with  the  several  and  succes- 

sive  terms  of  the  expansion :  but  (jr  +  « )  ^^7  ^  expressed 
in  either  of  the  following  forms. 
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1  dx^      1.2  vrf^/         ' 


or 


the  fonner  of  which  inyolves  integration  only^  and  the  latter 
difibrentiation  onlj :  and  as  integration  introduces  arbitrary  con- 
stants, and  differentiation  does  not^  it  may  be  thought  that  the 
hitter  expansion  is  inapplicable ;  it  may  however  always  be  em- 
ployed^ if  we  take  care  to  introduce  the  arbitrary  constants^  or 
the  supplementary  function  which  they  are  involved  in;  and 
this  we  may  do  as  follows : 

But      (^  +  o)' 0  s  e-"/'o  <fc' 

=  e-«'{Ci+C8ir+c,«*  +  ...  +  Cra?'-»}.    (17) 
Similarly, 

Of  which  expression  the  latter  part  is  equal  to 

-  *^  r  "  Ta  "^  1531,"  •••  ^  "^  M* ~  iXs  •*•  0:8^5 "*••  J 

=sCjCosaa?+ -^  sinoj?.  (18) 

Other  forms  of  these  operating  symbols  may  also  be  expressed 
in  terms  of  differentiation ;  and  as  that  to  which  x  is  affixed 
always  admits  of  such  an  expansion^  we  infer  that  if  we  can  in* 
tegrate  a  linear  differential  equation  when  the  right-hand  member 
is  zero^  we  can  by  means  of  differentiation  only  find  the  integral 
when  the  right-hand  member  is  a  function  of  x. 
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=l(r--(i)"^^^•(i)■^ls-(i)-;••]- 

{  1       Sa      3.4  a>  )  n 

d*v 
Ex.  2.    T^  +n*y  =  cos  or. 

5        1        n^       n*  > 

=  1 J J e^'C  co8aa?  +  Ci00SiM?+c,  8mflar; 
the  last  part  being  concluded  from  (18)  ; 

COS  ax      , 
•'•     y  =  ^3;S2  +*cos(fw?+y). 

The  form  of  each  example  however  will  generally  suggest  the 
process  most  convenient  for  this  solution. 

474.]  Differential  equations  of  the  form  treated  of  in  Art.  469 
are  most  easily  reduced  to  the  linear  form  with  constant  coeffi- 
cients by  the  theorem  given  in  (46),  Art.  424,  Vol.  I ;  viz.  if 
«•  =  J?,  we  have 

whereby  we  have 

dx       de' 

dx'  ~  ^de      Ue y  ~  do*     de' 
"^  dx^-\de    ^f^de    Vrf^y 

~  dff'         dd-^''d0' 
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and  SO  on  for  differentials  of  higher  orders ;  and  as  the  right-hand 
members  of  these  equivalents  involve  coefficients  which  are  con- 
stants, so  will  a  differential  equation^  whose  terms  are  of  the  form 
in  the  left-hand  members^  after  substitution  become  a  linear  dif- 
ferential equation  with  constant  coefficients. 

The  following  are  examples  in  which  the  process  is  applied. 

Ex.1.     ml^-T^—nx^'^-ny^aaEl^, 

Let  X  =  t^f  and  let  us  substitute  by  means  of  (19) ;  then  we 
have  a%y      ay        dy 

•••  (r.-)  (I -')»"««"> 
U+i)y  =  (r:^' 

X         J?— 1  X  X 


(ffi— l)(m— n) 

CM?** 


SEcmoN  2.— The  Solution  of  Partial  Differential  Equations 
by  Symbolical  Methods. 

475.]  The  process  by  which  the  theorems  of  operating  symbols 
are  applied  to  the  solution  of  partial  differential  equations  is  in 
principle  the  same  as  that  by  which  they  have  been  already 

4  8  1} 
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applied  to  the  solution  of  total  differential  equations;  and  the 
method  is  for  the  most  part  only  applicable  to  two  classes  of  equa- 
tions^ which  are  analogous  to  those  similarly  treated  in  the  pre- 
ceding section.  One  peculiar  extension  is  required ;  and  this  is 
given  by  the  symbolical  form  which  Taylor's  theorem  takes  as  it 
is  exhibited  in  (59)^  Art^  427,  Vol.  I,  where  we  have 

e*^/(a?)=/(a?+A)i  (20) 

.\    e^    ^f(jr,y)^f{x+h,y^k).  (21) 

tn  (20)  if  f(3P)  is  a  constant^  it  remains  the  same  constant, 

although  it  is  the  subject  of  the  operation  denoted  by  e  ^.  This 
process  of  integration  is  exemplified  in  the  following  examples. 


^■i-  «(£)+»(£)=« 


dx' 


Id       .d\-^ 


As  the  operations  symbolized  by  -j-  and  ^  are  independent 
of  each  other,  when  one  is  taking  effect,  the  other  is  inoperative, 
that  is,  ^  ^  is  variable,  ^  is  constant,  and  vice  versa.   Suppose 

that  ^  is  taking  effect;  then  we  have 


^  a  ^dx      a  dyf     ^ 


when  -J-  is  constant ;  therefore  by  (5),  Art.  471, 

ft    <f    /•  br  d 


a  J 


k   d 


and  remembering  that  the  operation  symbolized  hj  e»  ^,  when 
performed  on  a  constant,  produces  the  same  constant ;  and  that 
an  arbitrary  fimction  of  y  must  be  added,  because  an  ^-partial 
integration  is  being  performed, 

1      5£i  cof  —  — 


a  "         •  -"'        a 

bx\ 
a 


ex        /        bx\       ex  - 
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If  the  operation  expressed  by  -j-  had  been  first  effected^  we 
should  have  had 

and  this  is  equivalent  in  form  to  the  former  result. 

1    d  S(d  rf\-»        Id  .      rfr»   > 

=  ♦(y+a»)+T(y— o»). 

476.]  There  is  another  class  of  partial  differential  equations  the 
integ^  of  which  can  be  determined  by  the  symbolical  method ; 
as  the  process  however  will  be  best  understood  by-  means  of  ex- 
amplesj  I  take  the  two  following. 

Let    4?  =  c^,        y  ss:  «♦; 
where /denotes  an  arbitrary  function. 
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Let    a?  =  c*,     y  =  c*  ;  also  let 

d  d  _  d       d  _ 

^d^'^^dj/'Te'^d^"''' 

con3equently  by  the  theorem  in  (46),  Art.  424,  Vol.  I, 

{(v-.l)v-«v4'»}^  =  e^^+c**; 
(v-n)(v— l)2r  =  c2«  +  e2^ 
Now  we  have  the  following  theorem ; 

(v— nXe^^+e*"^)  =  (w-n)  («*•+€*"♦); 
80  that  if  this  operation  is  effected  k  times  eonsecatively, 

(v-.n)*(e~*+«**)  =  (m-»)*(e~*+6-*); 
therefore  if  *  =  —  1, 

«i — » 
tt  is  also  evident  from  the  definition  of  v^  that  if  fi^  is  a  homo- 
geneous function  of  m  dimensions  in  terms  of  w  and  y, 
(v-m)tt^  =  0; 
0 
V— m 
and  (v— m)'"*0  =  1*^, 

Let  us  apply  these  theorems  to  the  preceding  equation ; 
(v-l)z  =  (v-w)-V€**+c**) 


2-« 


4-w» 


^  =  (2-l)(2-»)-^^-^^V 


+  tti.+«i> 


(2-1)  (2-») 

where  u^  and  t^  are  homogeneous  functions  of  x  and  y  of  i» 
and  1  dimensions  respectively. 
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CHAPTER  XVIII. 


INTEGRATION  OF  SIMULTANEOUS  DIFFERENTIAL  EQUATIONS. 


477.]  A  system  of  n  different  equations  involving  the  inde- 
pendent variable  t,  n  dependent  variables  x^y^z,  ...  and  their 
f-derived  functions,  viz.  af,  y',  /,  ,,.  x'\  y',  z'\  ... ,  is  called  a 
system  of  simultaneous  differential  equations ;  the  order  of  which 
depends  on  that  of  the  highest  derived-functions ;  and  the  pro- 
blem of  integration  consists  in  deducing  &om  them  integral  func- 
tions of  x,y,z, ..,  t,  which  also  contain  a  sufficient  number  of 
arbitrary  constants.  Many  most  important  problems  in  mathe- 
matical physics  depend  on  the  integration  of  a  system  of  equa- 
tions of  this  form. 

Let  us  consider  first  a  system  of  simultaneous  differential 
equations  of  the  first  order:  and  suppose  that  they  are  n  in 
number,  and  of  the  form 


-^  =fi{t,x,y,z,...), 

dy  _ 
"dt  " 
dz       -  ,. 


=  Mt,x,y,Zy,.,), 


(1) 


we  have  te  eliminate,  by  means  of  these  n  equations,  n— 1 
variables  y,Z) ,..  and  thus  to  obtain  an  equation  in  terms  of  t 
and  of  the  other  variable  x :  for  this  purpose  we  differentiate 
the  first  of  the  above  equations  n  times,  and  substitute  each  time 

for  -^ ,  -n ^  .. .  their  values  given  in  the  other  w— 1  equations  : 

by  this  process  we  obtain  n— 1  equations  of  the  forms, 
d^x 

d^x 

-^  =  <l>s{t,x,y,z,...),   \^ 


d^  X 


(2) 


which  added  to/i  give  us  n  equations^  from  which  y,  z,  ...  may 
be  eliminated,  and  an  equation  of  the  nth  order  in  terms  ofx  arid 
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/  will  result.  Now  this  when  integrated  vrill  contain  n  arbitruy 
constants;  and  from  it  we  shall  be  able  to  derive  the  several 
equations  (2)^  by  means  of  which  and  the  remaining  equations 
of  (1)  we  shall  obtain  the  other  integrals. 


^'-  t-"-"'         l-'-o- 


d^x  ^  dy  ^ 
Ex.2.    aj+(c-i)y-2r  =  0,      b^-+{a^c)zx  =  0, 

^di  +(*— ^)^y  =  0. 

Multiply  the  first  by  x,  the  second  by  y^  and  the  third  by  z ;  and 
let^  =  xyz;  then  we  have  ox-^  =  (*""^)^'  ^^^  similar 
values  for  the  others ; 

.-.    aar^  =  2(i— c)<^+Aii 

6y»  =  2(c-a)^  +  A,; 

cz«  =  2(a-i)^+A3; 
.•.    abc^y^j^ 

=  {2(A-c)*+M{2(^-«)*+M{2(«-ft)  *+*»}> 
.-.    (abc)^^ 

=  {2(i-c)^+A,}*{2(c-a)*+M*{2(«-*)*+*5}*; 
the  integral  of  which  will  give  us  /  in  terms  of  ^.  Also  mul- 
tiplying the  three  equations  severally  through  (1)  by  x,y,z; 
(2)  by  ax^  by,  cz;  and  adding  in  each  case^  we  have 

axdx+bydy+czdz  =  0; 

tt^xdx-^-b^ydy  +  f^zdz  =  0; 

ax^  +  by^+cji^  =  A*; 

a«a^  +  J«y«  +  c«2:»  =  P; 

which  are  two  relations  between  x,  y,  z,  which  the  differential 
equations  by  their  forms  import. 

478.]  In  general  the  final  equation  will  be  of  the  nth  order^ 
and  therefore  its  complete  integral  will  contain  n  arbitrary  con- 
stants :   in  particular  cases  however  we  shall  arrive  at  an  eqoa- 
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tion  between,  say^  x  and  /  of  an  order  lower  than  n;  and  in  this 
case  it  would  seem  that  a  sufficient  number  of  arbitrary  con- 
stants will  not  have  been  introduced  j  but  it  will  in  the  result 
be  found  that  one  or  more  of  the  equations  in  terms  of  /  and  of 
one  of  the  other  variables  will  be  of  the  wth  order,  and  that  the 
ftill  number  of  n  arbitrary  constants  will  thus  be  made  complete. 
Thus  suppose  the  following  equations  to  be  given^ 


dx 
dt 

=  y+^. 

d*x 
"dp 

_dy      dz 
-  dt^  dt 

dx 

-Tt' 

X 

=  c,+<?,e«; 

^- 


dt 


=  x+z, 


dz 
dt 


=  y—x; 


d^y  _  dx      dz 
dfl  ~  di'^H 
-y-Ci; 

•  *  •      Z  ^  -^  Cj  •"  C3  € 

and  as  y  contains  three  arbitrary  constants^  the  result  has  the 
required  generality. 

479.]  Linear  simultaneous  equations  are  those  which  offer 
themselves  for  solution  with  the  best  hope  of  success.  Suppose 
that  there  are  n  variables  x^y  x^, ...  x^y  and  that  /  is  another 
variable  which  is  dependent ;  and  that  there  are  given  n  equa- 
tions of  the  form. 


dx^ 
dx^ 


+  P«ar,  =  T, 


.  +  q,a?,  =  T, 


if 


dx. 


.  -J-  S,  d?^  —  T^  i 


(3) 


where  the  p's,  q's,  . . .  s's,  t's  are  functions  of  /  only.     These 
equations  are  integrable  in  certain  cases. 
Thus^  suppose  that  there  are  two  equations 


dx 


dy 


"i^  +»i^  +Pi*+qiy  =  Ti, 


dx 


dy 


^^t  +N2:£-+P2^+Qay  =  Tj. 


'dt 


'dt 


Multiply  the  second  by  0  and  add  to  the  first;  put 
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(4) 


(5) 
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dx        dy  ,gfy 

then  ^  rf7  +  ^'Ji  +P^-^9V  =  t.  W 

Let         dx-\ dy  z=z  du.        a?+-y  =  w:  (7) 

then  (6)  becomes         m  -rr  +  jw  =  t,  (8) 

which  is  linear  of  the  first  degree^  and  therefore  u  may  be  found 
in  terms  of  t.     Now  from  (7) 

m    ^  p^ 

^d.+jdy+yPJS^;  (9) 

and  this  is  satisfied  by 

^=2,      and      rf.2  =  0;  (10) 

m       p  p 

if  the  coefiicients  involved  in  (4)  satisfy  these  conditions,  then 
we  may  substitute  for  these  quantities  frx)m  (5)^  and  hereby  de- 
termine Of  and  hereby^  by  means  of  (8)^  determine  a  relation 
between  t  and  u* 

If  the  coefficients  in  the  left-hand  members  of  (4)  are  constant, 
then  from  (10) 

Ni-f  ^Ng  "■  Qi  +  ^Qa' 
which  is  a  quadratic  in  ^;  and  consequently  if  its  two  roots  are 
unequal^  and  are^  say^  Oi  and  B^,  we  shall  have  two  equations  of 
the  form  (8),  viz., 

m^  du+pi  M  rf/  =  Tj  dt, 

marfM+jOjttrf/  =  r^di;  (11) 

and  from  these  we  shall  obtain  two  equations  between  u  and  t, 
and  thus  two  arbitrary  constants. 

Multiply  the  second  of  these  by  0  and  add  to  the  first;  then 

=  3c'+4#e*'.  (12) 


Digitized  by  VjOOQ  IC 


480.]         SIMULTANEOUS  DIFFERENTIAL  EQUATIONS.  691 


Let 


1+3^  ^  2^-2' 


^==-2, 


and  (12)  becomes 


dx      6  1 

2^ +_,  =  _- (Se'-S^^O; 


(13) 


which  are  two  linear  equatiouB  of  the  first  degree^  and  are  easily 
integrated. 

Ex.  2.    ^  -haa^-^a^y  =0,  ^  4.ia?4-iiy  =  0. 

.-.     d{x-^ey}^(a  +  be)(w+^^^y)=0.  (14) 

Let  ,^    =  $;   which  is  a  quadratic  in  $;  let  the  two 

roots  be  a  and  p,  so  that  (14)  becomes 

d 

^(^  +  ay)  +  (a  +  fta)(a?  +  ay)  =  0; 

^('^  +  i8y)  +  (a  +  Ai8)(^+i8y)  =  0; 

which  are  the  two  integrals:  and  x  and  y  may  be  separately 
determined,  and  each  will  contain  two  arbitrary  constants. 

480.]  Let  us  next  consider  the  case  of  n  linear  equations  with 
constant  coefficients ;  and  let  us  suppose  them  to  be  of  the  form 


dxt 
dx 


or^  according  to  the  calculus  of  operations^ 


(15) 


4  T  (2 


(16) 
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whence^  according  to  the  notation  of  determiDants, 

s.±(j^+««)(^  +  <^,).(|r+*.)T, 
a?!  = ;    (17) 

so  that  Xi  will  consist  of  a  series  of  terms  formed  hy  operating, 
with  the  several  fiictors  of  which  the  denominator  of  (17)  con- 
sists, on  the  quantities  which  are  contained  in  the  numerator. 

Ex.  1.    —+aie  +  aiy  =  0,         ^  +to+6jy  =  0. 

Let  the  roots  of  the  operating  factor  be  a  and  /3 ;  so  that 

"1  "1 

Ex.  2.     (^  +4)j?+3y  =  f,        2*+  (^  +5)y  =  ««. 

Ex.  3.     Let  there  be  three  equations 
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•••  l(^  +  «i)(^+*2)(^+<^3)-c.«3(^+«i)-«s'i(^+*2) 

+  fll*2^3  +  ^1^2*S  +  *1^2^3— ^lC2*3""^l*2^3  — *1^2^3C^  =  Oj 

of  this  cubic  let  the  roots  be  a,  p,y; 

■■■  '=i(w-)(i-^){-.7-)r'»^ 

from  which  the  values  of  y  and  z  may  be  found. 
If  the  three  roots  of  the  cubic  are  equals  then 

481.]  Simultaneous  differential  equations  of  higher  orders  with 
constant  coefficients  may  also  be  solved  in  a  similar  manner  by 
the  calculus  of  operating  factors :  the  following  are  examples  of 
the  process. 

Let  the  roots  of  the  operating  factor  be  real  and  unequal^  and 
be  +aj,  — Oj,  -fOj,  — o,:  and  let  Acj— i^c  =  A"^ 
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k 

«i  "a 
if  the  roots  are  impossible^  the  exponential  expressions  in  x  may 
be  replaced  by  the  equivalent  circular  functions ;  also  by  a  similar 
process  may  the  value  of  y  be  found. 

eliminating  y 

47  =  Ci8in(2*/+yi)  +  Ca8in(8*^+y,)  +  |€«'-lc': 

and  by  a  similar  process  we  may  find  y. 

482.]  A  similar  method  is  applicable  also  to  linear  partial 
diflferential  equations.     Thus  if 

so  that  integrating  twice  with  respect  to  Xy  and  introducing  two 
arbitrary  functions  of  y^ 

(^)-ac^  =  ^/(y)+*(y)* 

which  is  a  linear  differential  equation  of  the  first  order :  con- 
sequently 

;2;  =  a7P(y)  +  #(y)  +  c«<^>'v{y), 

where  y^  ♦  and  y  are  symbols  of  arbitrary  functions. 

483.]  There  is  no  general  method  of  integrating  simultaneous 
equations  which  are  not  linear^  and  therefore  we  are  obliged  to 
have  recourse  to  such  artifices  as  are  suggested  by  the  forms  of 
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the  equations  :  of  these  we  have  already  had  numerous  examples 
in  the  problems  of  Chapter  XIV ;  for  the  sake  of  further  illus- 
tration we  insert  two  more ;  others  must  be  deferred  until  they 
arise  in  the  course  of  the  treatise,  because  their  constants  of 
integration  for  the  most  part  depend  on  certain  conditions  of  the 
problem  which  at  present  we  have  not  means  of  determining. 

where  r^  =  js^  +  y^;  multiplying  these  by  y  and  a?  respectively, 
and  subtracting, 

dx        dv 
therefore  integrating,    y  ^  ""  ^  ^  =  ^9  ^^^^ 

h  being  an  arbitrary  constant.     Again,  from  (18)  and  (20), 
,d^x  rdy—ydr 

aJ^M^+c,,  (21) 

similarly  ^dt^"^ ^^i  ^^^ 

therefore,  multiplying  (21)  by  y,  and  (22)  by  x^  and  subtracting. 

Again,  from  (18), 

2dxd*x-^2dyd^y      2fi(xdx-{-ydy)  __ 

dfi  +  ^  ""  "' 

...     ^^^-^  =  2*,  (24) 

where  *  is  an  arbitrary  constant.  And  (20),  (21),  (22),  (24)  are 
the  integrals  of  the  equations. 

Ex.  2.  Another  example  of  simultaneous  diflferential  equations 
has  been  solved  by  M.  Binet,  and  as  the  form  has  import-ant  ap- 
plications it  is  desirable  to  insert  it  *. 

Let  there  be  four  variables  /,  x,  y,  z,  whereof  t  is  independent, 
and  the  three  others  are  dependent :  also  let  R  =/(r),  where 

r*  =  a?»  +  y2  +  z2;  (25) 

♦  Liouville'8  Journal,  Vol.  II,  p.  457- 


Digitized  by  VjOOQ IC 


dfi 


=  (S)' 


Z  fdB\ 


696  IKTEGBATIOK  OP 

and  let  there  be  a  system  of  equations 

dfi  ■"  W'        dfi  ""  \dyr 

it  is  required  to  integrate  them. 

From  (25)  it  follows  that 

/rfRV  _  X  /dB,\  /djL\  _  y  /dux 

\dxf'^r  \rfr^        ^^'"  r  ^dr' 

uo  that  (26)  become 

Wl-^drr       W^r^di^r       ~dP'^r\d?' 
From  the  last  two  of  these  we  have 
d^z        d^y  _ 

and  therefore  integrating^ 


[483- 


(26) 


©=jQ--w 


(28) 


(29) 


dg       dy 


similarly 


2> 


dx       dz 


dy       dx 


(30) 


/   dz       dy^.i   dx       dz\*  ^  f   dy       dx\* 

/  9      9      9^(^       dy^      dz^\      (  dx       dy        dz^ 

=  A*,  where  a  is  an  undetermined  constant.  (31) 

Again,  mnltiplying  (26)  severally  by  2dx,  2dy,  2dz,  and  in- 
tegfrating  and  adding. 


dt» 


=  2(E+B), 


(32) 


where  b  is  an  arbitrary  constant ;  so  that  (31)  becomes 
/  dx       dy        dz\^      ^  ,,         ,       , 

.-.    r*^  =  2r»(R  +  B)-A»j 


(S3) 
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...     dt  = *^ -;  (84) 

{2r»(K+B)-A»}* 
-^=2(B  +  B)-^, 

rf"r       da.      A*  ,-(,. 

Therefore  combining  this  with  the  first  of  (28)  we  have 
d's        d*r  A*x 

^  /  -  rf   a?\  _      A*  a?, 
dt  \    Tfrf  ~~'iS  7» 

A    dt\jL   dt   rf  r  ^    ' 

Let  ^'  =  #  = ^*1- ■,  (87) 

»^  r{2r»(E  +  B)-A»}* 

.-.     -^.?  +  f  =  0;  (38) 


integrating  which, 

a?  =  r(aiC06<;)+Aisin^); 
similarly  y  =  r  (a,  cos  <|>  +  Aj  sin  </>) ;   [-  (39) 

2r  =  r(a^(i08it>  +  b^ 
also  from  (34)  and  (37) 

rdr 


6isin</));  "| 
&3sin</));  |- 
ftjsini^);  J 


{2r»(ii+B)-A»}*' 
A.dr 


(40) 


(41) 


r{2r»(E  +  B)-Aa}*' 

from  the  latter  of  which  ^  may  be  expressed  in  terms  of  r,  and 
therefore  by  means  of  the  former  in  terms  of  t ;  and  therefore 
in  (39)  s,  y,  z  may  be  expressed  in  terms  of  U 

Now  it  will  be  observed  that  there  are  at  present  ten  arbi- 
trary constants,  viz.,  six  in  (89),  and  a,  b,  a,  /3 :  but  there  are 
relations  connecting  them,  so  that  all  are  not  independent ;  for 
firstly, 

r*  =  a?*  +  y*+2r> 

=  r»  { (cos  </>)«  s.a«  +  2  sin  <^  oos  <^  l.ai  +  (sin  <^)*  !.*•} ; 
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and  in  order  that  this  equation  should  be  true  for  all  values  of 
if^,  we  must  have 

xa»  =  1,        2.aA  =  0,         2.t^  =  1, 
which  are  three  equations  of  relation.     Also  again  the  constant 
/3  in  (41)  will  merely  change  the  values  of  Oj,  Aj, . . .  in  (39),  and 
therefore  it  is  not  independent  of  them :  hence  the  number  of 
constants  is  finally  reduced  to  six. 

It  may  also  be  observed  that  the  integrals  determining  /  and 
<f>  are  not  independent^  but  may  be  referred  to  a  common  origin. 
Thus  let  r^f. 

s=j-{2r»(E  +  B)-A«}*; 
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CHAPTER  XIX. 

INTEGRATION  OP  DIFFERENTIAL  EQUATIONS  BY  SERIES. 

484.]  When  all  other  means  of  integrating  differential  equa- 
tions fail,  we  are  obliged  to  have  recourse  to  integration  by 
series ;  a  process  in  which  we  assume  the  dependent  variable  to 
be  expanded  in  a  series  of  terms  of  powers  of  the  independent 
variable,  and  determine  the  coefficients  and  powers  of  these  terms 
by  means  of  the  differential  equation.  It  is  a  method  therefore 
manifestly  to  be  employed  with  great  caution  and  reserve,  be- 
cause the  assumption  that  the  dependent  variable  is  capable  of 
expansion  in  an  algebraical  series  may  be  undue ;  and  if  it  is 
capable  of  such  expansion,  the  dependent  variable  and  the  series 
can  be  used  as  equivalents  only  when  the  series  is  convergent : 
and  the  difficulty  of  determining  the  convergence  may  be  in- 
superable. 

The  first  method  of  integration  by  series  is  that  alluded  to  in 
Art.  867  for  the  purpose  of  proving  that  the  general  integral  of 
a  differential  equation  of  the  nth  order  involves  n  arbitrary  con- 
stants :  and  it  has  been  therein  applied  to  a  particular  example : 
I  intend  to  make  some  other  remarks  on  the  method,  and  to 
express  by  means  of  it  the  integrals  of  some  equations. 

Let  the  limits  of  integration  be  a?,  y,  and  Xq,  y^ ;  so  that  y  be- 
comes yQ  when  x  =  XqI  and  let  y^,  y^\  . . .  y^^*^  be  the  values  of 
y',y'',. . .y<*),  when  x^Xq;  then  by  equation  (84),  Art.  74,  Vol.  I, 

y  ^y,+y,'^+y,"<l^+...+y,i'^)^£^+...    (1) 

Let  the  differential  equation  be 

yC)=/,(^,y,/...y(-i));  (2) 

now  if  the  series  which  expresses  y  in  terms  of  x,  and  which  is 
deduced  from  this  equation,  is  convergent,  and  if  also  y  =  y^, 
when  X  =s  Xq,  then  it  must  be  of  the  form  (1) :  and  if  therefore 
we  deduce  from  (2),  by  successive  differentiation  and  by  elimina- 
tion! ^he  quantities  following,  viz. : 

4  u  2 
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"-^'),') 
-^'),| 


and  then  in  these  expressions  replace  x  by  ^r^^  we  shall  obtain 
the  several  yalaes  of  y^(*>,  yo^*'*"^^,  ...  which  we  shall  substitute 
in  (1),  and  shall  hereby  obtain  the  general  integral;  for  the 
series  is  by  hypothesis  convergent,  and  therefore  adequately 
represents  y;  it  manifestly  satisfies  the  differential  equation, 
because  it  is  deduced  from  it ;  and  it  contains  n  arbitrary  con- 
stants, viz.,  the  term  independent  of  x,  and  the  several  coeffi- 
cients of  47,  a?*, . . .  47*~*. 

yo"'=«'yo'>      yo""=«*yo,- 

and  replacing  the  arbitrary  quantities  y^,  y^,  ...  by  other  arbi- 
trary constants,  we  have 

y  =  c^e^'\-c^e'"^. 

Ex.2.         ^-0^=0; 

yo"=^oyo.   yo'''=yo4-a?oyo'>  yo""=2yo'+Vyo;- 
•  •  y— yo+yo    j — f'^oyo — f-^ — Kyo+^oyo)   ^^23 

which  is  the  solution :  {(Xqsz  0,  then 

y  =  yo+yo'f +y«i^  +^yoj^  +••• 

485.]  The  change  of  form  which  the  solution  of  this  last 
example  has  undergone  in  the  replacement  of  Sq  by  0,  is  equi- 
valent to  the  use  of  Maclaurin's  series  instead  of  Taylor's  as 
the  fundamental  series  in  (1) ;  in  this  case  however  we  must  be 
careful  that  neither  y^  nor  y/'  . . .  becomes  infinite  when  d?^^  =  0 ; 
thus,  to  solve  the  equation,     ay^-^y  =  0,  if  ^  =  0,  y<^  =  0; 
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.-.  *y'"+y"+y'=  0;        yo"=-yo> 

•     y  -  yo  1     yo  1  2  ^  2  1.2.3      1.2.3  1.2.3.4  ^ 

-  yo\*-  1  1.2  ■*■  1.2  1.2.3  ""  1.2.3  1.2.3.4"*"  ••)'  ^^ 
but  as  this  solution  contains  only  one  arbitrary  constant^  viz.  y^,^, 
it  is  only  a.  particular  integral :  but  we  may  obtain  the  general 
int^^  by  the  following  process. 

Let  the  function  of  4?  in  the  right-hand  member  of  (4)  be 
expressed  by  i;,  and  t^Q  by  c;  so  that 

y  =  cri;  (5) 

and  let  us  suppose  that  c  is  no  longer  a  constant^  but  a  variable^ 
say  u,  according  to  the  method  of  Art.  458^  so  that 

y  =  vij;  (6) 

then  differentiating 

and  substituting  these  in  the  given  differential  equation,  and 
bearing  in  mind  that  17  is  a  particular  integral  of  it,  we  have 

,  du 

■o  that  (6)  becomes 

y  =  c^n+vj^;  (7) 

and  this  contains  two  arbitrary  constants,  and  is  therefore  the 
general  integral  of  the  given  differential  equation. 

486.]  Often,  instead  of  the  series  of  Taylor  and  Maclaurin,  it 
is  convenient  to  assume  a  series  with  undetermined  indices  and 
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coefficientB,  and  to  determine  these  by  means  of  the  differential 
equation ;  it  is  in  fact  the  only  available  process  when  the  re- 
quired series  involves  negative  or  fractional  powers  of  the  inde- 
pendent variable. 

Ex.l.    2  +  ?^+„V  =  0.  (8) 

Let        y  =  aa?*+4ji^  +  CJP>4-...  (9) 

and  let  us  suppose  a,  fi,  y,  ...  arranged  in  the  order  of  ascending 
magnitude :  then  substituting  (9)  in  (8)  we  have 

-f  cy(yH-l)^^"*+»'ca?Y+...  =  0;  (10) 
now  a^2  is  the  lowest  index^  and  as  (10)  cannot  be  satisfied 
for  all  values  of  x  unless  the  coefficients  of  the  different  powers 

of  w  vanish,  we  have 

a(a+l)  =  0,  (11) 

••.     a  =  0,        and        a  =— 1. 

Firsts  let  a  =r  —  1 ;  then  the  next  two  lowest  indices  are  a  and 
/3— 2;  these  may  be  equal  or  unequal;  if  they  are  unequal  the 
term  ft/3(j8  +  l)a?^"*  cannot  be  compounded  with  any  other^  and 
must  therefore  vanish  of  itself;  and  /3  cannot  be  equal  to  —1, 
because  it  is^  by  hypothesis,  greater  than  a,  therefore  /3  =  0 : 
and  thus  (10)  becomes 

««iMf-i+n*6+Cy(y4-l)ary-2^ii*ca?y-f ...  =0;  (12) 

.-.     y-2=-l,  y  =  l; 

n^a-hcy(y+l)  =0,  c  =- ^1' 

^-2  =  0,  ^=:2; 

n«A+rf8(8-hl)  =0,  rf=       ^^^ 


_  .  (1      n^x        n^x*  } 

~  ^\x^T2'*'  1.2.8.4  "      f 


1.2.3' 


a  bsinnx       CtC0SiM?-|-^osinar  .... 

=  -cosn4?+  =  -i -^—^ ;  (14) 

X  nx  X 

which  contains  two  arbitrary  constants,  and  is  therefore  the 
general  integral. 
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Secondly,  let  o  =  0,  then  (10)  becomes 

and  as  /9  must  be  gp*eater  than  a,  that  is,  greater  than  0,  /9  s  2 ; 
therefore  6A+«*a  =  0 : 

asinno? 


which  is  only  a  particular  integral:  and  the  general  integral 
may  be  determined  by  a  process  similar  to  that  of  the  last 
Article,  by  assuming  a  =  nu,  sin  ns  =  riw. 

We  should  also  have  found  a  particular  integral,  if  in  the 
former  case  we  had  considered  /3— 2  =  a. 

487.]  For  a  second  example  of  the  process  let  us  consider  the 
equation  (259),  Art.  425,  which  is  deduced  by  a  substitution  from 
Riccati's  equation ;  viz. 


^-*x"y  =  0.  (16) 

Let  y  =  aia?»»  +  a2^^+^3^"+  ••  (!'') 

then  substituting  in  (16)  from  (17),  we  have 

Ci  tti  (ai  —  l)  07-1-2  + flg  ^2  (a2--l)^»?^"*  +  «8  «8  (os-l)  ^'"*+ ••  • 

=  A:aia?~+*i  +  *flr2ap~+-^  +  *a3a?-+-»4-...    (18) 
Now  if  this  equation  is  satisfied  for  all  values  of  a?,  we  must  have 
ai(ai-l)  =  0;  .-.     0^  =  0,         a,  =  1;  (19) 

and  if  n  corresponds  to  the  general  term  of  (17), 

a,-2  =  m^a,_.,,  (20) 

«»a»(a«-l)  =  ka,^i.  (21) 

Now  from  (19)  let  a^  =  0;  therefore  from  (20)  and  (21), 


a2=2  +  w,         ^2  = 


(m  +  2)(m  +  l)' 


03  =  2(2  +  m),  ^3  =  (2^^:^)  (2m  +  S){mT^'(m+i) ' 
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therefore 
_  ka^x"^^^        Ifia^ai^'^^^ 

^"^"*"(»i+l)(m+2)'*"(2fii+8)(2TO+4)(i»+l)(f»+2)"*'  •'  ^     ' 

Again  from  (19)  let  o^  =  1 ;  therefore  from  (20)  and  (21), 

ha. 


<i2  =  8+m,  <!,= 


(m+3)(i»+2)' 


a3  =  5+2m,       a,  = ^ 


(m+3)(»»+2)(2«+6)(2m+4)' 


•'■  *'~'^''^(i»+3)(m+2)'*'(Bi+3)(m+2)(2m+5)(2»+4)  ■*"••■  ^  ' 
Now  each  of  the  eeriea  (22)  and  (23)  involves  one  nndetennined 
constant,  viz.  a^,  each  therefore  is  a  particolar  int^;ral  of  (16)  ; 
and  the  general  int^^ral  is  the  sum  of  the  two :  it  is  plain  also 
that  the  undetermined  constant  is  not  necessarily  the  same  in 
both :  replacing  it  therefore  by  c^  and  <^  respectively^  we  have 

^  ~  *'M''"(m  +  l)(m+2)''"(m+l)(»»+2)(2Bi+8)(2m+4) "*■•■•» 

■^'^«*r"'"(TO+2)(m+3)'''(ra+2)(i»+3)(2i»+4)(2i»+5) ■*■■■■*'  ^     ' 
and  this  is  the  general  integral  of  (16). 

488.]  If  in  =  —2,  that  is,  if  the  equation  is 

all  the  denominators  of  both  series  vanish :  but  on  returning  to 
(18)  it  will  be  seen  that 

OiK-l)  =  «2(«j-l)  =  ..  =  *, 

H-(4*+l)*       ,        ,  , 
.-.     ai  =  oj  =  ...  =     -    g ^  =  *i  and*,,  say; 

.-.     y  =  Cia?*i+i?2a?*»;  (26) 

where  C|  and  c^  are  arbitrary  constants.  Equation  (25)  may 
however  be  integrated  by  the  method  of  Art.  474 ;  for  let  d?=e', 
and  we  have  rf*y      dy      .     _  /x 

••     y=  Id?  "■*"*}    0  =  c,ar*i+r,^, 
where  k^  and  *,  are  the  roots  of         z^-^z^k  =  0.  (27) 
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489.]  Now  on  referring  to  Art.  425,  it  will  be  seen  that  Ric- 
cati's  equation  ,1^ 

^^az^^bx^,  (28) 

ax 

is  transformed  into  the  equation  (16)  by  putting 

z=^^-^y  and-.aA  =  *;  (29) 

ay  ax 

bj  the  simple  differentiation  therefore  of  (24)  we  can  find  z, 
and  thereby  obtain  the  integral  of  (28)  in  the  form  of  a  series. 
And  by  a  similar  process  and  the  obvious  substitutions  which 
are  given  in  Art.  425^  we  may  find  the  integrals  of 

The  last  equation  however  occurs  in  some  future  investigations, 
and  requires  an  independent  discussion.  Let  us,  for  the  sake  of 
greater  convenience,  express  it  in  the  form, 

andassume        y  =  aia?*i-}-ajja?«»+a3a?*»+... ;  (38) 

this,  when  substituted  in  (32),  gives 

«l«l(«l  — 1)^»""*  +  «2  02(02- l)^«^"*+<*3«3(°3-l)^"*+-- 

—  {*» «!«?«> +  *»aaa?*^  +  **«sa?^+..};    (84) 
and  if  m  is  a  general  value  of  the  index, 

ai(ai-l)  =  n(»-l),         a^  =  ai  +  2m,)  .gg. 

««K(a«-l)-n(«^l)}+6afl^^^  ^  0;i 

the  last  of  which-becomes^  by  means  of  the  first  two, 

2fii(2ai  +  2m-l)a^+*»a«.i  =  0;  (36) 

and  this  expresses  the  relation  between  two  successive  coeffi- 
cients.   Thus  for  the  complete  integral  we  have 

y-Ci4?  p      2(2n+l)  ■*'2.4(2n  +  l)(2n  +  3)      '"  i 

+  ^^^       i^'2(gk:2;0"^2.4(3^2n)(5-2n)'-r  ^^'^ 
Now  this  series  admits  of  being  expressed  in  the  following 

PBICB^  VOL.  II.  4  X 
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form.     Integrating  by  parts,  and  taking  the  definite  integral 
between  the  assigned  limits,  we  have 

/(sind)2«-i(cos^rrfd  =  ^!yi?^/'(sind)««-Hcos^)'+«rf(?,  (38) 

Jo  Zp  +  l       Jq 

Let  p  =r  0 ;  then 

(2n  +  l)(2»-f  3)(2»-4-5)r',  .    ^,,.  ,,      ^..^ 
=  ^ —  1  Q  g     — ;/    (sind)2*--i(cosfl)*d» 

1.U.5  Vn 


Also  in  these  several  terms^  replacing  «  by  1— n,  we  have 
Asin  5)1-2"  rfd  =  ^^^r(sin5)i-2«(coB5)«d» 

JO  1       '^O 

i.O  Jo 


W42) 


Now  let  the  arbitrary  constants  in  (37)  be  replaced  as  follows : 

Ci  =  c'/''(sind)>'»-irf5,  Ca  =  c"/ '(sin5)i-«»rftf,  (43) 

Jo  *'o 

then,  after  substitution  from  (41)  and  (42),  (37)  becomes 
y^c'a^-jT'll-  ^  (cos^>+  ^^  (cos5)*-...|  (smer-'de 


+  c''^^ 


!'^*l-* 


^0  r     1.2 


(^'^)'+  1:2:31;^"^' 


5)*-.,.l(8intf)i'«**;(-«; 


or        y  =x  c'a?*  /   cos  (bx  cos  5)  (sin  d)**-^  d8 
Jo 

+  0"^!—  /cos  (&r  cosd)  (8infl)i-*"i»;  (45) 
Jo 

and  this  is  the  general  integral  of  (32). 
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If  w  =  0,  the  differential  equation  becomes 

g+i*y  =  0;  (46) 

and  (37)  becomes 

y  =  o'cos  6^-f  c^'sinio?; 
and  (45)  becomes 

/IT  flQ  fir 

cos  (bx  cos  $)  -r—T  +  C''X  /    COS  (Jo?  C08^)  Sin  Od$j  (47) 
sin  d  Jq 

=  c  /   COS  (to  COS  ^)-; — -  H — =— sinto. 
Jq  Bind         b 

Similarly,  if  «  =  1,  the  differential  equation  becomes  of  the 
form  (46),  and  (37)  becomes 

y  =  -^  sin  io?  -I-  c-  cos  bx ; 
o 

and  (45)  becomes 

y  =  c'o?/   cos(ia?cos^)sind£^d+c"/   cos  (to  cos  ^)     .       ^    (48) 

ibX-\-d'\    cos  (bx  cos  6)  -r— rr  .  (49) 

./a  sin  w 


— r-sinia?-f  cr/   cos(J,rcos^) -r— ^ 
6  .'o  siii^ 


A  particular  form  of  the  differential  equation  (32)  occurs  in 
physical  mathematics ;  viz.,  when  n  =  3 ; 

g-|+».,  =  0,  (60, 

so  that  (45)  becomes 

c*  r»  do 

y  =  &x^l   cos  (tocos  ^)  (sin  tf)*d^+c"a?"*/   co8(tocos^)  .  .   ^. ,  ,  (51) 
of  which  the  integral  is 

y  =  c|sin(to+^)(l--^)  + Acos(6^+^)|,        (52) 

where  c  and  p  are  arbitrary  constants. 

Further  researches  into  these  subjects  may  be  deferred  until  the 
differential  equations  arise  in  subsequent  physical  investigations. 
Indeed  the  whole  subject  is  too  incomplete  for  perfect  theoretical 
discussion  ;  and  the  particular  problems  are  more  advantageously 
studied  with  the  light  which  they  derive  from  the  physical  laws 
expressed  by  them. 
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CORRECTIONS. 


Page  60,  line  i4>  for -^^^  read  +  j^ . 

83,  —  30, /or  "them"  reorf^othere" 

86,  —  10,  for  I  ""read 

90,  —    a,  tnserf  II  <|^erj»— a 

gi,  —  33,  for  Section  3  read  Section  4 

9^>  —  30,  for  -  F'(a?)  read  f'(«) 

iia,  —  34, /or —nreorf —n—l 

IIS,  —  22,  for  dx  read  dn 

I77»  —     3, /or  ^  read  e«^ 

178,  —     I,  omtf  "greater  than  unity" 

184,  —  17,  ifwer/  +  btfore^Y^ 

215*  —    6,  /or  NP  rcorf  nb 

215,  —  14,  for  y  read  r 

330,  —  38,  /or  iff  read  ^ 

340,  —  39,  transpose  "lees"  a«rf  "greater" 

386,  —  33,/orS±aj/38...re(M?Stai/3,... 

366,  —     I,  for  Chapter  IX  read  Chapter  XI. 

The  process  in  page  167  admits  of  the  following  simplification;  torn 
(293)  we  haye 

d: 


Mogr(n)       r  e-»dx      r       dx 
dn  Jq        s     "Jo    2(l+r)»' 

in  the  second  integral  of  the  right-hand  member  of  this  equation,  let 
l+z^e9;     .'.    dz^ePdy; 

.      rf.logr(n)  ^  r  e-'dz  _  re-^dy 
dn  Jq        z        ^0    1-*"*' 

-r{9-^}'" 

which  is  (297)  in  that  page. 
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